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NOTES 


I, GENERAL 


1. Submission of a paper to the Fournal of 
the Physics and Chemistry of Solids will be taken 
to imply that it represents original research 
not previously published (except in the form of 
an abstract or preliminary report), that it is not 
being considered for publication elsewhere, and 
that if accepted, it will not be published else- 
where in the same form, in any language, without 
the consent of the editor-in-chief. It should deal 
with original research work in the field of the 
physics and chemistry of solids. 

2. Papers should be submitted to the appro- 
priate regional editor (all English-language papers 
to be sent to the U.S. editor). 

3. Papers will be published as quickly as possi- 
ble after acceptance, and, subject to space being 
available, should appear in the following issue, 
if this is due for publication not earlier than three 
after the date. Short com- 
“Letters to the 
Editors” will receive priority for publication, and 


1 


will 


months acceptance 


munications under the heading of 


be published in the issue following receipt, 
if accepted not later than the beginning of the 
month preceding publication. 

4. Fifty free reprints of each paper are sup- 
plied. Additional copies can be obtained at a 


reasonable cost if ordered when proofs are 


returned. A reprint order form will accompany 


first proofs. 


II. SCRIPT REQUIREMENTS 


Papers submitted should be concise and 


Scripts 


1A 1 . | = | . . land sae 
ild be typed and double spaced and submitted 
. I 


en in a readily understandable style. 


d iplicate to facilitate refereeing. 

It will be appreciated if authors clearly indicate 
special characters used. An not 

eding 200 words, should be 

language of the paper. French and German 


any abstract, 
provided in 
the 
papers should be submitted with English abstract 
and titles, but if this is not possible the abstract 
will be translated by the publishers. To conserve 
space, authors are requested to mark less important 
arts of the paper, such as details of experimental 


methods, mathematical derivations, 


for printing in smal] type. The technical 


FOR CONTRIBUTORS 


description of methods should be given in detail 
only when such methods are new. Authors will 
receive proofs for correction when their papers are 
first set; page proofs will be sent only when the 
amount of alteration makes it advisable. 

2. Illustrations should not be included in the 
typescript of the paper, and legends should be 
typed on a separate sheet. Line drawings which 
require redrawing should include all relevant 
details and clear instructions for the draughtsman. 
If figures are already well drawn it may be possible 
to reproduce them direct from the originals, or 
from good photo-prints if these can be provided. 
It is not possible to reproduce from prints with 
weak lines. Illustrations for reproduction should 
normally be about twice the final size required. 
Photographs should only be included where they 
are essential. 

Tables and figures should be so constructed as 
to be intelligible without reference to the text. 
Every table and column should be provided with 
an explanatory heading. Units of measure must 
always be clearly indicated. The same data should 
not be published in both tables and figures. The 
following standard symbols should be used on line 
drawings since they are easily available to the 
printers:O,@,+,x,(1, BA. AO, 9, V,¥- 

4. References are indicated in the text by 
superior numbers in parentheses, and the full 
reference should be given in a list at the end of 
the paper in the following form: 

1. Hitt R., ¥. Iron St. Inst. 158, 177 (1948). 


2. PEARSON C., The Extrusion of Metals, Chapman and 
Hall, London (1944). 


Abbreviations of journal titles should follow 
those given for Physics Abstracts. It is particularly 
requested that authors’ initials, and appropriate 
volume and page numbers, should be given in 
every case. 

Footnotes, as distinct from literature references 
should be indicated by the following symbols—*, f, 
t, tf, commencing anew on each page; they should 
not be included in the numbered reference system. 

5. Due to the international character of the 
journal no rigid rules concerning notation and 
spelling will be observed, but each paper should 


be consistent within itself as to symbols and units, 
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SCREW DISLOCATIONS AND DISCRETE 


Pergamon Press 1958. Vol. 9. pp. 1-20. 


Printed in Great Britain. 


ELASTIC 


THEORY**+ 


ALEXEI A. MARADUDIN? 


H. H. Wills Physical Laboratory, University of Bristol, Bristol, England 


(Received 20 May 1958) 


Abstract—A simple model of a screw dislocation in a crystal lattice in which each atom interacts 
with its neighbors through Hooke’s law forces is presented, and expressions for the displacement 
component and strain energy are obtained. Applications of the model to screw dislocations in alkali- 


halide crystals are discussed. 


1. INTRODUCTION 

‘THE usual description of the atomic displacements 
due to a screw dislocation in a crystal lattice is that 
of elastic theory, either anisotropic”) or, more 
usually, isotropic.®) The result of this theory is a 
z-component of displacement which is multi- 
valued, i.e. it increases by a lattice translation 
distance on completing any circuit about the dis- 
location line. The x- and y-components of dis- 
placement, as well as the higher-order terms in the 
expression for the z-component, are single-valued 
functions of position and can be expressed in 
terms of infinite series of inverse powers of distance 
whose coefficients are undetermined." 3) At large 
distances from the core of the dislocation (e.g. in 
the region where Hook’s law is valid), the multi- 
valued term is dominant, and the higher-order 
terms are generally neglected. 

The theory of elastic dislocations correctly gives 
the displacements and stresses far from the disloca- 
tion itself, but there are important differences 


* This work is based on Chapter 2 of a thesis sub- 
mitted to the University of Bristol in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy 


in Physics. 

+ This research was partially supported by the United 
States Air Force through the Air Force Office of Scientific 
Research, Air Research and Development Command 
under Contract “4AF18(600)1015. Reproduction in 
whole or in part is permitted for any purpose of the 
United States Government. 

t Now at the Department of Physics, University of 
Maryland, College Park, Maryland. 
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between elastic dislocations and dislocations in 
crystal lattices. An elastic dislocation must neces- 
sarily be made in a multiply-connected body, viz. 
one from which the material at the dislocation core 
has been removed. For if the elastic solution is 
extended into the core region, it is found that the 
strains become infinite at the dislocation line. This 
is not a very serious defect in the case of elastic 
dislocations, since if the radius of this cylinder of 
exclusion is made to approach zero while the mag- 
nitude of the Burgers vector also decreases, the 
strains outside the cylinder can be kept arbitrarily 
small. In a crystal lattice, however, we are inter- 
ested in the atomic displacements and strains at 
distances like one interatomic spacing from the 
dislocation line, while the Burgers vector must be 
a lattice translation vector. ‘That is, we are inter- 
ested in the properties of a dislocation in a region 
of the crystal where the strains are so large that 
Hooke’s law no longer holds and where it is no 
longer valid to smear out the discrete nature of the 
crystal structure by a continuum approximation. 

If one attempts to calculate the strain energy of 
an elastic dislocation, it is found that it diverges 
logarithmically with the radius of the external 
boundary of the crystal and also at the origin. The 
divergence at large radii is inevitable; the diverg- 
ence at the origin comes from assuming the valid- 
ity of Hooke’s law in that region and neglecting 
the discrete nature of the crystal. 

The difficulties of infinite stresses and infinite 
strain energy at the core do not exist for a 
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dislocation in a crystal. This is because stresses 
decrease once strains exceed a certain value, and 
secondly because a crystal is a discrete atomic 
structure and not a continuum, so that at the 
center of a dislocation only the displacements and 
forces between atoms have a physical meaning, 
and these are always finite. 

In this note we investigate the consequences of 
abandoning one of the unphysical assumptions of 


¥ 
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Fic. 1. Configuration I. 
the theory of elastic dislocations—that of describ- 
ing a discrete crystal lattice by an elastic continuum 

by introducing a simple model of a screw dis- 
location in a crystal lattice in which each atom 
interacts with its neighbors through Hooke’s law 
forces. We obtain expressions for the displacement 
component and the dislocation strain energy. It is 
shown that at large distances from the dislocation 
core the expression for the displacement com- 
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ponent approaches that obtained by using con- 
tinuum theory, while in the immediate vicinity of 
the core the discrete model appears to be an im- 
provement over the continuum model. Further- 
more, it is found that the strain energy in the 
crystal due to the dislocation increases logarithmic- 
ally with the dimensions of the crystal, but due to 
the presence of a fundamental length, the lattice 
spacing, the strain energy at the dislocation core is 


O O O 
O O O Oo (m,n) o 
O O O O O 

+ —»> X 

O O O O O 
O O O O O 

O O % 

Fic. 2. Configuration II. 


finite, and it is not necessary to exclude the material 
within a cylinder of small arbitrary radius in 
evaluating the total strain energy as is the case in 
continuum calculations. Finally, the lattice aniso- 
tropy can be introduced into the calculations in a 
very simple and direct way. 

The calculation of the screw dislocation dis- 
placement function is carried out in a manner 
analogous to the continuum approach based on the 
theory of antiplane strain. It is a two-dimensional 
problem in which only displacements parallel to 
the direction of the Burgers vector (i.e. in the 
z-direction) are considered and the value of the 
placement of a given particle depends only on its 
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position in the xy-plane. We can then analyze the 
atoms of our crystal lattice into rows parallel to the 
Burgers vector. We assume that in forming the 
screw dislocation the spacing of the atoms in all 
such rows remains unchanged, so that each row 
effectively undergoes a rigid body translation along 
its length in which each atom in the row suffers 
the same displacement. In the present discussion 
we consider the co-ordinate systems given in Figs. 1 
and 2, where the lattice points are to be regarded 
as the projections of the rows of atoms onto the 
xy-plane. The lattice points in these co-ordinate 
systems are denoted by (m, n), where m and n are 
half-odd integers in the case of Configuration I, 
and m is an integer while n is a half-odd integer in 
the case of Configuration II. These two con- 
figurations correspond to the two symmetric 
locations for the core of the dislocation as slip 
occurs on a {110} plane in an alkali-halide crystal 
(for which the present model was originally con- 
structed “)). 

We assume that each row of atoms interacts with 
only its four nearest-neighbor rows and allow the 
force constant for vertical displacements for rows 
separated along the x-direction to be different from 
that for rows along the y-direction. 

The assumption that each row interacts with 
only its four nearest neighbors is not a necessary 
restriction in the present treatment, but it has the 
simplifying effect that all the displacement com- 
ponents can be evaluated exactly in this case. In 
addition, for the case of screw dislocations in the 
alkali-halide crystals, where the Burgers vector is 
in a (110) direction, this is also a very good ap- 
proximation. 45) Here each ion row parallel to the 
Burgers vector is either a row of alkali ions only or 
a row of halide ions only. MADELUNG’s®) expres- 
sion for the electrostatic potential of a row of 
equally spaced charges of the same sign shows that 
the component of the force exerted by one such 
row on a second, parallel, row in the direction 
parallel to their lengths decreases faster than ex- 
ponentially with the separation of the rows. Since 
the non-coulomb interactions between ions are of 
short-range type as well, the nearest-neighbor 
model introduced here should be applicable to the 
alkali-halides as long as ionic displacements parallel 
to the Burgers vector only are allowed. 

We denote the vertical displacement of the ion 
at (m, n) by Wm, n and assume that it is a multi- 
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valued function of position, i.e. it increases by b 
on completing any circuit about the origin. To 
avoid any difficulties arising from the multi- 
valuedness of the displacement function we in- 
troduce a cut along the x-axis. The location of the 
cut is somewhat arbitrary and this particular 
choice is made for the sake of convenience. 


2. THE SCREW DISLOCATION DISPLACEMENT 
FUNCTION 


(a) Configuration I 
The equation of equilibrium for the ion row at 
(m, n) is 


A(wm tH ntWm-_t, n) + Blum, n+ 1+Wm, n-1) 


(2A+2B)wm n=9 (2.1) 


where m and v are half-odd integers, and A and B 
are the force constants for the vertical displace- 
ment of ion rows separated along the x- and y- 
directions respectively. Equation (2.1) holds at all 
points (m, n) except at those which can be written 
as (k+4, +4) where k= 0, 1, 2, 3,... These 
points are on opposite sides of the cut where the 
discontinuity in displacement is b. If we assume 
that we are introducing a right-hand screw dis- 
location, at these points equation (2.1) must be 
modified to 


A( tp -+35 37 We-3, ) +B +3, 3+ +45-3)— 
(2A+2B)ux+1,; = Bb 
and 
A(tK+3,-1 + Ue+3,-3) + Bless, a+ 
(2A+2B)wz +1, 


Equations (2.1) and (2.2) can be combined into one 
equation, viz. 

A(wm +1, n +wWm - n)+ B(wm, n+ +m, n-1) 

(24+2B)wm, n 
= Bb(bm k +10 Om, k +20n a (2.3) 

where the 4’s are the usual Kronecker symbols. 

To solve the partial-difference equation (2.3), 
we proceed in the following manner. We can ex- 
press the 8’s in the following way* 


1 
2 


* It can be shown that the assumption of this form for 
the Kronecker symbol is equivalent to imposing a cyclic 
boundary condition on the displacement components in 
the limit of a large crystal. 
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Un+Fes)y dxdy. (2.4) 


Om k 


We then introduce an auxiliary function wm _ n(k) 


defined by 


ny dxdy. (2.5) 


n(R) [ lr x, y; Rjefma 


We specify that wm n»(k) be a solution of equation 
(2.3) for each value of k(= 0, 1, 2,.. .) in turn and 
determine the unknown function f(x, y; k) from 
this condition. The complete expression for the 
displacement function wm » will then be obtained 
by summing w,, ,,(k) over k. Thus by equations 
(2.3), (2.4), and (2.5), f(x, vy; &) must satisfy the 
following equation 


( [fi v9; k)etm 


x [24 cosx+2B cos} 2B dxdy 


Bb 


27 sin > ] dxdy 


(2.6) 


21 sind y et 


2A 2B 2A COS X 2B cos} 


and we have immediately that 


9 > 
Wm n\ k) 


Bb 7. 2sinhy etk+Dreimz+iny 
| | — dxdy. 
47° - 2A+2B—2A cosx—2B cos} 
(2.7) 
If we sum (2.7) over k , we obtain 
the screw dislocation displacement function wp_n: 


Bb ."-sinky 
| | - x 


sin 4x 


imz+int 
é ( ny 


—dxdy. 


x - 7 
2A+2B—2A cosx—2B cosy 
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The integrand must be an even function of x and y, 
so that 

n/2 | 
ef siny 
Wm n ain Oe, 
sin x 


0 


sin 2mx sin 2ny 


x (2.8) 
(A/B) sin? x+sin? y 


dxdy. 


As it stands equation (2.8) gives an expression for 
Wm. n Which has the y-axis as its line of zero dis- 
placement. For our purposes it is more convenient 
to put the line of zero displacement along the x- 
axis, and this is accomplished by adding 5/4 to the 
values of Wm » given by (2.8). Finally we have 
2 

“sin y 
TE Braces 

sin x 


77 


b 6b 
4 


Hm. n 
, 


0 


sin 2mx sin 2ny 


dxdy. (2.9) 


Xx . . 
(A/B) sin? x+sin? y 


The evaluation of this integral is discussed in 
Appendix A, and values of wm » for a number of 
points (m, n) are given in Table 1 for the special 
case A/B = 1. For comparison in Table 1 we also 
present the values of w», » calculated from the ex- 
pression given by continuum theory 

b n 


tan-! (2.10) 


2n m 


“m,n 


on the assumption of a square lattice. 

It is of interest to obtain the asymptotic ex- 
pression for the integral (2.9) which is valid when 
(Bm?+ An?) is large. We note that the denominator 
of the integral in equation (2.9) is singular at 
x = y= 0. Furthermore, for large m and n the 
integrand oscillates extremely rapidly with x and y 
except in the region x, y ~ 0. Hence we can ex- 
pand the m- and n-independent trigonometric 
functions in the integrand in powers of x and y and 
retain only the leading terms. Also, since after this 
expansion has been made the major contribution 
to these integrals comes from the region of the 
origin, we should make little error in the integral 
(as m, n —> oO) by extending the limits of integra- 
tion from (0, 7/2) to (0, 00). These arguments can 
be made rigorous by a suitable modification of 





SCREW DISLOCATIONS AND DISCRETE 


ELASTIC THEORY 


Table 1. Discrete screw dislocation displacement components. Configuration I. 


Square lattice with A/B 


= 1. Bracketed values are obtaned from equation 


(2.10) and correspond to isotropic elastic theory 


0-1250006 
(0-125b) 


0:056690b 
(0:0512b) 


0:033451b 
(0-0314b) 


0-023356b 
(0-0226b) 


0:017954b 
(0-0177b) 


0:193310b 
(0:1988b) 


0:12500b 
(0:125b) 


0:087207b 
(0:0859b) 

0:065376b 
(0-:0645b) 


0:0518096 
(0:0512b) 


DurFIn’s") arguments; however, for our purposes 
these qualitative arguments suffice. Thus for 


(Bm?+ An?) large 


x 


I 


sin 2mx 


y sin 2ny 
dxdy 


‘y2-+(A/B)x2 


b * sin 2mx 
- | e-2n/(A/B)a dx 


77 


0 


b 6b , 
-» sieantain ti 
re an, 


Since 


5 


we have finally 
n 


+O[(Bm?+ An?)-"] 
n 


1 
(2.11) 
which is a result we would expect, knowing the 


corresponding expression in continuum theory. 
For in that case the partial-difference equation of 


0:226644b 
(0:227b) 


0:2165506 
(0:219b) 


0-184624b 
(0:186b) 


0:162793b 
(0-164b) 


0:150869b 
(0:151b) 


0:125000b 
(0-125b) 


0-1250006 
(0:125b) 


0:099131b 
(0:0987b) 





equilibrium (2.1) becomes the partial differential 
equation 


and the solution of this equation which increases 
by b on completing any circuit about the origin is 
(apart from an arbitrary single-valued function of 


s= VB xt+ivaA’ y) 
b 


WwW 


Lar 


(b) Configuration II 
In this case the basic equation of equilibrium for 
a lattice point is again 


A(wm HntWm Ln )+ B(wm, n+1t+Wm, n-1) 


(2A+2B)wm n =0 (2.12) 


where now m is an arbitrary integer while x is half 
an odd integer. Equation (2.12) holds at all points 
(m, n) except those which can be written as 
(k, +4) where k= 0, 1, 2, 3, The points 
(k >1, +4) are on opposite sides of the cut 
where the discontinuity in displacement is -LB, 
while the discontinuity in displacement at the 
points (0, +4) is --b/2. If again we assume that we 
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are introducing a right-hand screw dislocation at 


2.12) must be modified to 


these points equation ( 
p+ w_1, 3) + B(wo, ; +0, _;) 
B(b/2) 


A(w, 
(24+2B)wo, 

p+w_1,_;)+B(wo, +0, _;) 
(2A+2B)wo, 


A(w 


pep 3) + B(wx , +e 
(2A+2B)ux ,=— Bb 
p+ ep_1, 3) + Blwx 3 +e _;) 


(2A+2B)ux, Bb. 


(2.13b) 


7 : ea ; 
We can combine equations (2.13) with equation 
(2.12 


) to give as the equation of equilibrium at any 


lattice point (m, ): 
A(®m+1 n+@m,n)+ 
+ B(wm. n it+Wm.n 1) (24+2B)wm n 


Bb 


167°. 


* 21 sin (y/2)e'mz+iny-tka 
Wm n(k) | 
J A sin? (x/2)+B sin? (y/2) 


oO 


Bb(dm. x On : 
+ B(b/2)(8m o8n; 


+ 


m,k On, 


Om,0On, 


(2.14) 


21 sin (y/2)etmatiny 


e~'” A sin? (x/2)4+B sin? (y/2) 


The integrands must be even in x and y, so we have 


9 


7 . . 
‘sin y sin (2m 


1)x sin 2ny 


sin x (A/B) sin? x+sin? y 


dxdy 
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We solve the partial-difference equation (2.14) in 
the same manner as equation (2.3). We express the 
Kronecker delta’s as 


7 


[ | citm—na+iine Dy dedy. 


I 
4r 


Om, k On, 


If we introduce again 


| | f(x, 9; R)eime tiny dudy, 


Wm n(k) 
; (2.16) 


then on substituting (2.15) and (2.16) into equation 
(2.14) we obtain for f(x, y; R) 
Bb 2isin(y/2)e—** 
; A sin?(x/2)+B sin2(y/2) 
27 sin(y/2) 


ne oe (2.17) 
A sin®(x/2)+B sin?(y/2) 


27 sin(y/2)etma tiny 
: . . dxdy. 
sin? (x/2)+B sin? (/2) 


(2.18) 


If we sum the first term of equation (2.18) over the 
values k = 1, 2, 3,..., we obtain the complete 
screw dislocation displacement function: 


21 sin (y/2)e’ma+iny 


d xdy ~ d vdy 


iT 


a7T.) « 


A sin? («/2)+B sin? (y/2) 


7 (2 . . 
‘cos 2mx sin y sin 2ny 
= ——dxdy. 
J (A/B) sin? x+sin2y 
0 : 


b 
. [ (2.19) 


7 
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Again in equation (2.19) we have an expression The asymptotic form of the second integral is given 
for wm » which has the line of zero displacement by oc 2 

“¢ ysin2ny 
along the y-axis. Adding 6/4 to (2.19) to put the ; he, 
line of zero displacement on the x-axis gives us y?+(A/B)x? 
n [2 ; 
b ¢ fcosx sin2mx 
, sin x 


o 8) 
| e-2nv(A/B)x cos 2mx dx 
0 


Wm n = 
are 

0 
b VABn 


siny sin 2ny — ; 
47 (Bm?+ An?) 


Ps is — : dxdy. 
(A/B) sin? x+sin?y 


(2.20) 
So that adding (2.21) and (2.22) we have 


b ‘A 2n = bs VABn 
Wm n™— tan 1,/ “e : , - —, 
2m B 2m—1 4m (Bm?+ An?) 


(2.23) 


This is the required displacement function. The 
evaluation of the integrals appearing in equation 
(2.20) is discussed in Appendix A, and values of 
Wm _n for several points (m, m) are given in ‘Table 2 
for the special case A/B = 1. In Table 2 we also 
present the values of wy» » calculated for the same This expression can be reduced further yet. Since 
- 1 we can expand the first term of (2.23) in a 
Taylor Series: 


points (m, n) using equation (2.10). ™ 

We can also obtain the asymptotic expression 
for Wm n given by equation (2.19). ‘The asymptotic 
form for the first integral was obtained in the first 


+...J 


part of this section and is 2 I us 


b B 2m—1 f b V ABn 
ser fame momen, =——t sos ali fp 
2a A 2n 3 m 4 (Bm?+ An?) 


Table 2. Discrete screw dislocation displacement components. Configuration II. Square lattice 
with A/B = 1. Bracketed values are obtained from equation (2.10) and correspond to isotropic 
elastic theory 


24) 


-2500006 0:2500006 


0-2500006b 
(0:250b) 

0:090845b 
(0-074b) 


0:0450706 
(0-:039b) 


0-028403b 
(0:026b) 


0:0206556 
(0:020b) 


0:016280b6 
(0:016b) 


0:250000b 
(0:250b) 


0:159155b 
(0:156b) 


0:1061036 
(0:103b) 


0:076291b 
(0-074b) 


0:058593b6 
(0:057b) 


0-2500006 


(0-250b) 


0-189561b 
(0-189b) 


0:143897b 
(0:143b) 


0:112066b 
(0-111b) 


250b) 


-205634b 
-206b) 


0:167746b 
(0-167b) 


(0-:250b) 


0:215118b 
(0:215b) 
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Combining (2.23) and (2.24) gives us finally 


Aon 


+ O[(Bm?+ An?)-*]. 
m (2.25) 
This again is a result we would expect inasmuch 
as the continuum theory does not take into account 


the detailed structure at the dislocation core. 


3. STRAIN ENERGY OF THE DISCRETE SCREW 
DISLOCATION 

Exactly as in the continuum case, we can evalu- 

ate the strain energy of a dislocated discrete lattice 

in two ways. We can in the first instance evaluate 

it by summing the bond energies pairwise between 

I This 


neighbors la tice. 
volume 


nearest over the entire 


method is the discrete analogue of the 
integration method of continuum theory. However, 
in discrete theory as well as in continuum theory 
it is easier to evaluate the strain energy by recogniz- 
ing the fact that it originates from the work done 
on the body by the applied forces that cause the 
strained condition. 

since we are concerned with 


1 
LOWS, 


In what fol 
' 


only (z-ward) displacements of ion rows 


- 7 
vertical 


in the crystal, it will be convenient to regard each 


row as a rigid vertical rod restricted to move only 


along its own length, and connected with each of 
its four, nearest-neighbor rods by a “ladder” of 
parallel springs which joins two neighboring rods 
at regular intervals Db along their length (Fig. 3a). 
The plane normal to the rods is the xy-plane, and 
the co-ordinate systems used are those of the pre- 
ceding section 

We now consider the process of forming our 
screw dislocation. We cut all springs crossing (say) 
the xz-plane (x > 0) to the intended line of the 
dislocation and then apply equal and opposite 
vertical forces to each of the rods in the cut faces, 
starting from zero and increasing them until the 
dislocation is formed (Fig. 3b). As the dislocation 
forms the rods slide past each other and the forces 
on them do work. To obtain the total strain energy 
of the dislocation we must add to the work done in 

the cut faces past each other the work done 


when we replace the springs across the xz-plane. 


The co-ordinates of a row on the positive face of 


the cut are (m, 4), while the co-ordinates of a row in 
the negative face of the cut are (m, —4), where m 


is half an odd positive integer in the case of Con- 
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Fic. 3. Steps in forming a discrete screw dislocation. 
figuration I and a positive integer in the case of 
Configuration II. The force Fi, , applied to the 
mth rod in the positive face of the cut is equal in 
magnitude and opposite in sign to the force 
Fin, -4 
negative face of the cut. If we assume for con- 
sistency with the results of the preceding section 


applied to the corresponding row in the 


that we introduce a right-hand screw dislocation, 
then Fm 4 is directed in the negative z-direction, 
and the displacement it produces is also negative. 
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We denote the displacement of the mth row in the 
positive face of the cut by &m_ ,(< 0) and note that 
it satisfies the relation 


(3.1) 


and &m -; 


ra 
Em, 1 Sm, —t: 


It is also clear from Fig. 3(b) that &m 
are related to the displacements wy_ 
evaluated in the preceding section through 


and wm ~4 


Em, 3° 


The force Fm 4 satisfies the equilibrium equa- 
tion 
A(wm, . 1 
+Bwm, ; 
zero to its final value, and a 


similar expression holds for Fy» The final 
value of Fm 4 is given by equations (3.3) and (2.3) 


as it increases from 


as 


+b). 


Fm, (final) = —B(wm, ; 


Since the displacement of the row (m, 3) during 
the formation of the dislocation is &» 4, the work 


done in moving the row (m, 4) to its final position is 


5 B(wm, 1—Wm, 1 +b)(Em, 2) 


where the factor } is introduced because of the 
force Fm, in this Hookeian model builds up 
linearly from zero to its final value. An equal 
amount of work is done in displacing the row (m, 
— 4) to its final position, so that the total work done 
in sliding the faces past each other in forming the 
dislocation is therefore 


b 


B> (20m, | : 


m 


This is the work done for each atom plane threaded 
by the dislocation. 

After the cut faces have moved past each other 
to their final positions, all springs crossing the 
xz-plane (x > 0) must be replaced to rejoin the 
two faces. We must remember now, however, that 
we have given each pair of rows facing each other 
across the cut a relative vertical displacement of 
very nearly a repeat distance b of the “ladder”’ of 
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springs joining them together. This means that in 
rejoining the individual pairs of rows we do not 
connect with a spring two points originally on the 
same level across the cut, but now join a point in a 
rod in the positive face of the cut to a point in the 
corresponding row in the negative face which was 
originally a distance b below it (Fig. 3c). This adds 
an additional energy 


Adding the contributions given by (3.4) and (3.5), 
we obtain for the total dislocation strain energy per 
unit length of dislocation, 


a 
Estrain B > Wm, 1+ 


m 


(3.6) 


Alternatively, in the case of Configuration I we 
could make the cut along the y-axis. The expres- 
sion for the strain energy in this case is 


Estrain A> (w Ln 
n 


We now evaluate these expressions for each of 
Configurations I and II. 


b 
a) 


(a) Configuration I 


In this case wm , is given by equation (2.9) as 


sin : 
x - dxdy (3.3) 
(A/B) sin? x+sin2 y 


where m is half an odd integer. This expression 
simplifies to (see Appendix A, equation (A.9)). 


dx, (3.9) 


J V14+C sin? x 
0 
where we have put (A/B) = C, and 2m = p, where 
p is an odd integer. On substituting equation (3.9) 
into equation (3.6) and interchanging the order of 
summation and integration, we obtain 
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ale 


> 


» sin 
ee 


dx 
(2k+1)x 


Estrain : 
V1+Csin?x 


BVC 
_ 


sin? Nx 
dx 
sinx\ 1+C sin? x 


ABF(N; C). 


The function F(N; C) is evaluated in Appendix 
B in the limit of large N with the result that 


n 
F(N; C) =41n2y—}1n —_+441n N+0(1). (3.11) 


The expression for the strain energy becomes 
finally 


b ) 


C 
Estrain +I1n ite! 


(, 1+ 
\ AB\In2y IIn , 


(3.12) 


To evaluate the strain energy using the expres- 
: » given 


" 
v 


sion given by equation (3.7) we need z 
by 
b 
+ 
4 


b 


sin y sin 2ny 


| dxdy 


(A/B) sin? x+sin? y 


9 
i @w « 


0 
where x is half an odd integer. Replacing 2n by p, 
an odd integer, (A/B) by C, and integrating over x, 
we obtain 
sin py 


V1+1 Csin2y ~ ‘nig 


Bb Bb 
+ 
4 


‘oa 
“ | 


0 


Bb b\/AB 
_ _ 
4 Ar 


. 


( 
Bb bv AB 
a a . 


G 
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Substituting this expression into equation (3.7) and 
again interchanging the order of summation and 
integration, we find that 

7 N 
2n | 


7/C. 


9 


dy 


b A ‘ 
sin(2k+ 1)y ———————— 
~ V¥1+1/Csin?y 


a | 
k=0 


Estrain 


0 


9 


a 


sin? N’y 
B — dy 
J sinyV 14+1/Csin?y 
( (3.14) 


The final expression for the strain energy in this 


case 1s 

1+C 
1 In + 
2 4C 


E strain In 2y 


b 
4,’ AB) 
+InN’+0(1)). 


(b) Configuration II 


In this case Wm 4 is given by 


* cos x sin 2mx 
P x 
sin Xx 


sin? y 
x ; —— dxdy 
(A/B) sin? x+sin?y 


9 


bV/C f cosx sin2mx 


= Cc 
2r J V14+Csin?x 
0 


* 


b 
om ot 
4 


1x 
(3.16) 


where m is an integer. If we substitute this expres- 
sion into equation (3.6) and interchange the order 
of integration and summation, we obtain 


9 


\ N cos vdx 

> sin 2mx — 
ig V1+Csin?x 
m 


9 


*cosx cosx—cos(2N+1)x 


V1+C sin? x 


= dx 
sin x 
) 


(N; C). 
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The function G(N; C) is evaluated in Appendix B 
in the limit of large N with the result that 


~y 


G(N; C) =In2y 


1 rs C 
-——em! | ——-bin N-+0(1). 
- 0, (1) 


i In 


(3.18) 


The final expression for the strain energy in this 
case is 


Bb bw AB, 


Estrain 
7 


1 bs ) 
— sin“! /——+InN+0(1)}. (3.19 
ve 140 ( J (3.19) 


(c) Boundary Correction to Strain Energy 

There is a correction which must be added to 
the expressions obtained above to give the total 
strain energy. Since it is the same for both Con- 
figurations I and II and can adequately be treated 
by continuum theory, we have deferred discussion 
of this term until now. This contribution arises 
from the fact that in forming the screw dislocation 
work is done on the external bounding surface of 
the crystal, which we assume to be a cylinder of 
radius R, in addition to that done on the cut faces. 
In continuum theory, where it is customary to ex- 
clude the dislocation core by a cylinder of radius 
ro(ro R), the net work done on these two 
cylinders cancels out, ®) and the total strain energy 
is given correctly by just the integrals over the cut 
faces. 

In the present case we have not assumed any 
cylinder of exclusion at the dislocation core, so 
that we cannot say that the work done on the ex- 
ternal surface of the cylinder will be cancelled in 
any obvious way by work done at the dislocation 
core. 

In the derivation which follows we assume that 
R is so large that the corrections to the expressions 
(2.11) and (2.25) for the displacement component 
are negligible. 

The displacement component in this limit, 
equation (2.11), can be expressed in terms of the 
continuous variables x and y by the substitutions 


(3.20) 


x= me, y=m, 
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where € and 7 are the spacings between neighbor- 
ing rows in the x- and y-directions, respectively. 
Thus we may write 


w(x, y) .21) 


where 


= | A & 
VC 
y) B 1) 
Then it is clear that the work (per unit length of 
dislocation) done on the external surface is 


Epoundary 


i 
- | w(R,A)re(R, 0)bR dé (3.23) 
2b ; 


a 
where 99 gives the location of the cut, 
b 


tan-1(« tan @), 
2 


w(R, @) (3.24a) 


Ter = 713 COSA+793 sin 0. (3.24b) 


The stresses 733 and 793 are given by EsHELBY et 
al.) as 


sin 6 


cos? A+ «2 sin? @ 


b K 


cos @ 
C44 


27R = cos? 6+? sin? 6 


(3.25) 


where c4q4’ and cs55’ are the macroscopic elastic 
constants of the crystal referred to the co-ordinate 
axes of Figs. 1 and 2. With the aid of the results of 
Appendix C, we can express the elastic constants 
c44’ and c55’ in terms of A and B as 





| 2) 
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where ¢ is the spacing between atoms in any row 


and is b in the present case. With these results the 


boundary strain energy becomes 


° 7 
sin @ cos 6 dé 
(« tan?) i 
cos" 6+ «* sin*@ 


X tan 
(3.27) 


It we denote the integral in equation (3.27) 


by J, an 


integration by parts gives us 


1) In (cos? 6+ x? sin? 6@) 


9 
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1 14C 1 1 
In +-— In C—-—In etin NI, 
) 2 2 


(3.30b) 


x in 2y 


Since in evaluating the boundary contribution to 
the strain energy we have essentially normalized 
our results to give the energy (per unit length) 
stored in a right circular cylinder of external radius 
R concentric with the dislocation, 
el 

(3.30) we must have 


in equations 


R 


7) 


* In(cos? 6+ x2 sin? @) 
dé 
cos? 0+ x? sin? 0 


* In(cos* 6+ «? sin? @) 


the second term is independent of @ due to 
the periodicity of the integrand. The evaluation of 


the integral is straightforward but tedious. The 


dé 


cos? 6+ «2 sin? 6 


With these considerations both equations (3.: 
reduce to 


' b 
al 1 lit 1 Estrai 


V AB In 2y 


In 
_ 


1+C 
a 
4 


. (3.29) 


R | 
sin= Go +-InC+In (3. 
4 =| 


cos 9+ x 32) 
$7) 

In the case of the screw dislocation in Configura- ney ¢ 

so that the strain energy is independent of the 


tion I with the cut assumed ; . . 
location of the cut as it must be. 


to be along the x-axis 


| 


(09 and 


0), equations (3.12) (3.29) give for the 


‘ In the case of the screw dislocation in Configura- 
total strain energy 


tion II, the final expression for the strain energy 
becomes 


) 1 14¢C 
Eotvatn V AB (1n2y In 4+ 
4a 2 4 

Inx«+In A 
) 


] 


TA 
VC 


sin InC+ln 


dislocation with the 
|? 


“), 


screw 


l 
+ 
4 


cut V1+C 


as- 


rmmad tn I 
sumed to 


(3.15) 


ve along the y-axis (4p equations 


and (3.29) give for the total strain energy 


4 
n{ 9% 


4. DISCUSSION AND CONCLUSIONS 
° \/ ABx We can now put on a somewhat more physical 


An basis what up to this point has been primarily a 
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mathematical model by explicitly exhibiting the 
correspondence between our results and those ob- 
tained by continuum theory in the region in which 
the two approaches would be expected to overlap. 

With the aid of equations (3.22) and (3.26) the 
expression for the displacement component w(x, y) 
at large distances from the dislocation core, equa- 


tions (3.21) becomes 
(4.1) 


in agreement with the result of ESHELBY ef al.“ for 
this case. Again using equations (3.22) and (3.26) 
we can rewrite the expressions (3.32) and (3.33) 
for the dislocation strain energy in terms of the 
macroscopic elastic constants as 
b2 
V c44'¢55' In- 


Estrain(Configuration I) ; 


V14+C Véq 
4y C 


»n(1) 
ro 


and 


b2 
-V 644° €55 In - 


Estrain(Configuration IT) rs 


where 


9, 7 
se 55 


@ = sin 
wl &c44' + 


in agreement with the results of FoREMAN®) 
this case. However, with the aid of this model we 
have also been able to define unambiguously the 
cut off radius 79, which appears in continuum 
theory, in terms of the elastic constants and lattice 
spacings of the crystal. 

In the particular case of alkali-halide crystals 
where the Burgers vector of a screw dislocation lies 


(4.3b) 


n°C55° 


for 
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<110» direction, the cartesian axes de- 
do not coincide with the 


along a 
picted in Figs. 1 and 2 
usual cubic crystal axes and the relations between 
the primed elastic constants and the elastic con- 
stants referred to the cubic crystal axes are (see 


Appendix C). 


3(C11 C55 = C44. (4.4) 


Using these results in conjunction with the values 
of the low-temperature elastic constants for sodium 


C44 C12) 


chloride) 

5-75 x 10 erg/cm? 
0-986 x 1011 erg/cm? 
- 1-327 x 10! erg/cm? 
3-9456 A 


we obtain the following values for the cut-off radii 
and the strain energy stored inside a cylinder of 


1p radius concentric with the screw dislocation: 
ro) = Q- 13b: = 0-513 A 
Estrain(Configuration I) = 13-58 x 107eV/cm 


5-36 eV/plane, (4.6a) 


rj = 0-85 x 10-3b = 3-35x 10-3A 
20-50 x 107 eV cm 


(4.6b) 


Estrain(Configuration II) 
8-09 eV/plane. 


We note that the values of ro given by equations 
(4.2b) and (4.3b) are considerably smaller than the 
values (79 ~ 2:5 A) usually assumed in strain- 
energy calculations based on continuum theory 
(reference 2, pp. 29-38). However, in that case the 
cut-off radius usually defines the region outside 
which Hooke’s law is valid, and to the strain energy 
obtained from the continuum approach must be 
added the (unknown) strain energy in the bad 
material inside this radius. With the present treat- 
ment, however, we are in fact able to obtain the 
total dislocation strain energy; there are no un- 
known energy values to be added, and it is possible 
to differentiate between the two configurations on 
the basis of their strain energies. This, however, is 
a consequence of the discrete nature of the present 
model, and the strain energies obtained through its 
use are probably still overestimates, since the 
assumption of Hooke’s law forces give values for 
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the displacement differences (the discrete analogue 
of the strains) at the dislocation core which while 
smaller than those given by continuum theory are 
still too large for this approximation to be strictly 
valid. In addition, the present model neglects the 
contributions to the strain energy associated with 
x- and y-components of displacement. These 
ntributions may not be negligible in the region 


+ rs) 


the disiocation 


Finally we note from Tables 1 and 2 that at least 


core 


the isotropic case taking the discreteness of the 
lattice into account has the effect of spreading out 
the dislocation in both the xz-plane and the ys- 
plane, if we define the width of a screw dislocation 
as the region in which the displacement is less 


than one-half of its limiting value at infinity 


Protessor 
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APPENDIX A 
Evaluation 
We con side r 


yn for the displacement components for the dis- 


f Displacement Integrals 


first the integral occurring in the ex- 
mn in Configuration | 


» 


sin 2mx sin 2nj 


sin V 
dxdy 
snx C sine-x+sin“y 
0 (A.1) 
where m and n are half-odd integers. The simplest way of 


gral is to evaluate it in the special 


ing tnis inte 


for which it takes a relatively simple form, 


the off-axis values by means of the defining 


. In this case we have that 


ference equation (2.3) 


> 


b 
4 


bre sinysin2ny 
——_—__— dxdy 

mJ JC 
i) 


sin? x+sin? y 


b sin 2ny dy 


, (A. 
2x J V (1+C)—cos*y 
0 
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If we replace 2n by p, where p is an odd integer, we can 
expand sin py as follows (reference 10, p. 67): 


sin py pjsiny 


(p?—1*)(p? 
+ 
5! 


Then, introducing the auxiliary integral 


sin? y dy 
//AC) —<——— » 
| V(1+C)—sin?y 


0 


and using the expansion (A.3) we have finally 


b bp; p? 
Ih 
4° 2n\ 


(p? 1°)( p? 32) 
+ Is 
5! , 
The integral /, has the explicit form”) 
er 
ror (2) 
5 ? 


T/C) 


l 


me (A.6) 


where F(a, 6; c; x) is Gauss’ hypergeometric function. 
With the aid of the recurrence formula for the hyper- 
geometric function (reference 12, p. 282) 


1)x]F (a,b; c; x)+ 
b)xF (a,b; c+1; x) 


2c—a—b 


c(c—1)(1—x)F (a, 6; c—1; x), 


and the relations 


we can establish the following recurrence formula for the 


Je® 


(P+1)Jyi2=~(1—C) Jp + C(P—A) Jp-2 
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with 


- 
— sjn-l —-; = 1 /C 1—C A 
Ji =sin daz Jz =uUvVC+( Malin 9) 


Similarly we can evaluate (A.1) along the line m = 3. 


Putting 2m = p, where p is an odd integer, we have 


sin px sin? y 


4 


dxd: y 


n /2 
b b } } 
mJ J Csin?x+sin?y sinx 

0 


9 
*sin px 


sinx 


dxdy+ 


sin x sin px 
—____———— dxdy 
C sin? x+sin? y 


sin px 
dx. 


in J 4 (1+C—!)—cos? x 


If we make use of the expansion (A.3), we can express 
(A.9) as 


where we have introduced the auxiliary integral 


n /2 


sin? x dx 


o 


cos? x 


* sin? x sin y sin 2ny 


C sin? x+sin? y 


sin? y sin 2ny 


dxdy = 
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(2) The displacement components for the dislocation 
in Configuration II are given by 


n /2 


7 A 


cos x sin 2mx 
sin x 
0 


sin y sin 2ny 
SNP P ene: d (A.12) 
C sin? x+sin?y 
where m is an arbitrary integer, while m is half an odd 
integer. This expression assumes comparatively simple 
forms along the lines m = 1 and m = $ and can be 
evaluated readily in these cases. The off-axes values can 
be evaluated by the use of the defining difference equa- 
tion (2.14). 

We see immediately that wo, , = 6/4. Furthermore, in 
the special case m = 1 equation (A.12) becomes 


/2 
* ( cos? x siny sin 2ny 
-dxdy 


J Csin?x+sin?y 


sin y sin 2ny 
‘ | hanes tes dxdy+ 
9 oe * 9 ~ 
mJ J Csin?x+sin2y 

. : 


“sin? x sin yjsin 2ny 


sme ma dxdy. 
C sin?.x+sin2 y 


This is a particularly simple expression to evaluate since 
the first integral has already been evaluated in the first 
part of this Appendix, while the second integral can be 
transformed as follows: 


19 


7 


7 
2b nn 
—— | | sin y sin 2ny + dxdy 
2C' J. ' 


0 


' ——_ dedy 


J Csin?x+sin?y 
0 


bby, 1 
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where we have replaced 27 by p, an odd integer, and have In the special case C = 1 (the square net), Jm = Jm*, 
used the auxiliary integrals defined by equation (A.4). and the integrals have the following values: 
Thus, using the result given in equation (A.5) we have | 


h 
bp p?—1? 
(+= ]s) x 


1°)( p?—3?) 


od 
(Jst—Ji 


5 
valiiat th 
Can eCvaiuate tn 


In this case 


* cos x sin 2mx sin? y 
: _ - : dxdy 
Sin x C'sin* x-+sin*y 


* cos x sin 2mx bC f¢ f¢ sinx cosx sin 2mx 
dxdy+ dxdy 
. = ») ° 9 ° ) - 
sin x 7JJ Csinéx-+sin*y 
0 


cos x sin 2mx 
dxdy. 
V (1+C-1!)—cos? « 


e can expand and in gener: 
ws (reference 


7... (2k 


2 Jars 
(2k) 


(2k ) 


2Jax+3 
-9...(2k+1) 
Values of wm , calculated by the methods of this 
Appendix for both Configurations I and II are given in 


= . 
Tables 1 and 2 respectively for the special case C = 1. 


p (sin x—sin? x)— 
APPENDIX B 
Evaluation of The Strain Energy Integral 


(1) The strain energy integral F(.N; C) is given by 


9 


*sin? Nx dx 


7 


; ee 
sinx V1+Csin?x (B.1) 


We can evaluate this integral in the limit of large N by 
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first evaluating 
ie dF(N; C) ale ; 
F'(N; C)=— — | $(x) sin 2Nx dx 
d ‘ 


0 


(B.2) 


where we have assumed that N is a continuous variable, 
and 

x | 

== ( B.3) 


sinx 


A(x ; 
H) V1+C sin? x 


If now we integrate (B.2) by parts we obtain 


COs Nx 


+ 
22NvV1+C 2 


We now integrate both sides of equation (B.4) with re- 
spect to N in the interval (1, N): 


F(N; C)=F(1; C)+41nN 


4V1+C. 
l 


> 


N_ qi 
' ‘oe [ 


oD] 


'(x) cos 2Nx dx, ( B.5) 


« + . 


0 


and use the result that 


N 
"cos xy 
- ay 


where 


is the cosine integral, to express equation (B.5) in the 
equivalent form 


B 
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F(N; C) =F(1; C)+4 InN+ 


+ ——{Ci(7) 
4V1+C () 


Ci(Nx)}+ 


Ci(2x)+ Ci(2Nx)} dx. 


By repeatedly integrating equation (B.6) by parts, we 
find that for large x 
COS X 


—+ O(x-*). 


; sin x 
Ci(x) 


xX Xx 


| d'(x) cos 2Nx dx. 


0 


This means that if we neglect all terms of order N~ in 
our expression for the strain energy, we can rewrite 


equation (B.7) as 
F(N; C) = F(1; C)+4$1n N+ 
4\ 


9 


1 | b'(x)Ci(2x) dx+0(1) 


(B.8) 


where with the aid of equation (A.11) 


ns 


F(1;C | 
( J ViI+C sin? x 
0 


sin x dx 


and the terms of 0(1) go to zero as N > ©. 
It only remains to evaluate the integral appearing in 
equation (B.8). This can be accomplished as follows. 


We write the integral as 
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With this result P(N; C) becomes 
(x)C1(2x) dx lim xX 
” i4Cc ! ; 
F(N; C) y In +-—I1nN+0(1). 
2 + + 2 
(B.13) 


In a similar manner we can obtain the large N expression 
for G(N; C), which is defined by 


i cos x[Ccos 4 cos (2N+1)x] dx 


sinx V 1+C sin? x 


2% sin? Nx dx * cosx sin2Nx 
dx 


sinxnV1+C sin?x : + C sin? x 


> 


* sinx sin? Nx * cos xsin 2x dx 
1 


V1+C sin*x A V1+C sin?x 


0 


It is easily shown that in the limit as N — © the second 
integral is O(N~') so that we neglect its contribution to 
G(N; c) in this limit. Denoting the second integral by 
I(N: C), we consider N as a continuous variable to 
obtain 


. dI(N;C) 7° 
I'(N; C) | d(x) sin2Nx dx (B.15) 
dN : 


0 


x sin x 
(x) : (B.16) 
V1+C sin? x 


If now we integrate (B.15) by parts we find that 


‘os 2Nx7/* 
(B.10) WAT. 7 cos 2: 
V 14C ? I'(N; C) A(x) = 4 


ll x (reference 11, _ 1 
Pa 
Iny+1n«+0(x*) (B.11) + | ¢'(x) cos 2Nx dx 
2N‘ 


0 


; earns . 
s constant, In y = 0°57722, so that 


7 cos Na 


Ci(a7)+ = -sin7! 4V1+C N 
a3 
+— | ¢'(x) cos2Nx dx. (B.17) 


2N 


“bh 


2V1+C 


0 
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We integrate both sides of equation (B.17) with re- 
spect to N in the interval (1, N) to obtain 


KIN; C)=1(1; C)+ ae 


9 


~l [8 v)Ci(2x) dx+0(1) 


0 


(B.18) 


where the terms of 0(1) go to zero as N > ~, 
The integral on the right-hand 
(B.18) is readily evaluated: 


side of equation 


sin x cos 2x 
dx 
V1+C sin? x 


2]3*(C)] 
(B.19) 


where we have used the auxiliary integrals defined by 
equation (A.11). Since J(1; C) is given by 
7 2 . € 
* sin’ x dx 


I(1; C) 


J V1I+C sin? x 
0 


the expression for [(N; C) becomes 


I & 
Si*(C) 


— = +0(1). 
2/C 2/CN 1+C 


(B.20) 


I(N; C) 
We finally obtain 


G(N; C) =2F(N; C) 


AND DISCRETE 
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APPENDIX C 


Relation Between Force Constants and Elastic 

Since we permit only vertical disp] 
rows of atoms, the total strain energy 
lattice ean be written as 


aes \2 
Wm n) 


where we have assumed a lattice o 

row containing N atoms. If the spacings between neigh- 
boring rows in the x- and y-directions are &€ and 7 re- 
spectively, while the separation between atoms in any 
row is ¢, the volume per atom is ¢ For a homogeneous 


pure strain we can rewrite equation (C.1) as* 
l 2N2. 1é7e)3°-+ By*e 23° | ( 


so that the energy density U/V becomes 
U oa ” 
2A €13°+2B € 


¢..¢ é 


93°. (C.z 
N%Enl HS EC 

According to the theory of elasticity (reference 13, p. 156) 
2u = ¢11€11" + 2c12¢127 + 2c13¢13° + 4c14e11€23 + 
+ 4c15€11€13 + 41611612 + Co2€29" + 

+ 2cosesress-+ 4c24€22€23-+ 4c25€22¢13-+ 
+ 4c2g¢22¢12-+ €33€33" + 4¢34€33€23-+ 
+-4c35¢33€13 + 4c36€33¢12 + 4¢44€03°+ 
+ 8c45€23¢13+ 8cageszei2+ 4¢55¢13° + 
+ 8c56¢13¢12+ 4c66¢12". 


so that comparing the two expressions we find that 


(C.4) 


nt 


where the macroscopic elastic constants, C4, and C55, 


* In writing equation (C.2) we have used the tensor 
strain components defined by 


1 fou; 
ej = ~ 


LLOX; OX; 


Ou; 


so that our final results can be compared directly with 
those obtained by EsHELBy et al.) and by “02: 1.4. 
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are those appropriate to the co-ordinate systems shown 
in Figs. 1 and 2. 

In the case of alkali-halide crystals for which the carte- 
sian axes depicted in Figs. 1 and 2 do not coincide with 
the cubic crystal axes, we can express the elastic con- 
equation (C.5) in terms of the 


j 
] 


Stants Cy, and ¢ in 
elastic constants referred to the cubic crystal axes as 

3(C11 —C12). (C.6) 
We have affixed primes to the elastic constants calculated 
in the co-ordinate systems corresponding to Configura- 
tions I and II and have left unprimed the elastic con- 
stants referred to the cubic cry stal axes. The elastic con- 
stants in a new (primed) co-ordinate system can be ob- 
tained in terms of the elastic constants in the old (un- 


primed) co-ordinate system by means of the relations" 


S coals Xp ) cos(x »Xq ) COS(X,, xy) X 
-—— 


(C.7) 
X COS(.X7, Xs MC; iH) 


where, in order to express the transformation simply, the 
tensor nature of the elastic constants has been employed 


transformed into 


The fourth rank tensor Cijki Can be 
replacing 


23 by 4, 


the conventional notation ¢);, Cys, Cos, bY 
the pair of subscripts 11 by 1, 2, 33 by 3, 
13 by 5, 


Furthermore, 


and 12 by 6 
for the case of alkali-halide crystals the 
lattice spacings , 6 are given in terms of the magni- 


tude of the Burgers vector, b, by 
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so that finally for this case 


A 
B \ 2bc44' 
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DEPENDENCE OF SOUND VELOCITY AND 


ATTENUATION ON 


MAGNETIZATION DIRECTION 


NICKEL AT HIGH FIELDS 


G. A. ALERS, J. R. NEIGHBOURS and H. SATO 


Scientific Laboratory, Ford Motor Company, Dearborn, Michigan 
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Abstract—The velocity and attenuation of 10-Mc/s sound waves in a nickle single crystal have been 
measured as a function of magnetic field orientation and intensity at room temperature and at 77°K. 
Changes in the velocity of transverse waves of the order of 0:1 per cent were observed when the 
crystal was rotated about a crystallographic axis in a magnetic field high enough to allow saturation 
of the elastic constants. Attenuation changes were also observed, but showed a different angular 
dependence than the velocity changes. The measurements can be explained by a phenomenological 
theory based on magneto-elastic coupling. Using this theory, it was possible to estimate the magneto- 


striction constants at 77°K. The resulting value for Aj,o99 (Aroo - 


—30 x 10-*) supports previous 


measurements which show that it goes through a minimum near 173°K. 


1. INTRODUCTION 

It is well known that the application of a magnetic 
field to a ferromagnetic material gives rise to a net 
increase in the effective elastic modulus of the 
material. This effect, called the AF effect, has 
been adequately explained in terms of the mag- 
netostriction associated with the magnetization 
processes of domain wall motion and domain 
rotation.“-3) At high magnetic fields, where the 
magnetization is saturated, these mechanisms are 
not effective, and the elastic moduli are observed 
to reach a saturation value independent of the 
magnetic field. However, very accurate measure- 
ments“) show that this saturation value of the 
elastic modulus of a nickel single crystal depends 
upon the direction of magnetization with respect 
to the crystallographic axes. This variation with 
direction is of the order of a few tenths of 1 per 
cent. 

These measurements have been interpreted) 


in terms of a “morphic effect”? which is based on 
the fact that magnetostriction changes the crystal 
symmetry, giving rise to an apparent change in the 
measured elastic constants. Since these measure- 
ments were made with the magnetization only 
along a few particular crystallographic directions 


and since several other explanations are conceiv- 
able, it was felt worth while to repeat the experi- 
ment, using a more accurate technique, and to 
obtain measurements for a variety of magnetization 
directions. ®) If the predominant mechanism could 
be established, the experimental results might then 
be used to yield new information about ferro- 
magnetic substances. 


2. EXPERIMENTAL PROCEDURE 

Since the effect is small, the measurement 
technique must be capable of detecting very small 
changes in the elastic constants. The ultrasonic- 
pulse technique is well suited to such measure- 
ments, since changes in the arrival time of an echo 
which has travelled through the specimen several 
times can be very easily and accurately detected. 
Furthermore, this method allows the specimen to 
be held firmly and moved about during the course 
of the measurement. 

A % in.-diameter nickel ingot containing several 
large crystals was grown by the Bridgman tech- 
nique. The orientation of one crystal was deter- 
mined by the back-reflection Laue method, and a 
circular cylinder with its faces normal to a [110] 
direction was cut out, using a thin liquid-cooled 
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110) faces were pt lished and 


nd parallel, maku final 


small copper pillbox and 


a 


7cm. After lapping, the 
I 


g wax. This pillbox and the 


were supported 


nnections 
an A.D.L 


which 


electro- 
was capable of 
several revolutions. By 
rystal holder to 


o rotate the nickel 


“( 
|, and [110] directions. 


the velocity of the 


sound was measured by the pulsed ultrasonic 


method described elsewhere. For waves propa- 


74% 3° 
rating in aj|110} direction, 


the longitudinal velocity 


is determined by 3(Cy,;+-Cj2+2C4,) and the trans- 
verse wave velocities by ( (for polarizations 


parallel to [001]) and C” 1(C}, —C 2) (for polar- 


izations parallel to []10]). For convenience, these 


lesignated as the longitudinal, 


three waves are here 
C, and C’ modes. By observing the time of arrival 
of a particular echo as either the field intensity or 


i 


the orientation of the crystal was changed, it was 


1 arrival of 


iC 
possible to detect cl 


langes in time of 
0-01 psec out of a total time of about 100 psec. 
Thus, relative velocity changes of approximately 
1 part out of 104 could be detected. Changes in the 
height of the echo were also measured in order to 
determine the changes in attenuation accompany- 
ing the velocity changes. This could be done to an 
accuracy of 2 10-4 nepers/cycle. 

The « xperimental proce dure was to observe the 
changes in arrival time and height at constant field 
intensity with changes in field orientation and also 
the changes accompanying field-intensity changes 
at constant orientation. At room temperature, the 
maximum field used was usually 15-0 kOe (some- 
times 20-0 kOe). At liquid-nitrogen temperature 
(77°K), 
all cases, the magnetic field in the gap of the elec- 
tromagnet was measured with a Rotating Coil 
Component Gaussmeter made by Rawson Electric 


the maximum field was also 15-0 kOe. In 


Instrument Company. The measurements at 77°K 
were obtained by simply placing a small Dewar 
filled with liquid nitrogen between the magnet 
pole faces and immersing the crystal holder into 
the liquid. 

The absolute values of the room-temperature 
elastic constants for a 15-0kOe magnetic field 


and H. SATO 
applied in the [001] direction are, in units of 


10!" dynes/cm?: 


Cy = 2:507 14 = 1°2' C’ = 0-500 


i 


which are in agreement with previous results. 48,9) 
At 77°K the absolute values are, in the same units: 

Ci =2:609 Cry 

3. RESULTS 

Below the practical saturation of magnetization 
(occurring at about 2 kOe), the magnetic effects on 
the velocity and attenuation were not studied, be- 
cause they are associated with the redistribution of 
domains and are adequately treated elsewhere. “@-®) 
At fields much greater than were necessary for 
saturation, the velocity of sound was observed to 
change with the intensity of the applied magnetic 
The and manner of this change 


field. amount 


H along [Tio] 


4 


110} 


H along [ 


5 
cm sec 


/ 


VELOCITY 





~ 
10 15 20 
H [kOe] 
Variation in sound velocity with intensity and 


Fic. 1. 
orientation of applied magnetic field H of a transverse 


in the [110] direction and 


sound wave propagating 


polarized parallel to [001]. 


depended upon the orientation of the field. Fig. 1 
shows the effect for the C mode (polarized parallel 
to [001]) as a function of applied magnetic field for 
the field parallel to two different directions: [110] 
and [110]. When the applied field is parallel to 
[110], the observed velocity rapidly approaches a 
limiting value, while the approach to this limiting 
value when the applied field is along [110] is more 
gradual. 

In Fig. 1 and in subsequent figures and dis- 
cussions, no correction has been made for the 
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changes 1n echo transit time caused by magneto- 
strictive changes of the sample dimensions. Such 
effects are easily shown to be at least one order of 
magnitude less than the smallest velocity changes 
observed. Furthermore, these dimension changes 
would effect all modes by the same amount, while 
the observations show widely different effects on 
each mode. 

If the nickel crystal is rotated in a constant ap- 
plied magnetic field H, the velocity is observed to 
change. For rotation of the previously mentioned 
[001] polarized sample about [001], the maximum 
change in velocity is the difference between the 
values for H parallel to [110] and H parallel to 
[110]. For intermediate orientations of H, the 
change is less. The observed velocity is highest for 
H parallel to [110] and is a minimum for H 
parallel to [110]. The deviation of the velocity from 
its maximum value at a certain orientation and 
magnitude of field is denoted by Av. For example, 
the Av associated with a field of 11 kOe applied in 
the [110] direction is marked on Fig. 1 as the 
difference of the curves. 

As noted above, the velocity changes with the 
orientation of a constant applied magnetic field. 
Polar diagrams in which the radial co-ordinate is the 
quantity Av/v and the angle co-ordinate is the 
orientation of a constant 10-0-kOe applied mag- 
netic field are shown in Figs. 2 and 3. Measured 
points are denoted by circles and their scatter is 
indicative of the precision of the measurements. 
Fig. 2 is for the C’ mode, [110] particle motion, 
and Fig. 3 is for the C mode, [001] particle motion. 
The curves drawn through the points are simple 
angular functions which describe the results rea- 
sonably well. The three graphs in each figure are 
for rotations about the three mutually perpendi- 
cular directions: [110], [110], and [001]. The small 
cube shows in perspective the relation of these 
three polar plots to each other and to the direction 
of propagation K and the direction of polarization 
u. Fig. 1 is consistent with the upper left part of 
Fig. 3, in which Av/v is zero for the magnetic field 
in the [110] direction and is a maximum for H 
along the [110] direction. It is worth noticing that 
as defined here the values of Av and Av/v are nega- 
tive, since they are measured from the maximum 
value. 

From Figs. 2 and 3, it is seen that the observed 
effect is in general small, being of the order of 0-1 


ON MAGNETIZATION 


DIRECTION 


Fic. 2. Polar diagrams of the relative change in sound 
velocity (radial co-ordinate) of the C’ mode with direction 
of magnetization (angular co-ordinate) for a constant field 
of 10:0 kOe. The propagation direction is [110] and the 
direction of polarization is [110]. The curves are the 
functions noted which best fit the experimental points. 
The small cube shows, in perspective, the relation of the 

polar plots. A’ 12°53 10-*. 


per cent. For both modes, the zeroes in the twofold 
figures are in a direction perpendicular to the plane 
defined by the direction of propagation and the 


Acos* 26 —™~ 

+ 6x1074 
Fic. 3. Polar diagrams of the relative change in sound 
velocity (radial co-ordinate) of the C mode with direction 
of magnetization (angular co-ordinate) for a constant 
field of 10-0 kOe. The propagation direction is [110] and 
the direction of polarization is [001]. The curves are 
the functions noted which best fit the experimental 
points. The small cube shows, in perspective, the rela- 

tion of the polar plots. A = 5:3 x 10~*. 
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direction of polarization. The fourfold figures lie 
in the above-defined plane for both modes. For 
longitudinal waves, the changes in velocity were 
too small to be detected. This result supports the 
assumption that the effects of dimensional changes 
in the sample were negligibly small. 

As the magnetic field is increased, Av,,,, 
creases for both the C and C” modes, and at room 
temperature the magnitude of Av,,,, is greater for 
the C’ mode. When the temperature is decreased 
for the 


max 


is larger 


de- 


to 77°K, the relative magnitudes of Av 
two shear modes are reversed, and Av,,,. 
for the C mode. These effects of temperature and 
field are shown graphically in Fig. 4, where the 


AV max 
Vv 


1 
100 





Maximum relative changes in velocity for the C 
77 and 300°K 


straight lines serve only to connect 


as a function of magnetic 
1 intensity. The 


the points. 


maximum fractional change in velocity is plotted 
as a function of temperature for different values of 
the applied field. The straight lines between the 
data points at 300 and 77°K serve only to connect 
the points and so do not show the detailed varia- 
tion of Av,,,,/v with temperature. 

Along with changes in velocity, the observed 
echo heights also change with orientation of the 


magnetic field. These changes, expressed in terms 


T 
of changes in the logarithmic decrement of the 


sound waves, are plotted in Fig. 5 for a field of 
15 kOe for the C’ 
were also detected for the longitudinal and the C 


mode. Changes in attenuation 
modes, but they were too small to be measured 
accurately. It is interesting to note that the angular 
dependence of the attenuation and that of the 


corresponding velocity changes (shown in Fig. 2) 


NEIGHBOURS and H. 


SATO 


are different. As a function of magnetic field, the 
maximum change in attenuation was found to 
decrease from approximately 20 x 10-4 nepers/cycle 


[001] 


> + + + + 
[i 


110] 


Zcos* @ d 


Fic. 5. Polar diagrams of changes in attenuation (radial 
co-ordinate) of the C’ mode with direction of magnetiza- 
tion (angular co-ordinate) at 15-0 kOe. The units are those 
of the logarithmic Pe 4 10:4 10-4 
nepers/cycle. The small cube shows, in perspective, the 


decrement and 


relation of the polar plots. 


at 10 kOe to 8-7 x 10-4 nepers/cycle at 20 kOe. At 
77°K, the attenuation changes were too small to be 
measured accurately for all modes, being of the 
order of 2 10-4 nepers/cycle at most. 


4. DISCUSSION 
here that the 


morphic effect cannot explain all of the observa- 


The results presented show 
tions. An alternative explanation based on a 
magneto-elastic coupling model was considered, 
but it was discarded because such an effect was 
thought to give rise to an attenuation variation 
corresponding exactly to the velocity variation. As 
a third explanation, it has been noted®) that since 
the total energy of a ferromagnetic crystal de- 
pends upon the direction of magnetization through 
the anisotropy energy, a variation of the elastic 
constants with magnetization direction is to be ex- 
pected, as the elastic constants are second deriva- 
tives of the total energy with respect to a strain. 
The analysis of the data in terms of this explana- 
tion was not completely satisfactory because of the 
many simplifying assumptions required. It was, 
however, the only available solution until it was 
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shown by Simon* that a detailed analysis of the 
magneto-elastic coupling model might give rise to 
effects of the observed magnitude and that the 
attenuation changes need not correspond exactly 
to the velocity changes. In view of these many 
possible explanations for the effect, it is felt that a 
less cursory comparison of the results of the mea- 
surements with the predictions of the above mech- 
anisms is worth while. 

The morphic effect has been discussed in detail 
by Mason) in order to explain the velocity of 
sound measurements on a single crystal of nickel 
by BozortH et al.@) Their measurements were 
made with the magnetic field only along certain 
directions, so that the details of the angular de- 
pendence predicted by the morphic effect could 
not be determined. The present measurements 
give the angular dependence and show several dis- 
crepancies between theory and experiment. As an 
example, the morphic effect predicts that C’ is in- 
dependent of the direction of magnetization when 
the field lies in the plane defined by the propaga- 
tion direction and the polarization direction, i.e. 
the [001] plane. Reference to Fig. 2 shows that the 
measurements are clearly in disagreement with 
this prediction. For this reason, it was concluded 
that the morphic effect is not the major contributor 
to the observed velocity variations. 

Another possible contributor is the intrinsic 
effect associated with the magnetic anisotropy 
energy. If a magnetic moment can be associated 
with each lattice point, then there is a non-central, 
pseudo-multipole interaction which contributes 
to the cohesive energy and hence the elastic con- 
stants of a magnetically saturated metal. Such a 
contribution make the constants 
depend upon the angle between the deformation 
and the magnetization. SaTto®) has shown that the 
total free energy F of a ferromagnetic material can 
be considered in three parts (F’,+Fin+-Fx). F,, is 
the sum of all the contributions of non-magnetic 
origin; (F,,+F) describes the magnetic contribu- 
tion and is written in two parts in order to separate 


could elastic 


the anisotropic contributions which depend upon 
the direction of magnetization relative to the 
crystallographic axis, /;, and the isotropic con- 


* We are indebted to GERHARD SIMON of Justus 


Liebig University, Giessen, Germany, for communicat- 
(11) 


ing the results of his calculations before publication. 


tributions which are independent of the magnetiza- 
tion direction, Fm. In this way, the dependence of a 
particular elastic constant upon the direction of 
magnetization can be discussed by examining the 
second derivative of only Fy with respect to the 
appropriate strain. The same derivative of Fy, 
yields the dependence of the elastic constant upon 
the state of magnetization. By assuming that the 
non-central magnetic interaction is short range 
(i.e. only nearest neighbors need be considered), 
that the material is magnetically saturated, and 
that the lattice is cubic, it is possible to write F’; as 
a sum of terms having the form 


r~™ cos” A 


where @ is the angle between the line joining the 
pair of nearest neighbors and the magnetization 
direction and r is the interatomic spacing. Sym- 
metry dictates that only even powers of cos @ ap- 
pear, so that m = 2, 4, 6... The value of m was 
considered as an adjustable parameter. With this 
model, it was found impossible to describe the 
form of the experimental polar plots of Av/v 
using only a cos? @ term. By using Fy = D(cos? 
6/r?)-+-E(cos* 6/r2), the model was able to give a 
fair description if certain values were chosen for 
p,q, and D/E. These parameters can be related, in 
principle, to the magnetostriction and anisotropy 
constants, &c., but since it is possible to get a good 
description of the results from the simpler, pheno- 
menological theory based on magneto-elastic 
coupling, the further elaboration of this atomic 
description was considered unwarranted. 

The magneto-elastic coupling mechanism is 
based on the fact that magnetostriction allows the 
stress to change slightly the direction of magnetiza- 
tion, which in turn produces a slight additional 
strain that makes the effective elastic modulus, and 
hence the wave velocity, appear reduced. Such ad- 
ditional strains will depend upon the relative direc- 
tions of the external stress and the magnetization 
in the crystal, and therefore the reduction in 
velocity will depend upon the relative orientation 
of the stress and magnetization. Since the angular 
dependence of the attenuation did not follow the 
symmetry of Av, it was felt at first that this mech- 
anism was incapable of explaining the observations. 
However, detailed calculations by Stmon“! reveal 
that this mechanism can well reproduce the mea- 
sured results. He shows that, for nickel in a large 
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applied field, the relative char ge in velocity, Av/v, 
and the logarithmic decrement, 6, will be given as 


a function of field direction by the following equa- 


ield in the (110) plane, 


making an angle 6 


he [110] direction 


mode) 


ield in the (110) plane, makin 
[110] direction 


mode) 


" mode) 


(c) Field in the (001) plane, making an angle @ 


with the [110] direction 


m<¢ de) 


A Z cos? 26 cos? 6 i; 


AZ cos? 6 i<c mode) 


A cos? 6 


The magnitude of the effects are determined by 
A, A’, and Z. These are defined in terms of the 
magnetostriction constants Azz; and A099, the satura- 
tion magnetization J;, a characteristic frequency 
wo = ouoV2 (where co is the electrical conductivity, 
uo the absolute permeability, 47> 10-? H/m, and 
V the wave velocity), and susceptibility y, which 
can be approximated by I;/H, where H is the 


applied field. The parameters are, for y < 1, 


NEIGHBOURS 


and H. SATO 
These parameters may be calculated from mag- 
netic and elastic data. Using the measurements of 
CORNER and Hunt, 2) which give Aq 19> 
10-6, Ax00 50 x 10-6, and J; = 484 cgs units 
at room temperature, the values of C and C’ mea- 
sured here, and taking c = 1-6 10° mho/cm, the 
Table 1. Comparison of the predicted values of the 
magneto-elastic parameters with values obtained from 
wave-velocity measurements. The theoretical values 
are computed using the magnetostriction constants of 
CORNER and Hunt.“?) The observed values are 
chosen to fit best the data of Figs. Z, 3, @ha d. 


Observed 


A - 1 5-3 x10 
A | 

Z (C’ mode) 

ZC 


mode) 


theoretical values appearing in Table 1 were cal- 
culated. By choosing the curves which best fit 
the data of Figs. 2, 3, and 5, the observed para- 
meter values were obtained. The observed and 
theoretical values are seen to agree to within an 
order of magnitude, with the observed parameters 


always larger. 


5. CONCLUSIONS 

From Figs. 2, 3, and 5, it may be concluded that 
the observed angular variation of the shear wave 
velocities and attenuation with orientation of the 
applied magnetic field are well predicted by the 
magneto-elastic coupling theory. It may also be 
concluded that the model not only predicts the 
correct angular dependence but also gives the 
proper magnitude for the velocity effect. 

In view of this agreement, it is most probable 
that the observed effect can be interpreted on the 
basis of this mechanism, and it must then be con- 
cluded that the contributions to Av/v from the 
morphic effect and from the intrinsic effect are 
smaller than 1 x 10-4. The small deviations which 
might exist between the experimental points and 
the predicted curves may arise from these other 
contributions, but until more accurate measure- 
ments are made, it is not worth while to attach 
much significance to the deviations. The observed 
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attenuation, reflected in the Z parameter, seems to 
be much too large to be explained by inaccuracies 
in measurement or over-simplification of the 
theory. The apparent failure of this one aspect of 
the theory cannot be explained and should receive 
further attention. 

Since the magneto-elastic coupling calculation 
describes the observations at room temperature 
very well, it seems worth while to use the 77°K 
measurements with the theory to obtain some in- 
formation about the magnetostriction constants of 
nickel at liquid-nitrogen temperature, where they 
have not yet been measured. By using the ratio of 
Av, nax/V for the two modes, it is possible to elimin- 
ate all of the magnetic parameters except the 
magnetostriction constants. he measured ratio 
A/A’ was used with the ratio C’/C to obtain 
A100/A111 = 1-38 at 77°K, as compared to 2-63 at 
room temperature. The magnetostriction measure- 
ments of CoRNER and Hunt?) show that Aq 
varies slowly enough with temperature to allow a 
reasonable extrapolation to 77°K. This extra- 
polated value is Ajj; = —22x 10-6 and when used 
with the ratio A,99/Az11 gives Ayop9 = —30 x 10-6 at 
77K. This value of Ajo9 is a reasonable extra- 


ON MAGNETIZATION 


DIRECTION 


polation of the CoRNER-HUNT measurements and 


is in agreement with their finding that A499 goes 
through a minimum at a temperature of approxi- 


mately 173°K with a minimum value of 55 
< 10-6, 
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Abstract—Colloidal 


suspensions in insulating organic liquids have been found which produce 


powder patterns on polarized domains in ferroelectric crystals. Sulfur (yellow) in hexane deposits on 


negative dipole ends, while lead oxide (red Pb,;O,) deposits on positive dipole ends. This technique 


delineates domain structures in great detail and can be used on a wide variety of ferroelectric crystals 


in which a domain structure has not be 
been studied by this technique includ 
aluminum sulfate hexahydrate, and 


and Zz 


powder deposit in 


titanate 


those materials 


1. INTRODUCTION 


[HE domain structure in certain 


] 


crystals can be observed either by optical means or 


by special etching techniques.“ Neither of these 


methods has proved effective, however, when ap- 
plied to some recently discovered ferroelectric 
rystals (for example, glycine sulfate and guanidin- 
aluminum sulfate hexahydrate) so that little is 

n regarding their domain structures 
Capy“) 
surface charges on insulating crystals. It consists of 


describes a technique for observing 


dusting electrostatically charged powders onto the 
1 noting the resulting patterns. Although 
ue was developed some 50 years ago, it 


sed very littl be cause of its poor deline- 
ulities. It occurred to the present authors 
tly improved patterns might be obtained 
ostatically charged powders could be held 
idal suspension and applied directly to the 
il surface. This paper describes procedures 
have given excellent results on a wide 
of ferroelectric crystals. The procedures are 
hat they should also apply to piezoelectric 


yroelectric charged surfaces. 


2. POWDER-PATTERN TECHNIQUES 


Studies on the electrokinetics of colloids” 


show 
that, although the colloid as a whole is neutral, 


ferroelectric 


en detected by other means. Ferroelectric crystals which have 
e barium titanate, Rochelle salt, glycine sulfate, guanidinium 
numerous isomorphs. New etching techniques for barium 
lycine sulfate are described. Similar domain structures are revealed by etching and by 


where both techniques can be used. 


individual particles acquire a diffuse double-layer 
charge when brought in contact with the liquid. 
Under the influence of an electric field, the col- 
loidal particles are attracted to either the anode or 
the cathode, depending on the orientation of their 
dipole layers. 

For our purpose we desire an insulating liquid 
of low viscosity and low dielectric constant, so that 


the charged colloidal particles will be free to move 


toward the ferroelectric domains under maximum 
electrostatic attraction. Although many organic 
these requirements, we found 


liquids meet 


hexane (« 1-87) to be the most satisfactory. 
After trying a variety of powders, we concluded 
that sulfur deposits best on negatively charged 
domains and that lead oxide (Pbg04) deposits 
satisfactorily on positively charged domains. ‘The 
sulfur was commercial-grade spray powder having 
particle sizes between 3 and 4p. Flowers of 
sulfur is unsatisfactory, since it reacts chemically 
with hexane to form crystallites. The lead oxide 
was CP grade with approximately the same particle 
sizes. 

Separate colloidal solutions were prepared (1 cc 
of powder per 100 cc of hexane) and stored in glass 
bottles with medicine drop stoppers. The sulfur 
colloid maintains its positive charge indefinitely. 
The red lead colloid may lose its negative charge 





Fic. 1. Powder patterns on surfaces perpendicular to the ferroelectric axis of various crystals 


. (0001) surface of guanidinium aluminum sulfate hexahydrate (GASH). 
. (0001) surface of the isomorph, guanidinium gallium selenate hexahydrate. 
‘. (010) surface of glycine sulfate. 


. (100) surface of monoclinic Rochelle salt. 


[facing p. 28 











Fic. 2. Etch patterns on ferroelectric crystals. 


A. Electron micrograph of BaTiO, etched 4 min in HC]. Domain structure shown at right. 
B. Electron micrograph of BaTiO, etched 10 sec in HF. Domain structure shown at right. 


C. Photomicrograph of glycine sulfate etched in H,O. Smooth portions are positive domains 
and pebbled portions negative domains. 





“- 


2.15 MM 


Comparison of powder and etch patterns on BaTiO, and glycine sulfate crystals. Circular 
areas are negative domains. 


5, 


A. Sulfur powder on BaTiQO3. 

B. Same BaTiO, crystal etched in HF. 

C. Sulfur powder on glycine sulfate. 

D. Same glycine sulfate crystal etched in H,O. 
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after several hours and possibly reverse sign 
eventually. For this reason a freshly mixed solu- 
tion of the red lead is recommended. The charge 
polarity can be checked in a cataphoresis cell. An 
alternative negatively charged colloid which has 
been found satisfactory consists of the cross-linked 
polymer of polystyrene in hexane. This may be 
made any desired color by adding an oil-soluble 
dye. 

Powder patterns are produced by placing a few 
drops of colloid solution on the crystal surface. 
The charged powder is immediately attracted to 


ferroelectric domains carrying opposite sign of 


charge and covers their entire areas. For example, 
the yellow powder in the sulfur colloid deposits on 
negatively charged domains and leaves the posit- 
ively charged domains vacant. These latter may be 
filled in with red powder by putting a few drops of 
the lead oxide colloid on the surface. The second 
solution must not be added until after the hexane 
has evaporated from the first; otherwise the pow- 
ders loose their charges and no pattern is formed. 
After the hexane has evaporated, the powders are 
fixed in place indefinitely by the electrostatic 
charges. 

If, in place of sulfur or lead oxide, we use a 
colloid of finely divided barium titanate in hexane, 
the resulting powder patterns are of an entirely 
different nature. The BaTiOg particles carry no 
net electrical charge, but they do have a very high 
dielectric constant. When placed on the surface of a 
ferroelectric crystal containing plus and minus 
domains, the particles polarize in the external 
electrostatic fields and are deposited at domain 
boundaries where large field gradients exist. The 
resulting powder patterns outline the domain 
boundaries but do not differentiate the sign of 
charge. 

3. POWDER PATTERNS ON FERROELECTRIC 
CRYSTALS 

Powder patterns have been placed on a number 
of typical ferroelectric crystals using the techniques 
described above. Fig. 1 exhibits the results ob- 
tained on four such crystals. In each case the 
powder patterns are on surfaces perpendicular to 
the ferroelectric axis, and the domain structures 
are those grown into the mother crystal rather than 
due to applied electric fields. Fig. 1A shows powder 
patterns on the cleaved (0001) surface of a guanid- 


inium aluminum sulfate hexahydrate (abbreviated 
GASH) crystal. The yellow sulfur powder (white 
in this figure) covers negatively charged domains 
and the red lead oxide powder (black in this 
figure) covers positively charged domains. The 
domain structure is related to the hexagonal sym- 
metry of the crystal, being negative in the center 
hexagon and also near the outer edges of each a 
segment. Patterns on the back side of the crystal 
are similar excepting that the colors are reversed. 
The round white dots are silver paste electrodes 
used for obtaining the hysteresis loops to be dis- 
cussed later. Notice that there are a large number 
of small domains of reversed polarity in both the 
plus and minus areas. 

Fig. 1B exhibits powder patterns on the (0001) 
cleaved surface of the isomorph, guanidinium 
gallium selenate hexahydrate. This ferroelectric 
has the same crystal structure as GASH and shows 
an analogous domain structure. 

Fig. 1C is a photograph of powder patterns on 
the (010) cleaved surface of a monoclinic glycine 
sulfate crystal. The c-axis is as shown. It can be 
seen that the domain structure is intricate in this 


as-grown crystal. More will be said about the 
switching properties of these domains in the follow- 


ing section. 

The patterns on the (100) ground surface of a 
monoclinic Rochelle salt crystal are shown in Fig. 
1D. Rochelle salt was the first ferroelectric crystal 
to be discovered, and optical studies have been 
made in order to reveal its domain structure.) The 
close-spaced striations parallel to the b-axis shown 
in this figure are in accordance with optical results. 


4. NEW ETCHING TECHNIQUES FOR BARIUM 
TITANATE AND GLYCINE SULFATE 

Etching procedures have been described by 
Hooton and Merz“) for delineating domain struc- 
ture in barium titanate. The crystal is placed in 
concentrated HC] for several minutes at room tem- 
peratures. Etching takes place over the entire 
crystal, but is faster on positively poled c-domains 
than on negatively poled c-domains and is inter- 
mediate on a-domains. Fig. 2A is an electron 
micrograph of a tetragonal barium titanate crystal 
after etching for 4 min in concentrated HCl. The 
domain structure is indicated on the right. 

We have found that a dilute solution of hydro- 
fluoric acid (1 drop of 48 per cent HF in 5 cc of 
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water) is superior to concentrated HCI for bringing 
out the domain structure in barium titanate. The 
rate of etch is much greater, only a few seconds 
being required at room temperature, and the 
pebble structure on positive c-domains and a- 
domains is much less than that obtained with HCI. 
Fig. 2B is an electron micrograph of a tetragonal 
barium titanate crystal after etching for 10 sec in 
dilute HF. Etch patterns on orthorhombic barium 
titanate form in dilute HF after a few minutes at 
0°C, while HC] 
To the 


requires several hours. 


best of our knowledge, no preferential 


etch has been cribed for glycine sulfate ferro- 





electric domains. We at water is excellent 
7 


when used in the following manner: Place a thin 


cloth on a flat plate and put a few drops of water 


at one corner. Rub the (010) surface of the crystal 
in a circular manner on the cloth, so that it passes 


After 


structure is delineated 


successively over wet and dry portions. 
about 10 passes the domain 
as shown in Fig. 2C. The pebbled areas are nega- 
tive domains and the smooth areas are positive 
domains. 

A comparison between etch and powder domain 
delineation in switched barium titanate and glycine 
sulfate crystals is shown in Fig. 3. A barium 
titanate crystal was completely poled in one direc- 
tion by an electric field, after which its polarity was 
reversed in a small circular area. A few drops of 
sulfur—hexane colloid were placed on that surface 
which had been poled positive and subsequently 
switched partly negative. The powder pattern is 
shown in Fig. 3A. Sulfur powder covers the nega- 
tively poled circular area, excepting for a small 
hole at its center. The powder was then removed 
and the entire crystal was etched for 10 sec in HF. 
The etch pattern, shown in Fig. 3B, has precisely 
the same shape as the powder pattern, even 
including the small unswitched island at the 
center 

Similar processing was given a glycine sulfate 
crystal. The powder pattern is shown in Fig. 3C, 
and the etch pattern formed by the water treatment 
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described above is shown in Fig. 3D. The correla- 
tion between powder and etch patterns is complete. 


5. POWDER PATTERNS AND HYSTERESIS LOOPS 
HOoLpEN et al.) have shown that the hysteresis 
loops obtained from GASH crystals are often 
biased and that the shape of the loop is dependent 
on the location of the electrodes on the [0001] faces 
of the crystal. Fig. 4 shows a direct correlation 
between loop biases and powder patterns on a 
given crystal. Each trace is numbered, correspond- 
ing to the electrode location sketched in the lower 
center, and the powder patterns are shown in the 
upper center. The 60 c/s peak-to-peak voltage 
(horizontal axis) was 1000 V for all traces except- 
ing No. 13, which was 1500 V. It can be seen that 
all electrodes in sulfur powder areas (1, 5, 9, 10, 
and 13) give traces which are shifted to the right, 
while the remainder, which are in lead oxide pow- 
der areas, give traces which are shifted to the left. 
By inserting a d.c. voltage into the circuit, it was 
shown that a negative charge on the top surface of 
the crystal produces a shift to the right, and this 
agrees with the charge distribution determined 
from the powder patterns. It is interesting to note 
that electrode No. 13 has a bias of about 250 V. 
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Abstract —Indium has been dissolved in ZnO single crystals by coating crystals with a solution of 
indium nitrate and firing at temperatures between 800 and 1300°C. The diffusion rate may be ob- 
tained by following the increase of conductivity produced by the indium as a function of time. The 
conductivity of a crystal supersaturated with respect to indium falls at a rate which indicates internal 
precipitation of a new phase occurring along lines. These lines are tentatively identified as disloca- 
tions, and the results, interpreted according to a treatment given by H. L. Friscu, indicate that 
crystals grown in the laboratory have a dislocation density near 10’ cm~*, while some commercial 


crystals have a density 
producible and in air gives: 


Dx 25x 10? exp| 


D is found to increase with increasing oxygen pressure with D & Pp9,! 
ancies control diffusion. The solubility of indium varies approximately as Po, 


near 10° cm~*. The diffusional behavior around the new phase is highly re- 


3°16 


RT 


cm?/sec. 


1 indicating that zinc vac- 


1/8 as is to be ex- 


pected if the indium dissolves in ZnO without being associated with a comparable concentration of 


vacancies. Hall-effect measurements give solubilities in the range 10!” to 2 


10!° em=-? and show that 


the precipitated phase materially lowers the electron mobility. 


1. INTRODUCTION 
ZINC oxide is an n-type semiconductor. It can be 
grown as single crystals.”) The identity of the 
donor centers in the crystals as grown is not 
known; however interstitial zinc,@-8) hydrogen, @) 
and lithium) have been found to act as donors 
with well-defined properties. Substitutional im- 
purities from Group III, such as an indium atom 
at a zinc site, should behave as donors since they 
have one more valence electron than zinc. Pro- 
vided that these impurities are not accompanied by 
compensating centers such as zinc vacancies, the 
conductivity of the crystals should increase. This 
situation has been discussed by HAurFE and 
VierK,) who showed that the conductivity of 
sintered ZnO was considerably increased by add- 
ing 1-2 molecular per cent of AlgO3, or Cr2Qx. 
They reported that the conductivity of the sample 
containing chromium varied with oxygen pressure 
according to P9,~!/5°5. WAGNER”) similarly found 


that GagOg increased the conductivity of sintered 
ZnO, and HEILAND®) reported that indium in- 
cluded in single crystals during growth gave blue 
crystals of high conductivity. In this paper we will 
report more quantitative results concerning the 
behavior of substitutional indium as a donor in 
single crystals of ZnO. 


2. EXPERIMENTAL 

ZnO crystals were grown in this laboratory using 
ScHAROWSKY’s method,“ and also using a modifi- 
cation of this procedure®) in which the necessity 
of evaporating metallic zinc is avoided. By passing 
a mixture of hydrogen and nitrogen over excess 
ZnO at 1100-1200°C and then mixing these gases 
with oxygen, also in a region of high temperature, 
single crystals can be produced. This is a some- 
what simpler technique than the original one and 
yields similar results. The diameter of the hex- 
agonal, needle-like crystals used were about 
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210-2 cm. Some larger crystals were obtained 
from a commercial source (The American Zinc 
Company of Illinois, P.O. Box 489, Hillsboro, 
Illinois). 

The crystals were doped with indium by allow- 
ing a film of indium nitrate solution to dry on the 
surface. Heating then produced a coating of IngO3 
from which indium diffused into the crystals. The 
indium nitrate solutions were made by dissolving 
indium in nitric acid, evaporating and adding 
water. 

The conductivities of the crystals were measured 
above room temperature in the apparatus previ- 
ously described,?) in which the atmosphere could 
be controlled. Experiments were always made at 1 
atm pressure, the partial pressure of oxygen being 
controlled by mixing appropriate proportions of 
oxygen and nitrogen measured with flow gauges. 
This method was simpler than using a low-pressure 
system, allowed better temperature control, and 
helped to prevent evaporation of the crystals at 
high temperatures. Temperatures up to 1100°C 
were attained in this apparatus and were mea- 
sured with a Pt/Pt-Rh thermocouple with its hot 
junction strapped to the platform holding the 
crystal. For diffusion runs lasting many hours, a 
recorder was used to measure the probe voltage 
while the current through the crystal was held con- 
stant. The temperature, which was also recorded, 
was maintained sufficiently constant by adjusting a 
controlled power supply. The oven materials con- 
sisted of high-purity sintered alumina, and there 
was no evidence that aluminum from this source 
entered the crystal and behaved as a donor. 

Hall measurements were made at room tem- 
perature in a holder similar to that described by 


Hutson, using a permanent magnet and a Kintel 


microvoltmeter. The number of carriers, 1, was 
determined from the Hall coefficient, R,,, by 


means of the relation 
Ry 
71é 


The mobility, «4, was then obtained from the con- 


ductivity, c, using: 
Co nei. 


Because of the uncertainty in the mechanism of 
electron scattering, it is likely that the factor 37/8 
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is inapplicable over the whole range of electron 
concentrations covered. If it is omitted, the mobil- 
ity values quoted should be increased by 18 per 


cent. 


3. RESULTS 

It was found that if a crystal of conductivity 1 
(Q2 cm)! or less, which is the normal product of 
the growing process, was coated with a solution of 
indium nitrate, dried, and then fired in air to a 
temperature of 1000°C or higher for some 
time, conductivities of up to 200 (Q cm)-! at room 
temperature were produced. Equilibrium could be 
attained at a particular firing temperature after a 
sufficient length of time, and the solubility was 
found to increase with increasing temperature. 
Crystals uncoated with indium solution and heated 
similarly do not change their conductivities by 
comparable amounts. ‘To check whether sodium 
might be acting as an electronically active con- 
taminant, a crystal which had a conductivity near 
3 (Q cm)~! arising from indium doping at 812°C, 
was coated with NaOH solution and refired at 
812°C. The conductivity remained practically un- 
changed, so that it appears that sodium at least was 
not important in the process. 

The highest-conductivity crystals had a faint 
blue-green color to be ascribed to free-carrier 
absorption which becomes appreciable in the red 
end of the visible spectrum at these concentrations. 
No obvious effects were apparent in dark-field 
illumination after internal precipitation of the new 
phase (see below) 

Experiments to be described showed that all the 
donors were ionized at or above room temperature; 
thus the conductivity could be related to the num- 
ber of donor centers present and so the diffusion 
and solubility of the donors were investigated as 


follows. 


4. DIFFUSION 

(a) Initial diffusion 

Crystals coated with indium solution were 
heated for appropriate time intervals and then 
quenched to room temperature. It was found that 
equilibrium solubilities were reached in less than 
1 hr at 1250°C, but took nearly 100 hr at 900°C. 
This method of observing the fraction diffused 
as a function of time can be used to estimate the 
diffusion coefficients if allowance is made for the 
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variation of mobility with impurity content at 
room temperature, and if the size of the crystal is 
known and if simple diffusion into a cylinder is 
assumed. Fig. 10 gives data for the mobility as 
a function of crystal conductivity which were used 
to obtain the quantity of donors present at, and 
before, saturation was reached. (In the latter case 
allowance was made for the fact that most of the 
donors were not at the average electron concentra- 
tion.) The results of these experiments performed 
on a large number of crystals were not particularly 
consistent, and for a series of time intervals with 





Fic. 1. Diffusion of indium into ZnO in air as a function 
of temperature, as determined from the first diffusion 
into the crystals. 


the same crystal did not obey simple diffusion laws 
very well. The data calculated from results in- 
volving between 20 and 60 per cent of saturation 
are represented by circles in Fig. 1. Experiments 
on two crystals were also performed, in which the 
approach to equilibrium was measured by follow- 
ing the conductivity at one temperature, and then 


the process was repeated with the same crystal at a 
higher temperature. In this way diffusion coefh- 
cients at the two temperatures could be calculated 
for each crystal. Again ideal diffusion behavior was 
not observed, ard the approximate results are 
indicated by triar gles in Fig. 1. 


Cc 
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The reason for the scatter in these diffusion data 
is not definitely known, but subsequent experi- 
ments showed that the crystals were by no means 
perfect and the imperfections may have affected 
the diffusion process. It is, however, necessary to 
use these data to obtain an absolute value of the 
diffusion coefficient for use in subsequent cal- 
culations. A value of D = 810-19 cm?2/sec at 
1100°C was chosen. As will be shown, a value of 
D = 10-® cm?/sec may then be expected in 1 atm 
of oxygen at 1100°C. 


(b) Subsequent diffusion 

If a crystal coated with indium solution was 
brought to equilibrium at a high temperature and 
then annealed at a lower temperature, the con- 
ductivity fell to the new equilibrium value as 
though the excess indium had diffused out of the 
crystal. However the process was much faster (by 
factors of 10-100) than was expected. Furthermore 
subsequent diffusion in was similarly fast; thus 
the initial diffusion to equilibrium at 1250°C took 
about 1 hr, but any later diffusion at this tempera- 
ture was complete in 5 min or less. These observa- 
tions suggested that if a crystal becomes super- 
saturated with indium, precipitation of the excess 
indium occurs within the crystal, and since the 
indium diffuses a smaller distance, the process is 
faster. This was confirmed by bringing a crystal 
to equilibrium at 1100°C (which required several 
hours) so that its room-temperature conductivity 
became 41 (Q2.cm)-!. Precipitation at 890°C then 
gave a conductivity of 3-2 (2 cm)~!. At this stage 
the crystal was etched with hydrofluoric acid so 
that 0-001—0-002 in. of the surface was removed, 
and presumably if the excess indium had diffused 
to the surface it too would have dissolved or been 
removed. However, heating for 15 min at 1100°C 
restored the conductivity to 38 (Q cm)-!, showing 
that the indium had come from within the crystal. 

The kinetics of the precipitation were studied 
by equilibrating a crystal at 1250°C, quenching it, 
and then heating it quickly to a temperature below 
1250°C in the crystal holder and observing the 
conductivity decrease as a function of time as pre- 
cipitation occurred. The experiment was repeated 
for as many as fifteen times on a single crystal 
under a variety of conditions of temperature and 
atmosphere. The behavior was highly reproducible, 
a run at the end of the series being, within 
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experimental error, identical with a similar run at 
the beginning 
Examples of tl c f a single 


1in 1 per ce1 


bia : : : 
lhe conductivity observed at the 


ae ‘ : ’ 
usion 1S plotte da, tor conven 


the indicated tem- 


precipitation of indium 


against the square root of the time. The conducti- 
vities at zero 
because the conductivity varies with temperature 
for a fixed donor concentration and partly because 
the 
precisely the same conductivity. The conductivi- 


quenching process does not always yield 


ties at the end of the runs are also different because 
of the mobility variation with temperature, and 
also because the solubility varies with temperature 
and These plots, showing an 


oxygen pressure. 


absence of an initial linear section, indicate that 
ordinary cylindrical diffusion is not taking place. 
If, however, logio(s,—c,,) is plotted against 7, 
where oa, is the conductivity after time ¢, and o,, 1s 


the conductivity at the end of the precipitation, a 


ht line is obtained for at least 90 per cent of 


3 and 4, 


The final 5-10 per cent of the precipitation usually 


stral 


7 
the precipitation, as is shown in Figs. 
did not fall on a straight line, deviating sometimes 
upward and sometimes downwards. Whether these 
deviations are significant or whether they arose 
from experimental uncertainties in the determina- 
tion of the end-point is not clear. At these high 
temperatures lattice scattering is likely to pre- 
dominate in determing the mobility, so the assump- 


c, is proportional to the average 


tion that 


crystal at 


t oxygen are 


time are slightly different, partly 
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Fic. ) versus time at different tempera- 


tures for the precipitation of indium in ZnO. Note the 


: a Log (ca; Cx 
different time scales. The oo values are the constant 
values reached after precipitation and are obtained from 


curves such as those in Fig. 2. 


Fic. 4. Similar to Fig. 3, except for different tempera- 
tures. Again notice the different time scales. 
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concentration, ¢, of indium in the crystal at time t 
will be made. 


(c) Interpretation of precipitation data 

ZENER) has discussed internal precipitation of 
a new phase and concluded that if nucleation and 
growth of the new phase take place around a long 
line of constant length, and the cylinders so formed 
do not grow so large that they overlap, then the 
following relation should be obeyed: 


(1) 


with 8 = 1; co and c,, being the initial and final 
concentrations of the precipitating component. 
For nucleating centers of different shape, 8 had 
values greater than unity. Recently Ham“®) has 
corrected some of this work, but he still agrees 
that for cylindrical precipitation 6B = 1. Ham has 
pointed out that 8 = 1 regardless of shape after 
50 per cent precipitation has occurred, so that to 
be sure that lines are involved it must be shown 
that 8 = 1 for the first half of the process. The 
present data show a small deviation from a straight 
line, but there is no doubt that for the first 50 per 
cent of the reaction f is much closer to 1 than 3/2. 
Morin and Reiss“1) observed precipitation of 
interstitial lithium in germanium and found that 
equation (1) was obeyed when f = 3/2. From this 
and other evidence they concluded that precipita- 
tion of the new phase occurred around isolated 
lattice vacancies. TWEET?) found that interstitial 
copper precipitated in germanium according to 
equation (1) when f = 1, and from this, and from 
a correlation of the precipitation rate with the dis- 
location etch-pit density, he concluded that the 
nucleating centers were dislocation lines which 
ranged in density from 104 to 10’/cm?. 

It seems likely therefore that indium in ZnO 
precipitates on long cylinders. The author is 
greatly indebted to H. L. Friscn for a detailed 
derivation of equation (1) for cylindrical precipita- 
tion which follows from previous results given by 
FRANK and by FriscH and Co..ins.“%) As before, 
B is unity and 


OF INDIUM IN ZINC OXIDE 35 
where NI is the total length of nucleating line/cc 
(and also the line density/cm? if the lines are straight 
and perpendicular to the surface considered), D is 
the diffusion coefficient, and v(co—c,,) is the total 
volume/cc of the precipitated phase; s is a para- 
meter which depends on the total volume of the 
new phase precipitated and is given by: 


4 


, for s - 
1-5 


2-3exp(—) losin | (3) 


Equation (3) has been used to determine some 
s2/v 


values of (co—c,) as a function of v(co—c,,), 


and these are plotted in Fig. 5. The values of s 


Fic. 5. Log v(cyg—cw) as a function of s?/v(cy—ca), as 
calculated from equation (3). 


corresponding to the limits used are 1-5 x 10-8 
to 2 10-?, and so the condition s < 1 is satisfied. 
It will be noticed that a change in v(co—c,,) by a 
factor of 100 changes s?/v(co—c.,) by only about 
50 per cent. This is a fortunate circumstance, for 
although (co—c,,) can be determined quite well 
from the room-temperature conductivity before 
and after precipitation, v, the volume of precipitate 
containing 1 atom of indium, is known much less 
precisely. In this paper it is assumed that v = 
2x 10-*8 cc, which is the volume per Zn ion in 
ZnO. But even if the value were ten times this, the 
value of N/ to be calculated would only be about 20 
per cent too high. 
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If 7 sec is the time required for €—c,,/co—c,, to 
have fallen to 1/e of its original value, then 


(4) 


Values of 7 can be read off curves such as those 
is, of course, constant for 
any particular run) value of D at 
1100°C mentioned above, together with a deter- 


3 and 4 (co—c, 


in Figs 


Using the 


mination of 7 at the same temperature, N/ may 
now be calculated for the crystal from equation 
2). The reproducibility of the results show that 


N/ remains constant for any particular crystal. The 


coemcient of indium 


perature obtained from precipitation 


the N/ 


values chosen as indicated, so that 
through D 8 x 10 at 1100°C. 
NI values of 1:1 10’ and 3:2x 
? were found 

NI/ is now used with 7 values to obtain D 
at different temperatures. The results obtained in 
air with several different crystals are shown in 
Fig. 6. In effect N/ values have been chosen for 
each crystal so that the straight line through the D 
values as a function of temperature passes through 
D = 8x 10-10 cm2/sec at 1100°C. For the crystals 
grown in these laboratories, the N/ values are not 
very different, being near 10’ cm/cc. Measure- 
ments were also made on two rather larger crystals 
obtained from commercial sources and for these 
the N/ values were approximately ten times 
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smaller. The straight line in Fig. 6 is given by 


3-16 


(5) 


cm?/sec. 


‘T° 


D =2:5x 102 exp| 














Fic. 7. D as obtained from precipitation for crystal 190 
in two different oxygen partial pressures. 


(d) Oxygen pressure-dependence of D 

In addition to the variation of D with tempera- 
ture, there was also a variation with oxygen pres- 
sure. Consequently, the same precipitation experi- 
ments were repeated at various oxygen pressures. 


Fic. 8. The oxygen pressure-dependence of D at various 

temperatures for crystal 201. Previous experiments gave 

Nl 6:5 x 10°/cm? for this crystal. The fractions give 

the values of 1/k in D OC Po,/* for the lines drawn. 
1050°C, [-] 1000°C, A 950°C. 
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Fig. 7 shows diffusion data at two different oxygen 
pressures for crystal No. 190. The two lines drawn 
are almost parallel; if there is a change in the acti- 
vation energy between 100 and 1 per cent oxygen, 
it is less than 10 per cent and almost within experi- 
mental error. Very similar results were obtained 
for a second crystal, No. 201. Fig. 8 illustrates the 
dependence of D at various temperatures, on 
oxygen pressure at various temperatures. The 
slopes of the lines are indicated on the graph. At a 
constant temperature, it is found that approxi- 
mately 


D x Po, (6) 


the diffusion rate increasing with increasing pres- 
sure. 





SLOPE =1°5 ev 














Fic. 9. The solubility of indium in ZnO as obtained from 

Hall measurements of the electron concentration at 

room temperature. Equilibrium was attained under the 

various conditions indicated and the crystals were then 
quenched. 


(e) Solubility 
Solubilities of indium in ZnO could be deter- 
mined by equilibrating in air at a high tempera- 


ture, quenching, and measuring the conductivity 


and Hall coefficient at room temperature. The 
results, which show some scatter, are given in Fig. 
9. Included are points obtained by saturating the 
crystals at 1250°C and then precipitating to the 
equilibrium condition at a lower temperature, and 
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these points fall near the other points. Fig. 10 
shows the mobility as a function of conductivity. 
It is clear that the added impurities are important 
in determining the mobility. This is particularly 
true of those crystals in which precipitation has 
occurred, since these show unusually small mobili- 
ties. This confirms that precipitation occurs within 


the crystal. 














Fic. 10. The electron mobility as a function of crystal 

conductivity at room temperature for crystals doped with 

indium and for crystals containing in addition the pre- 
cipitated indium phase. 


The solubility, like the diffusion rate, is de- 
pendent on the oxygen pressure. This was ob- 
served by precipitating indium in a crystal and 
measuring conductivity changes at constant tem- 


perature brought about by changes in oxygen 
pressure. The equilibrium values reached were 
taken to be proportional to the solubility. Fig. 11 1s 


Fic. 11. The oxygen pressure-dependence of the con- 

ductivity measured at the temperatures indicated due to 

dissolved indium for two crystals. The fractions give the 
values of 1/k in o OC PO,-/* for the lines drawn. 
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a log-log plot of 1/Po, against o for two crystals at 
different temperatures. The lines drawn have an 
average slope indicating 

oo Po. 1/7.6 (7) 
which is close to 


oo Pom. (3) 


Although the kinetics of the change of conductivity 
with oxygen pressure were not analyzed in detail, 


it is interesting that the times taken for these 
changes were comparable to that for the initial 
precipitation. Table 1 shows the 7 values for a 


series of such changes: 


Table 1. + values for crystal No. 201 


Change at 1000°C 7 (min) 


Initial precipitation in 1 per cent 0, 80 
1 per cent — 100 per cent 0, 18 
100 per cent 
6°5 per cent 


> 6°5 per cent 0, 12 
> 0-2 per cent 0, 30 
0-2 per cent — 1 per cent 0, 45 


At this temperature in 100 per cent 02, 7 for the 
initial diffusion may be estimated to be 3000 min. 
It is clear that a change in the oxygen pressure at 
the surface is rapidly reflected in a change at the 
nucleating centers. This will be considered below. 


(f) Conductivity as a function of temperature 

~ Figs. 12(a) and (b) show how the conductivities 
of various crystals with different equilibrium con- 
centrations of indium vary with temperature. 
Ionization is complete at room temperature. On 
cooling the more conductive crystals, the conduc- 
tivity hardly changes, probably because the im- 
purity orbits overlap at these concentrations. Hall 
measurements at low temperatures are necessary 
to determine the mobility variation with tempera- 
ture and the magnitude of the ionization energy of 


the donors. 


(g) Doping with interstitial zinc 

A crystal was treated with indium so that its 
room-temperature conductivity was 11-9 (Q cm)-1. 
It was then doped with interstitial zinc at 650°C 
for 1 min, and then for 5 min, according to the pro- 
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cedure previously described.) After both experi- 
ments, the room-temperature conductivity was 
raised to 13 (Q cm)~!, showing that some inter- 
stitial zinc had entered the crystal. On heating for 





























Fic. 12. The conductivity of crystals with different 
equilibrium concentrations of indium as a function of 
temperature above (a) and below (b) room temperature. 
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a few minutes in air at 600°C, the conductivity fell 
to 11-9 (Q cm)-!, as expected if the interstitial zinc 
diffused out. Very similar results were obtained if 
the crystal was held for 4 hr at 1000°C in the same 
pressure of zinc. These experiments strongly in- 
dicate that the indium is not incorporated in the 
lattice together with a comparable number of zinc 
vacancies which act as acceptors, for if this were the 
case, the interstitial zinc should fall into these 
vacancies and permanently increase the con- 
ductivity by a factor of about two. 


5.. DISCUSSION 

(a) Solubility of indium 

Equation (5) shows that the diffusion of indium 
in ZnO has an activation energy of about 3-2 eV. 
This value is in marked contrast to the values for 
the diffusion of interstitial zinc® and lithium®), 
which are 0:55 and 1-0eV respectively. Such a 
contrast suggests that there is a different diffusion 
mechanism involved, and it is therefore assumed 
that indium occupies substitutional lattice sites. 
It is also assumed that association of defects is not 
important at the elevated temperatures (> 900°C) 
used. Since indium causes an increase of conduc- 
tivity, it clearly cannot enter the lattice accompan- 
ied by a compensating zinc vacancy, as indicated in 
the following equation 


(IngO3)surtace = 2Inzn++300+Vazn=. (9) 


(Here the “atomic” system of notation has been 
used, in which normal charges at a lattice point 
have been neglected. Thus Op represents an O~ 
ion at a normal oxygen site. Vzn~ represents a 
vacancy at a zinc site which has accepted two elec- 
trons.) 

It is possible that the zinc vacancy may only 
accept one electron 


(IngO3)surtace = 2Ingn*+300+Van-+e, (10) 


but this reaction may be discounted, since it gives 
no oxygen pressure-dependence of the conduc- 
tivity. The absence of zinc vacancies in concentra- 
tions comparable to the indium concentrations was 
strongly indicated by the experiments mentioned 
above in which, on doping indium-containing 
crystals with interstitial zinc, there was little or no 
permanent increase of conductivity. 
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The reaction 
(In2O3)surtace = 2Ingnt+200+ V zn~+e “+402 
(11) 


can be excluded, since it adds three positive ion 
sites and only two negative ion sites to the crystal. 
Of the simple possibilities, all that remains is 


(IngO3)surtace = 2Ingnt+209+2e-+ 4Oz. (12) 
Since the indium is the only significant source of 
electrons, equation (12) gives 


(13) 


where Njp+ is the number of indium ions/cc and n 
is the number of free electrons/cc. Applying the 
law of mass action to equation (12), and using 
equation (13) 


Nin+ =1, 


Ki = Nin 2n*Po,t 


n= Ki*Po,*. (14) 
Assuming that at the high temperatures the con- 
ductivity is proportional to n, it is expected that 


oc Po”! (15) 


and, as Fig. 11 showed, this is approximately so, 
confirming that equation (12) is indeed the mech- 
anism of solution at the oxygen pressures used. 
Fig. 9, and other results, show that the solubility 
of the precipitated phase is approximately the same 
as that of the surface phase. The nature of the pre- 
cipitated phase cannot be definitely inferred, 
although it is presumably a mixed ZnO-IngO3 
compound. There is some evidence from X-ray 
diffraction patterns4) that two compounds exist 
with about 1 indium atom for every 2 or 4 zinc 
atoms. A dilute mixture seems reasonable, as its 
molecular volume might not be very different from 
that of the parent ZnO lattice, thus allowing in- 
ternal precipitation without undue lattice strain. 
Since precipitation occurs along lines, it is likely 
that the lines are dislocations, that is a row of Zn 
and O ions which are missing from the lattice. The 
dislocation density is then equal to the N/ values 
quoted in Fig. 6. The values, ranging from 108 to 
10?/cm?, are high but not unreasonably so. Thus 
the highest dislocation density quoted by Tweet?) 
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for germanium was about 10?’/cm?. THEIMER, 9) 
from light-scattering data, has concluded that 
Harshaw sodium chloride crystals have a disloca- 
10? and 109/cm?. AME- 
LINCKX"®) has decorated the dislocations in rock- 


tion density between 


salt crystals with sodium, and from his photo- 
graphs one can deduce that the dislocation density 
106 cm-?. Doremus®@” has 
estimated that strained KCl crystals contained 


was of the order of 5 
about 3x 10% dislocation cm/cc and this was con- 
firmed by etch-pit counts. It is interesting that the 
commercial ZnO crystals, which are presumably 
grown at a lower temperature and at a much lower 
rate than the others, have a lower dislocation count. 

Although temperatures up to 1400—1500°C have 
been employed, it has not been possible to deform 


(18) indicating that the dis- 


ZnO crystals plastically, 


locations are not mobile and so do not facilitate the 
This 


stancy of the dislocations would account for the 


permanent bending of the crystals con- 


reproducibility of our diffusion results, but would 
make difficult the proof that dislocations are the 


centers of precipitation, for there is no means of 


introducing dislocations at will. At present there 
seems to be no other information concerning dis- 
locations in ZnO. It would be interesting to look 
for a correlation between etch-pit patterns and the 
NI values reported here. Crystals containing pre- 


cipitated 


indium were examined under a micro- 
scope using dark-field illumination. No decorated 
dislocation lines were apparent, perhaps because 
the refractive index and absorption of the pre- 
cipitated phase are not very different from those of 


ZnO. 


(b) Diffusion of indium 

It has been shown from the precipitation data 
that the diffusion rate at constant temperature in- 
creases with increasing oxygen pressure. It is there- 
fore concluded that the diffusion is controlled by a 
defect the concentration of which increases with 
oxygen pressure. The only such simple defect is a 
Since zinc vacancies are not in- 


zinc vacancy. 


volved in the indium solution process, their con- 
centration must be low compared to the indium 
concentration; and, as they control the diffusion 
of the latter, they must move rapidly through the 
lattice. As a consequence, the simplifying assump- 
tion is made that they come to equilibrium in a 
time short compared to the diffusion times. A zinc 
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vacancy is expected to be an acceptor for one or 
possibly two electrons; the latter will be assumed. 

There is then a rapidly established equilibrium 
with the atmosphere as follows 


2e-+4300+ Znzgn = Vzn-+ZnO (16) 


which leads to 


Xvy,,—Nin=Nyv, Kon*P 0, (17) 


where Xy, =is the atom fraction of zinc vacancies, 
and Nz» is the number of zinc sites/cc. 

Reiss“) has shown that for the present circum- 
stances the diffusion coefficient of indium, Dytn, 
may be represented 

’ In 
Din X Vo, D,, 
© Zn 


(18) 


where wn is the frequency with which an indium 
atom jumps into a vacancy next to it, and wzn 
is the corresponding frequency for a zinc atom next 
to a vacancy. D, is the diffusion coefficient of 
vacancies, and if the correlation factor which is not 
very different from unity is neglected, then D,, may 
be approximated by 


D,  znA" (19) 
where A is the jumping distance. Combining 
equations (18) and (19) yields the following 


Ina“. (20) 


Din Xy, 
Substituting (17) into (20) gives 


Kon*P 9+ 


Dip nA“. (21) 


\ Zn 


In the precipitation experiments, the crystals 
were always quenched from the same temperature 
of 1250°C, so that they all have approximately the 
same uniform electron concentration. After pre- 
cipitation the final electron concentration is con- 
trolled both by the oxygen pressure and by the 
temperature. If equation (21) is true, then Dyn 
should vary during the reaction and this might be 
expected to invalidate equation (1) with 6 = 1. 
However, H. L. Friscu has demonstrated that, in 
fact, an equation of the form of (1) will still be 
obeyed, albeit with a different value of «. At pre- 
sent this point has been ignored. 
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If the oxygen pressure-dependence of n in equa- 
tion (21) is controlled by the indium solubility re- 
presented by equation (14), one finds that 

Koki! 
Din at Po, nA’. 
4V Zn 


(22) 


Thus Dyp should vary as Po,', as was approxim- 
ately found to be the case. However, the situation 
is more complicated than this, for again the elec- 
tron concentration starts by being the same no 
matter what the oxygen pressure, and it is only at 
the end of the precipitation that equation (14) is 
obeyed. Thus equation (6) is predicted as a limit- 
ing law, and until more detailed calculations have 
been made of the rate at which the charged indium 
diffuses in the presence of a varying electron con- 
centration, one can only say that experiment in- 
dicates that equation (6) is approximately obeyed 
over the major part of the precipitation. It may be 
that diffusion is controlled by the region at which 
the diffusion coefficient has its lowest value. This 
will occur at the surface of the precipitated phase, 
and at this point equation (14) is obeyed. 

It is interesting to notice that the energy of 
activation for the diffusion involved in precipita- 
tion is 3-2 eV, which is practically identical with 
the values for the activation energy reported for the 
self-diffusion of zinc in ZnO at high temperatures. 
These are 3-19 eV for diffusion in air®@® and 3-17 
eV for diffusion in zinc vapor.'*!) This agreement 
suggests that the temperature variation of the con- 
centration of the same defect is responsible for the 
temperature variation of the diffusion of both zinc 
and indium. Again, however, if this defect interacts 
with the electrons present, it is not obvious that the 
agreement should be as simple as it appears to be. 
It might be useful to study the self-diffusion of 
zinc in ZnO at various oxygen pressures in crystals 
which contain equilibrium amounts of indium. 

Using the model of diffusion presented above, 
an estimate of the zinc-vacancy concentrations may 
be made as follows. Suppose that the energy of 
activation for the jump of an indium atom into an 
adjacent vacancy is small, so that wyp in equation 
(20) is nearly equal to the lattice vibration fre- 
quency. CoLLins@?) has recently found a lattice- 
absorption peak leading to a lattice frequency of 
1-25 x 10!8 sec—1. In ZnO, A has a value near 3-3 A. 
Now at 1100°C in 1 atm of oxygen D x 10-9 
cm?/sec. 
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Thus, using these values in equation (20), one 
finds 
10-9 = Xy, -x 1:25 x 1018 x (3-3 x 10-8)? 
Ny Xy, =X Nan 
74x 10-8 x 4-1 x 10°? 
Ny,,- = 3x 10%. 


Zo 


Zn 


(23) 


This is a lower limit, for if wyy is less than the 
lattice frequency, then Ny,,- must be proportion- 
ately larger. At 1100°C in oxygen the indium 
solubility is about 6 x 1018. Presumably the vacancy 
concentration is at least ten times smaller than this. 
Assuming 


In = 1:25 x 1013 exp( —Eqn/kT), (24) 
where £jp is the energy of activation for an indium 
to jump into an adjacent vacancy, one finds for a 


maximum value for E{p, 


3x 101 


6x 1017 


exp(—Etn/kT) 


E}p(max) = 0-63 eV. 

Further experiments are necessary to check these 
limits, but it seems clear that the diffusion of a 
vacancy occurs with small activation energy, so 
that the overall activation energy for diffusion is 
dominated by the energy term which controls the 
variation of the defect concentration with tempera- 
ture. 

The diffusing zinc vacancies may provide the 
mechanism whereby the effect of changing the 
oxygen pressure is rapidly reflected at the disloca- 
tion lines (see above). There is also, however, the 
possibility that the oxygen may diffuse down the 
lines rapidly, whereas the indium does not. 
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Abstract—A general expression for the Faraday rotation, 8, in a semiconductor is derived and ap- 
plied to the case of free carriers. At low magnetic field strengths and low frequencies, # is determined 
by the d.c. conductivity o9 and the Hall coefficient Ry and is proportional to o9°!*R». At high fre- 
quencies # depends on the electron distribution and on the shape of the energy surfaces but is in- 
dependent of the relaxation mechanism. Explicit expressions are given for particular cases, and it is 
shown how measurements of 8 at high frequencies will lead to information about energy surfaces. At 
low temperatures and high magnetic field strengths, resonances should appear in the rotation at the 


cyclotron-resonance frequencies. 


1. INTRODUCTION 

THE rotation of the plane of polarization of a plane 
polarized electromagnetic wave passing through a 
substance under the influence of a static magnetic 
field along the direction of propagation is known as 
the Faraday rotation. This rotation has been ob- 
served at microwave frequencies in germanium by 
Rav and Caspar) and at infrared frequencies in 
indium antimonide by SmiTH and Moss.) In both 
experiments the rotation is due to the free charge 
carriers, and Rau and Caspari have analysed their 
results in terms of a simple free-electron model 
having a relaxation time of the carriers independ- 
ent of energy. MITCHELL®) has pointed out that 
measurements of the Faraday rotation at high 
frequencies will yield information about the effec- 
tive mass parameters of the charge carriers. 

The purpose of this paper is to examine how the 
Faraday rotation will vary with frequency and 
magnetic field strength in semiconductors and to 
provide a general theory of the effect for arbitrary 
energy surfaces. In favourable cases interesting in- 
formation about energy surfaces may be obtained 
from measurements of the Faraday rotation. 


2. THEORY 


The main features of the Faraday rotation and 
its dependence on frequency and magnetic field 
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strength can be illustrated simply for free electrons 
and this case will be considered first. In the second 
part of this section the Faraday effect is formulated 
for semiconductors having arbitrarily shaped 
energy surfaces and either degenerate or non- 
degenerate electron distributions. In the third part 
these general equations are applied to some special 
situations in germanium and indium antimonide. 


(a) Free Electrons 

We choose a system of axes such that the direc- 
tion of propagation of the electromagnetic radiation 
(which is parallel to the static magnetic field H) is 
along the z-direction. Only the x- and y-com- 
ponents of the electric vector E of the radiation are 
non-zero, and it is convenient to use the complex 
quantities 

Es = Eztiky; 


for, by setting 
E., = Eo.,(z) exp(tt) 


we represent circularly polarized radiation rotating 
anti-clockwise (observer looking towards the radia- 
tion) and by setting 


E = Eo_(z) exp(7at) 


we represent radiation rotating clockwise. The 
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problem will be analyzed in terms of EF, and E_. 
Both situations can be described by the single 
equation, derived from Maxwell’s equations 


Ge E 4rr10 ] 
2E . . 1) 


c c“ 


in which e¢ is the dielectric constant and /. is the 
complex current density /z- i], 

From a consideration of the classical equation 
of motion of a free electron in combined electric 
and magnetic fields, we may write the current 
density as@ 


MIC 


in which A 


volume, and 7 is the relaxation time. Substitution 


9 9 
2) into (2.1) gives 


is the number of electrons in unit 


from (2 


4710 ) 


with solutions 


E exp(—p 


Z+7101), 


in which a. are independent of z and where 
(2.6) 


It is well known that the real and imaginary parts 
of the pu are simply related to the extinction 
coefficients k. and the refractive indices n.. Re- 
fractive index is the significant parameter for the 
present discussion, since the rotation of the plane 


of polarization of plane polarized light is easily 
shown to be 


in which /is the path length through the specimen. 
The rotation is positive when it is clockwise for a 
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wave propagating along the direction of the mag- 
netic field towards the observer. The equation for 
the refractive indices is 


c 
(Imp), (2.8) 


@® 


where Im stands for “imaginary part of”, leading 
to 


The Faraday rotation may then be obtained 
from equations (2.7) and (2.9). In order to illustrate 
how the rotation varies with frequency and mag- 
netic field strength, @ has been computed as a 
function of w and H for the case (e/47) 1-0, 
oo = 104% esu and + = 10-" sec (typical values 
for n-type germanium). The results are shown in 
Fig. 1. The frequency range considered corres- 
ponds to the region where the sample will not be 
strongly absorbing or reflecting. 


— sea 


a 


Fic. 1. Faraday rotation 10°@ in radians/cm for a free 
electron gas as function of frequency (logarithmic scale) ; 
47 esu. Curve 1 
1:0(x=0) 


Co 10" esu, 7 10-1! sec and « 


10-*(x 2), curve 2 is for weT 
10°(x 


is for WeT 
and curve 3 is for wert 


The general behaviour of 6 over the entire range 
of w differs according as w¢7 - -1. The 
first inequality corresponds to a situation in which 
the electron scattering prevents the observation of 


1 or wet 
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cyclotron resonance. Here @ first decreases as w}, 
then increases to zero and changes sign at wr ~ 1, 
and finally approaches zero as w~*, The change in 
sign on passing through the natural frequency 
(7-1) of the system is equivalent to a change in 
phase of the current and is a well-known result for 
a system undergoing forced oscillations. When 
wt > 1on the other hand the magnetic force on 
the electrons is more important than the relaxa- 
tion effect. 6 is almost constant for wr < 1 and 
now changes in sign at w ~ we corresponding to 
the cyclotron resonance. The rotation is also 
greatly reduced in magnitude. At high frequencies 
6 is again proportional to w~?. Indeed, when w is 
much greater than both w, and 7—!, @ is independ- 
ent of the magnitude of w,-7; from equations (2.7) 
and (2.9) we have 


6 27 Ne8 


lH 


> We, TH 


9 9. 9? 
C“NM=G)~ 


This equation was previously obtained by 
MITCHELL.) The independence of this result from 
WT is important, since it means that studies of 
Faraday rotation can be employed under con- 
ditions in which the cyclotron resonance cannot be 


observed. 


(b) General Equations for a Cubic Crystal 

In this part we formulate the Faraday rotation 
for arbitrary energy surfaces for the case of small 
magnetic fields, i.e. 6 oc H. ‘This limitation only 
excludes situations close to cyclotron-resonance 
conditions and is not therefore serious in practice. 
An advantage of small fields is that quantization of 
the electron orbits can be neglected and a quasi- 
classical wave-packet approach may be _ used 
(average electron energy > hw,). 

For small magnetic fields we may write the 
current density in a tensor notation (ABELES and 
MEIBOOM")) 


J, = YyEjt+ Lee Ak. (2.10) 


In cubic crystals symmetry requires 


Oo € sik; (2.11) 
where 6,; is the Kronecker symbol and e, ,, the 
substitution tensor. To the approximation in 
(2.10) the Faraday rotation will be independent of 
crystal orientation. Substitution of (2.11) and 
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(2.10) into (2.1) gives an equation with solutions 
again of the form (2.5), where now 


; wre 47iwo 
p4* = “a sa _ 


9 
ce c* 


4nwo'H 


The Faraday rotation is now obtained by applica- 
tion of (2.7) and (2.8). If we bear in mind that c 
and o’ are complex quantities (on account of the 
phase difference between F,. and /~) so that 


or +10;', .13) 


we find after some manipulation that 


. , 
o=or+lo;, o 


2nlH (o,'n—o;'k) 


, (low fields) (2.14) 
c (n?+ k?) 


in which n and k are respectively the refractive 
index and the extinction coefficient in the absence 
of H. In terms of quantities already defined, they 
are given by 


D2 
on") 


2k2) 


[ Aon 


@ 


the plus sign to be taken with m and the minus with 
k. 

These equations can only be applied to parti- 
cular cases when the quantities o ard o’ have been 
obtained, for example by solving the Boltzmann 
transport equation (see, e.g., WILSON) or ABELES 
and MerrBpoom")). It is necessary to generalize the 
results of these authors to the case of alternating 
fields, but this is very simply done by replacing 
the relaxation time 7 by (7~!-+7w)~! (in addition to 
the collision term as usually written, (fo—f)/r, 
there will be the time derivative —0f/ét 
(f—fo) in the complex representation). 


lw 


(c) Particular Results 

At low frequencies, wr < 1, the term in a,’ in 
(2.14) is the most important, and it is easily shown 
that 8 is proportional to the Hall coefficient Ro and 
varies with frequency as w*. Thus 

3\ 3 

(—— ’ od (2.16) 
2 c 
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where oo is the d.c. conductivity. This result is in- 
dependent of the relaxation mechanism and of the 
form of the energy surfaces and is valid for both 


degenerate and non-degenerate semiconductors. 


For high frequencies (wr > 1), the term in o,’ 


again predominant and @ decreases as 


vendent of the relaxation time. By 
mann equation to provide expres- 
Faraday rotation may be formul- 
the energy surfaces of the con- 

s and their number N per unit 
the relaxation mechanism 

y be re lated to the Hall coefficient 
ample, if we take the energy-band model 


ABELES and 


rmanium used by 


directions, then for the case of lattice 


(+ proportional to &6-*) and non- 


degenerate statistics, (2.14) reduces to 
372e2K2(K+2)2 
4AR« Saye 2m 2K + ] \< 


where K ms/m, and mz and my are the longi- 


and transverse effective masses referred to 


tudinal 
the principal axes of the ellipsoid. The change in 
sign of 0 between (2.16) and 2.17) corresponds to 
the change in sign illustrated in Fig. 1. 

The general expression for oc,’ for a single energy 


having cubic symmetry is 


where 6 and k are the energy and wave-vector of 
] 


the conduction state exp(ik - r)u,(r) and where fo 
is the equilibrium Fermi distribution function. An 
interesting special case is that of a degenerate semi- 
which are 


having surfaces 
spherically symmetrical 
quadratically dependent on k (e.g. InSb). We then 
find that the Faraday rotation is given by an ex- 


4 


energy 
though not necessarily 


conductor 


pression similar to that obtained by MITCHELL®) 
using the Drude—Zener theory, namely 


1 dé}? 
hk dk\p 


27Ne? 


(2.18) 
lH c20)7e? 
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but in which the inverse effective mass is replaced 


by 


1 ac 
 hzk et 


evaluated at the Fermi surface. The Fermi radius 
kis given by k,,? = 37°N. Thus for non-parabolic 
energy bands the Faraday 

(dé /dk) rather than the second derivative d2e/dk? as 
one might at first suppose. It should be noted that 


rotation measures 


under the same conditions the Hall coefficient is 

1/Nec. When the statistics are non-degenerate, 
the rotation may be evaluated for simple assumed 
forms of energy surface. Interesting information 
about the dependence of energy & on k may be ob- 
tained in this way.) 

At frequencies such that wr ~ 1 (with wer < 1) 
the Faraday rotation, as in the free-electron case, 
decreases to zero and changes sign. However it 
does not appear possible to obtain a useful ex- 
pression for @ in this region when the relaxation 


time is energy dependent. 


3. CONCLUSIONS 

The important results are: 

(1) At low frequencies and low magnetic field 
strengths, measurement of the Faraday rotation 
will lead to a value of the Hall coefficient. 

(ii) At high frequencies and low magnetic field 
strengths, measurement of the Faraday rotation can 
provide interesting information about the shapes of 
energy surfaces provided that sufficient additional 
information is available to determine the number 
of electrons, e.g. from the Hall coefficient. 

(ii1) At high magnetic field strengths (wer > 1), 
resonances should appear in the Faraday rotation 
at exactly the cyclotron-resonance frequencies, but 
here the experiment differs only in detail from a 
cyclotron-resonance experiment. 

In the above theory the contribution of inter- 
band transitions has been omitted. This would be 
negligible when the energy of the radiation is much 
smaller than the energy gap between the valence 
and conduction bands. However, when the fre- 
quency of the radiation is comparable to the energy 
gap, interband transitions will be important. In this 
case it is possible to develop a theory using 
the methods of LUTTINGER and Koun.,) This 
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indicates that the Faraday rotation should show 
oscillations at the absorption edge corresponding 
to allowed transitions between the Landau levels 
in the valence and conduction bands and very 
similar to the oscillations observed in magneto- 
absorption experiments by ZWERDLING ef al.() 
When the frequency of the radiation is such that 
the effect of the absorption edge is not negligible, 
it may be approximately allowed for by an ex- 
pression of the form 


AH |(w?—w,?)?, 


where A is a constant and w, is the frequency cor- 
responding to the energy gap. This correction will 
then yield the total rotation due to free carriers. 
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Abstract—An atomically clean, carbon-free, (100) single-crystal face of nickel was obtained by out- 
gassing in high vacuum, argon-ion bombardment, and subsequent annealing. As the exposure to 
oxygen was increased from 10-* mm Hg-min at 25°C, adsorption occurred first in a double-spaced, 
face-centered, crystalline lattice, then in a single-spaced, simple-square lattice, and finally in a nickel- 


oxide lattice. The intensities of the diffraction patterns from the adsorbed structures were much 
greater for a surface having a high defect density than for one having a low defect density, although 
the exposures required to produce detectable amounts of the structures were approximately in- 
dependent of the defect density These intensities from the chemisorbed lattice structures were 


much greater when the exposures were made at 150 than at 25°C, and the structures were stable for 
higher exposures at the higher temperature. Consequently, /arger oxygen exposures were required 


rorm ¢ 


ible amounts of chemisorbed lattice structures did not vary appreciably with temperature in this 


Most of the 
Hg-min. (¢ 


structures 


range 1asorption anc 


10-* mm ertain 


1. INTRODUCTION 

RECENT reviews of fundamental concepts on chem1- 
sorption and oxidation of metals have been pre- 
sented by EnriticH™) and by Caprera.@) These 
include considerations of grain boundaries, lattice 
steps, and dislocations. Other fundamental aspects 
of the adsorption problem have also been dis- 
cussed recently by Hicucui et al. and by 
MarTsEN et al. and by Bropp.‘?) 

The present paper contains an extension of work 
reported previously on oxygen chemisorption and 
oxidation using the low-energy electron-diffraction 
method,®) and is closely related to other work in 


this laboratory on catalysis.“©) In the previous re- 


port‘) no consideration was given to the influence 
of lattice-defect density on the adsorption and 


* Assisted by Office of Ordnance Research, U.S. 
Army, and by the National Science Foundation. 


1 oxidation measurements were made in the exposure range 10 
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detectable amount of oxide at 150 than at 25°C. The exposures required to produce detect- 


6 


exposures and subsequent heat treatments resulted in additional 


oxidation problems. Measurements were made for 
a given state of anneal of a clean (100) nickel face 
at room temperature. It was shown that, as the 
oxygen exposure (pressure time) was increased, 
the oxygen first formed a chemisorbed layer of 
definite lattice structure and finally a true nickel 
oxide appeared. 

In the first experiments, the nickel was found to 
be covered with a double-spaced, face-centered 
monolayer of carbon subsequent to heat treatment 
at temperatures as high as 1100°C. An atomically 
clean (100) crystal surface was produced by argon- 
ion bombardment and _ subsequent anneal, 
although further high-temperature heat treatment 
caused more carbon to diffuse from the interior to 
the surface until many cyclings over several days 
depleted the carbon density near the surface. The 
presence of the carbon prevented the chemisorp- 
tion of oxygen, but the formation of the oxide on 
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the surface appeared to be independent of the 
presence of the carbon.* 

Although the present work is exploratory in 
nature, it does furnish information on some of the 
fundamental questions regarding chemisorption 
and initial oxide formation on an atomically clean 
crystal face. It also indicates the capabilities of the 
low-energy electron-diffraction method in this 
field and suggests further experiments which 
should yield additional information. 


2. APPARATUS AND PROCEDURE 

The low-energy electron-diffraction apparatus 
and the method of producing and maintaining an 
atomically clean surface of nickel have been des- 
cribed elsewhere. Residual pressures of less than 
10-9 mm Hg were obtained by two mercury diffu- 
sion pumps in series and a liquid-nitrogen trap. 
Mercury cutoffs between the pumps made it 
possible to use one pump occasionally to evacuate 
gas storage volumes without degrading the vacuum 
in the experimental tube. Precautions were taken to 
eliminate all probable sources of contamination and 
blank runs were taken as checks. A renewable, 
evaporated, molybdenum getter was attached to the 
experimental tube through a Pyrex ball-and-socket 
valve to reduce the residual pressure of oxygen and 
any other active gases still further. This valve was 
of the type described by Decker;‘®) it could be 
outgassed by baking and, of course, was operated 
without any lubricant. The conductance of the dry 
valve when closed was small enough for the present 
purpose. During oxygen exposure the valve was 
closed to protect the getter. 


(a) Control and determination of the oxygen pressure 

Spectroscopically pure oxygen in a 1-l. Pyrex 
flask with break-off tip was used to supply oxygen 
at a reduced pressure in a Pyrex storage volume. 
The oxygen passed from this storage volume to the 
experimental tube through a porous porcelain- 
tube leak and a liquid-nitrogen trap; the leak 
was adjusted by a mercury column. An equili- 
brium pressure was maintained in the tube, 





* The identification of carbon was made by bombard- 
ing the clean nickel surface with positive ions in a CO 
discharge. Following a short anneal, the characteristic 
diffraction beam which previously had been associated 
with a carbon monolayer was observed from the carbon 
deposited during the discharge. 
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which was continuously connected to the vacuum 
system. 

The presence of oxygen in the experimental tube 
was determined from a calibration of the adjustable 
leak for nitrogen gas. This calibration was made 
with the ionization gauge as a pressure reference. 
Thus, it was assumed that a given leak setting 
resulted in the same pressures of oxygen and nitro- 
gen in the experimental tube. Direct measurement 
of the oxygen pressure by the ionization gauge was 
impossible owing to pumping of oxygen by the 
gauge and the formation of Co.) An error in 
pressure determinations due to the gettering action 
of an active nickel film on the glass envelope, 
produced by ion bombardment or evaporation, was 
kept small whenever possible.} This was accomp- 
lished by saturation of any freshly produced film 
with oxygen. The accompanying contamination of 
the crystal was then removed by a subsequent short 
ion bombardment or heating to keep the amount 
of active film small. It was impossible to eliminate 
this error completely. It was greatest for the initial 
exposures, with the indicated values being larger 
than the true values. However, this error did not 
affect the main features of the results to be dis- 
cussed. 


(b) Production of defects 

The defects for most of the observations were 
introduced by argon-ion bombardment under the 
conditions used to clean the surface, and hence 
consisted of both vacancies and interstitials. To 
reduce the defect density, this treatment was 
followed by varying amounts of anneal (both 
temperature and time). No attempt was made to 
determine the defect density. 


(c) Method of making observations as a function of 
exposure 

These observations were obtained by recording 
colatitude curves and noting the peak deflections of 
certain typical diffraction beams as a function of 
exposure. t Starting with a clean crystal which had 
been subjected to a desired anneal, the adjustable 
leak was opened for a certain pressure and time. 

+ See captions for Figs. 2 and 3. 

t The product of pressure and time was found to be a 
reliable measure of exposure in the pressure range of the 
observations (10-° to 2 x 10-° mm Hg). 
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The exposures were usually of 10 min duration. 
After closing the leak, the pressure dropped quickly 


to a negli value, so that observations on each 
of several diffraction beams could be made. This 
procedure was then repeated for similar or larger 
exposures. More than one day was required to 
obtain a comple te set of data. However, the stabil- 
ity was such that after an interruption of many 
hours the observations could be duplicated and 


i 


.< 
continued. The current in the gun filament was 


reduced to a low value during the exposure to 


prevent formation of CO by the filament.) 


(d) Procedures for adsorption at elevated tempera- 
tures 

Two procedures were used. (1) The crystal could 

hdrawn by a magnetic control into a side 

was surrounded by a small oven. This 


tube which 


oven was maintained at a fixed temperature 
throughout a set of exposures with the associated 
observations. In the observation position the 
rystal was outside the oven at a distance of 2 to 3 
ce it must have been near room tem- 
maximum feasible temperature of 
At higher temperatures, 

to liberation of 
appearance of 


e encountered due 
walls, and the 
the movable collector circuit. 
exposures were made at higher tempera- 
t heating the crystal to 800°C by elec- 
wer, admitting 
f heating, 
during 
ich was obtained 

attached to the 
ire, observations 
(c) above 
significant ob- 


were 
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Colatitude curves for the five diffraction beams, 


n oI exposure, are 
consist of two 
one in each 
~l wn 

am which is 


a double-s aced, fa e-centered 


misorbed Oxygen lattice, one for a 


single-spaced, simple-square (s-s, s-s) chemi- 


sorbed oxygen lattice, and one for a nickel-oxide 
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rent scale by 

rious oxygen 
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lattice with the rock-salt type of structure.* Plots 
7 7 > 7 pS 

of the peak values of these colatitude curves? as a 

function of logi9 of exposure are shown in Figs. 2 


3 for different annealing conditions. ‘These 


ucture; the lattice 
alue and the [110] 
lel to the [110] 


parale l 


curves (when plotted on 


co-ordinates) have also been plotted as a 


There are no significant 
obtained 


function of log of exposure. 


differences between these results and those 


with the peak value 
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plots are of the type shown in Fig. 1 of reference 
(3) except that the previous observations were not 
made in the (100) azimuth and hence the single- 
spaced oxygen lattice was not observed. Because 


SMALL ANNEAL 
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oO 
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Fic. 2. Peak current versus log,9 (pressure time) for 
the five diffraction beams shown in Fig. 1 after ion bom- 
bardment of the crystal surface followed by a small an- 
neal. The discrepancies between the positions of the 
curves on the exposure axis compared with the positions 
in Figs. 4 and 5 are attributed to the presence of an active 


nickel film on the inner surface of the glass envelope 
when the results for this figure were obtained. ‘The posi- 


tions in Figs. 4 and 5 are, therefore, more nearly correct. 


of more detailed observations in the later results, 
certain characteristics appeared which were not 
noted previously. 

Referring to Fig. 2, the small anneal was pro- 
duced by heating the crystal to not more than 
400°C and cooling to room temperature during a 
time of 35 min. The following features are noted 
in the curves of Fig. 2. Beginning with a clean 
surface in a high vacuum, the peak values of the 
beams from the nickel lattice increased with ex- 
posure, passed through a maximum, decreased 
rapidly, passed through a weaker second maximum, 
and then dropped to zero. By taking a blank run 
with no oxygen exposure, the initial increase was 
shown to be due to an annealing out of defects at 
room temperature, and hence an improvement in 
the degree of perfection of the lattice. The sub- 
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sequent decrease was caused by adsorption of 
oxygen which shielded the nickel lattice. The 
second maxima in the two curves are explained in 
the following manner. The one for the 57-V curve 
in the (100) azimuth was caused by the super- 
position of a second-order beam from the s-s, 
s-s oxygen lattice on the first-order diffraction 
from the nickel lattice. The second maximum in 
the 27-V curve in the (110) azimuth was caused by 
the superposition of a first-order beam from the 
s—s, s—s oxygen lattice which maximized at 38-V 
in the (110) azimuth but which overlapped and 
was superimposed on the 27-V beam from the nickel 
lattice. 


MORE COMPLETE ANNEAL 


Fic. 3. Curves, similar to those for Fig. 2 

a more complete anneal. The discrepancies b 

positions of the curves on the exposurt 

with the positions in Figs. 4 and 5 are 
lr 


presence of an active nickel filn 
when the res 


in Figs. 4 a1 


more nearly correct. 


the glass enve lope 
my 


he positions 


obtained. 


‘he first indication of oxygen adsorption was 
the decrease in intensity of the 27-V beam in the 
(110) azimuth. With ir the 
17-V beam from the d-s, f-c oxygen lattice was 
detected; it then increased to a maximum value 


creasing expt sure, 


and decreased to zero with further exposure. Con- 
currently, the formation of the s—s, s—s structure 


was observed, as indicated by the 27-V beam in the 
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(100) azimuth. The intensity of this beam in- 
creased rapidly with further exposure, passed 
through a maximum, and decreased to zero while 
the NiO structure made its appearance, as in- 
dicated by the 22-V beam in the (110) azimuth. 
The intensity of this beam increased rapidly until 
an of about 10-4*mm Hg-min was 
reached. 

The more complete anneal for Fig. 3 was pro- 
duced by heating the crystal at 750°C for 14 hr and 
cooling to room temperature over a period of 90 
min. A comparison of the corresponding curves in 
Figs. 2 and 3 shows the large influence of the 


exposure 


amount of anneal on certain adsorption character- 
istics. The maximum for the 27-V beam in the 
(100) azimuth from the oxygen lattice was reduced 
to about 10 per cent of its former value by the 
more complete anneal. The beams from the other 
two structures were reduced by smaller amounts. 
However, the exposures at which these beams were 
rst detected were approximately the same after 
he two different anneals. 

To obtain curves of the type shown in Figs. 4 
and 5, illustrating the influence of temperature on 
the adsorption and oxidation processes, it was 
necessary to reduce the effect of annealing. Hence, 
an intermediate state of anneal was chosen which 
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Fic. 4. Curves, similar to those for Fig. 2, obtained after 
an intermediate anneal. Oxygen adsorption occurred at 
a 
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was large enough to keep further anneal at 150°C 
small during the time of observations, but which 
was small enough to result in appreciable adsorp- 
tion effects. Fig. 4 shows such a set of curves for 
adsorption at room temperature and Fig. 5 is for 
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Fic. 5. Curves, similar to those for Fig. 4, obtained at 


room temperature after oxygen adsorption at 150°C. 


adsorption at 150°C and approximately the same 
state of anneal. Comparison of the corresponding 
curves in these two figures shows the following: 


(1) The smallest exposures at which the two 
characteristic structures of chemisorption could 
be detected were approximately the same at the 
two temperatures. 

(2) The diffraction beams from these two struc- 
tures were much more intense for the exposure at 
the higher temperature. 

(3) The chemisorbed structures were present 
over a wider range of exposure, and hence at higher 
values, for the exposure at 150°C. 

(4) The smallest exposure for which the oxide 
appeared was larger for the exposure at 150°C. 

(5) The largest beam intensity from the oxide 
structure was less for the exposure at 150°, 
although this result may have been due to the 
occurrence of some annealing as indicated by the 
positive slope at the left of curve 2, Fig. 5. 





INFLUENCE 


4. DISCUSSION 

In earlier work) it was suggested that the maxi- 
mum in the curve for the 17-V beam corresponded 
to the completion of one monolayer. This inter- 
pretation is now seen to be incorrect, since the 
height of the maximum for this curve varied with 
defect intensity, as determined by the amount of 
anneal, and with the temperature during adsorp- 
tion. It appears that the heights of the maxima for 
the 17-V, the 27-V ((100) azimuth), and the 22-V 
curves all correspond to less than complete cover- 
age of the surface. Since the diffraction beams from 
all of the other structures were reduced to zero 
intensity when the NiO beam reached its maxi- 
mum values, independently of this maximum 
value, it appears necessary to conclude that the re- 
mainder of the surface, which was not covered with 
an oriented oxide layer, was, nevertheless, covered 
with an amorphous or disarranged layer of oxygen 
or oxide. 

It is noted that the diffraction-beam current for 
the nickel lattice, which is shown in curve 1, Fig. 
2, decreased before any evidence of a chemisorbed 
lattice structure was observed in curve 3. This 
might be considered to suggest that some adsorp- 
tion occurred in the form of an amorphous or dis- 
arranged crystalline layer of oxygen in addition to 
chemisorption in a lattice structure. However, 
some or all of this difference may be attributed to 
the greater sensitivity of the 27-V beam to a small 
surface coverage which would be expected if one 
assumes that the diffracted intensity is proportional 
to the square of the surface coverage (the amplitude 
is proportional to surface coverage). It is also to be 
noted that the ordinates of curves 1 and 2 in Fig. 3 
both decrease in approximately the same exposure 
range as in the cases of curves 1 and 2 of Fig. 2, 
even though the intensities (and hence the shielding 
actions) from the oxygen structures were less in the 
former case. Thus the formations of the oxygen 
lattices do not appear sufficient to account for the 
decreases in the beams from the rickel lattice. An 
assumption of some adsorption in an amorphous or 
disarranged structure would account for this ob- 
servation. 

The amounts of chemisorbed oxygen which 
formed in the two monolayer crystal lattices over 
the most perfect parts of the crystal facets increased 
with an increase in the numbers of lattice imper- 
fections. Hence it appears that the lattice defects 
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acted as nuclei for this oxygen lattice growth and 
that the total area of growth increased as the num- 
ber of defect centers was increased. It is assumed 
that this growth occurred during the exposure and 
not subsequent to it, the favorable areas of growth 
being those immediately adjacent to the defects. 
The initiation of this growth appears to have 
been approximately independent of temperature in 
the range 25-150°C. However, the maximum 
diffracted intensities (and hence areas of growth) 
showed a strong temperature-dependence, and 
both chemisorbed structures were stable for higher 
exposures at 150 than at 25°C. As a consequence, 
it is noted that /arger oxygen exposures were re- 
quired to form a detectable amount of oxide at 150 
than at 25°C. 

There are -certain unresolved discrepancies 
between the present observatiors and those of 
GomeER"9) using the field-emission technique. 
GOMER states that only adsorption takes place 
below 400°C. He also states that “the patterns 
seemed to appear almost instantly without sub- 
sequent changes’’, although photographs for three 
pressures 2 10-6, 10-5, and 10-3? mm Hg, show 
different patterns. From our observations it is 
difficult to understand how Gomer’s results can be 
independent of time. 


5. STICKING COEFFICIENT 

An approximate value for the sticking coefficient 
for oxygen of 0-01 was obtained from curve 1 in 
Fig. 4, using the portion of the curve with the 
greatest slope. This was done by assuming that the 
coverage 6 = 1—\ I/Ip, where I is the variable 
diffraction-beam intensity and J is the value for 
the clean surface. It was assumed that there was 


one oxygen atom per surface nickel atom and that 
the diffraction beam was extinguished by one layer 
of oxygen. While the accuracy of this computation 
is not great, the order of magnitude is believed to 


be correct. 


6. ADDITIONAL OBSERVATIONS UNDER CER- 
TAIN CONDITIONS OF TEMPERATURE AND 
EXPOSURE 
After completing the exposures required to 
produce an oxide layer, this oxide could be re- 
moved by heating. With progressive heat treat- 
ment, the oxide was replaced by a single-spaced, 
simple-square structure, and this structure was 
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subsequently replaced by the double-spaced, face- 
centered one. Further heating resulted in a clean 
However, the intensities and, in some 

apes of the diffraction beams for these 
liffered from those of the beams which 
by adsorption at room temperature. 


cases certain heat treatments resulted in 


ires. Although the interpretations of all 


itions have not been completed, the 
re given ind he com- 

1 obtained. Fig. 
representative 
development 


\ oxide 


VS a Uf 


was obtained in the (100) 
same conditions. Both of these 


nd to the NiO surface spacing, 


experimental error, as determined by 


vas obtained after the clean nickel sur- 


Rage ' sige 
been exposed to 4 10-° mm Hg-min of 

ile the crystal cooled from 190 to 115°C. 
bservations 


were made with the crystal at 


emperature. This exposure was sufficient to 


n the two-component oxide structure when the 
that struc- 
3 was 


was not found in 


when the ibove 
or below 115 °¢ his cur rresponds to a 
is approximately 

in thi: 

nickel-to- 

3 azimuth 


beams 
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selected diffraction beams 
ain oxygen and thermal 

tal. Curve 1: High-angle compon- 

ent of a nickel-oxide beam in the (110) azimuth at 22 V. 
Multiply the current scale by 10. Curve 2: A nickel-oxide 
I he (100) azimuth at 80 V, under the same con- 
urve 1. Multiply the current scale 
I in the (110) azimuth at 


curves 


against colatitude angle) fo1 


exposures 


ditions as those for (¢ 
low-angle beam, 
yen structure having a lattice spacing 
of nickel in this azimuth. Multiply 
0. Curve 4: Low-angle component 
l-oxid in the (110) azimuth at 22 V. 
current scale by 10. Curve 5: 

he (100) azimuth at 80 V. Multiply the 
Beam from the double- 
the (110) 


produced by an oxygen exposure of 


by 5. Curve 3: A 
20 V, from an oxy 
about three 


that 
the current s by 2 
of the 
Multiply the 


oxide beam in 


nicke 


Low-angle 


current scale by 2. Curve 6: 


spaced, 


face-centered oxygen lattice, in 
azimuth é 
10-> mm Hg-min followed by heating at 150°C for 

the 10. 

), but obtained after heating an oxide- 
50°C for 5-10 min. Multiply the 
urve 8: Intense beam from a single- 
lattice of 


V, with the adsorption occurring 


Multiply current scale by Curve 7: 


3. ¢ 
imple-square chemisorbed oxygen in 
at 27 


Multiply the current scale by 60. 


) azimuth 


associated with it fall outside the angular range of 
observations. It is not known whether this large 
lattice is associated with a chemisorbed layer or an 

Computations for NiO planes 
(100), such as the (110), which 


oxide structure. 
other than the 
might form on the surface and yield the necessary 
spacing have been unsuccessful in accounting for 
this beam. 

After observing this 
heated at about 400°C for 5-10 min. 
ment caused curve 3 to disappear and curves 4 and 
5 were then observed in the (110) and (100) azi- 
muths, respectively. Curve 4 coincides closely with 


structure, the crystal was 


[his treat- 
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the low-angle component of the oxide curve No. 5 
of Fig. 1. Curve 5 is similar to the oxide curve No. 
2, Fig. 6, but it is weaker and at a smaller colatitude 
angle. Both curves 4 and 5 correspond to an oxide 
lattice having a surface spacing approximately 
15-20 per cent greater than the X-ray spacing. 
The beam in the (110) azimuth (curve 4, Fig. 6) 
was present over a wide range of voltage from 12 to 
90, maximizing at 22 V and with a second maxi- 
mum at 45 V. When these beams were observed, 
the crystal surface was also partly covered with the 
s-s, s-s surface oxygen structure. Heating the 
crystal at 530-600°C caused this oxide lattice to 
weaken and its surface lattice spacing to decrease a 
few per cent. Since the lattice spacing of this oxide 
structure is greater than that for NiO, it may be 
associated with NiOe or NigO3. 42) 

Curve 6 is for the beam from the d-s, f—-c oxygen 
lattice, in the (110) azimuth at 17 V. This beam 
was obtained after an exposure of 2-5 x 10-° mm 
Hg-min at room temperature, followed by heating 
at 150°C for only 1 min. This beam was consider- 
ably more intense than the corresponding beam 
from the d-s, f-c lattice which was formed at room 
temperature under optimum conditions, thus in- 
dicating the improvement of this lattice which 
could be effected by suitable exposure and heat 
treatment. Curve 7 is for the corresponding beam 
which was observed after formation of an oxide 
structure at 25°C, followed by heat treatment at 
750°C for 5-10 min. This beam was weaker than 
the one represented by curve 6 and its colatitude 
angle was at 37° instead of at 33°, thus indicating 
that a slightly smaller lattice constant resulted from 
heating at the higher temperature. Curve 8 is for 
an intense beam from the s—s, s—s lattice of chemi- 
sorbed oxygen in the (100) azimuth at 27 V after 
adsorption of oxygen at an exposure of 4x 107° 
mm Hg-min at 190-340°C. This was the most 
intense beam that was observed from this nickel 


crystal face. 


7. SUMMARY AND CONCLUSIONS 
The low-energy electron-diffraction method has 
furnished information on chemisorption and oxida- 


tion which has rot been available in other methods. 


In particular, it has provided a criterion for an 


atomically clean surface and has made possible the 
determination of the 
initial formation of at least two chemisorbed lattice 


conditions necessary for 


structures and an oxide structure on the (100) 
nickel crystal face. The formation of nickel oxide 
on the (100) face was always preceded by the 
formation of double-spaced, face-centered and 
single-spaced, simple-square monolayer struc- 
tures, in sequence. ‘The chemisorbed oxygen lattice 
structures remained stable at larger exposures when 
the temperature was increased. This resulted in a 
requirement of a larger oxygen exposure to form 
the oxide at the higher temperature. There is 
evidence for at least two other structures which 
were produced under certain temperature and ex- 
posure conditions. 

The following observations appear of special 
significance. (1) Chemisorption in the form of a 
crystal lattice and oxidation at room temperature 
were strongly dependent on the density of lattice 
defects at the surface. (2) The amount of crystalline 
chemisorption increased rapidly with the tempera- 
ture. (3) The extinction of the diffraction pattern 
from nickel (and hence the sticking coefficient) did 
not appear to depend on the area of the chemi- 
sorbed crystalline layer. (4) Subsequent heating of 
the crystal, after formation of either one of the 
crystalline chemisorbed layers at 25°C, caused a 
decrease in the amount of this chemisorption. (5) 
The smallest exposures at which the chemisorbed 
crystal lattice structures were first detected were 
approximately independent of the defect density 
and temperature. 

Further details concerning a possible model to 
account for the above observations will be given at 
a later date. 

Because the present work was exploratory in 
nature, several questions remain which this 
method is capable of answering. There has been 
no indication that the uptake of oxygen was pro- 
portional to the square root of the oxygen pres- 
sure rather than the first power of the pressure, as 
is usually assumed to be the case. The product of 
pressure and time was found to be a reliable mea- 
sure of exposure in the range used. However, a 
more careful study is desirable of the possible in- 
fluence of pressure on the transition from a chemi- 
sorbed structure to an oxide structure. The ob- 
servations should also be extended to a larger 
temperature range. In addition, a study of the 
photoelectric yield and work function for the ob- 
served structures should furnish significant in- 


formation. 
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TESTS WITH LOW-ENERGY ELECTRON DIFFRACTION 
FOR ADSORBED HYDROGEN AND NICKEL HYDROXIDE 
FORMED ON THE (100) SURFACE OF A NICKEL 
CRYSTAL AT 25°C* 
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Abstract—A low-energy electron-diffraction pattern from a chemisorbed double-spaced mono- 
layer was observed subsequent to an exposure to hydrogen,. only when a hot filament was present 
during the exposure, thus indicating adsorption of atomic hydrogen or water vapor or both. Evidence 
is presented which indicates that this double-spaced structure was due to water vapor. Adsorption of 
hydrogen on some parts of the surface, with no hot filament present during exposure, was confirmed 


by consecutive exposures of the clean nickel surface to hydrogen and oxygen to form Ni(OH).. 


THE results reported here were obtained durirg an 
investigation of the chemisorption of gases on the 
clean (100) face of a nickel crystal,“-*) using the 
method of low-energy electron diffraction. This 
method and the method of obtaining an atomically 
clean crystal surface in high vacuum have been 
described elsewhere.?-3) The same procedures and 
precautions for obtaining a high vacuum and clean 
surfaces were observed in the present work. 

In our first attempts to observe the structure of 
adsorbed hydrogen, the pressure was measured 
with an ion gauge using a hot tungsten filament. 
After exposures of 10-5 to 10-! mm Hg-min on the 
clean nickel surface at room temperature, a diffrac- 
tion pattern was observed from a chemisorbed 
monolayer having a face-centered lattice structure 
with twice the spacing of nickel. A typical diffrac- 
tion beam in the (110) azimuth is shown in Fig. 1, 
curve 1. Beginning with a clean surface, it was then 
observed that no diffraction pattern from a double- 
spaced lattice was present subsequent to hydrogen 
exposure, unless the gauge filament (or some other 
filament) was hot during the exposure. ‘This was true 


for all exposures made (up to 25 mm Hg-min). 





* Assisted’ by Office of Ordnance Research, U.S. 
Army, and by the National Science Foundation. 











Fic. 1. Typical colatitude curves obtained after the 

following treatments: (1) hydrogen exposure of a clean 

surface in the presence of a hot filament, (2) consecutive 

exposures to hydrogen (in the presence of a hot filament) 

and oxygen to form nickel hydroxide, and (3) oxygen 

exposure of a clean surface sufficient to form a double- 
spaced lattice. 
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Thus the observed structure caused by the pre- 
sence of the hot filament must have been due to 
atomic hydrogen“) or water vapor.* It is also evi- 
dent that any hydrogen which was chemisorbed 
hen no hot filaments were present was not de- 
tron diffraction. 
ng evidence indicates that, after the 
exposure in the presence of a hot fila- 
ulting diffraction pattern from the 
d lattice was due to water vapor 
y interaction of atomic hydrogen with 
neighboring surfaces) rather than atomic 
contamination, the 


CO, or oxygen 


mn being produced by the oxygen atoms in 

han by hydrogen 
exclude the adsorp- 
addition to water 
as not observed after a 


hence it 


th no hydrogen present, and 


ve been due to background oxygen 
tube with the filament hot. 


tern was not due to oxygen contamina- 
not observed 
hot filament 


that of 


hydrogen, since it was 


rovel with no 


exposure 
[his pattern is similar to 


} 


chemisorbed oxygen, and may be 


oxygen atoms in the water molecules. 

ling diffraction beam from a double- 

1 oxygen lattice is shown in Fig. 1, curve 3. 
I from this double-spaced 

) not resemble those obtained after COT 
due to CO. (5) The 

nickel lattice were in- 

room tem- 

ent), thus in- 

igible scattering (and hence negligible 


by the hydroges t will be shown 
orbed under these 

beams from 

about the 


formation of 


yrroduction of 
yf a hot fila- 
; was not 


due to a different 


ng speed. 
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a double-spaced oxygen layer, or (b) formation of a 
double-spaced structure by exposure to hydrogen 
in the presence of a hot filament, thus indicating 
that the double-spaced structure was not atomic 
hydrogen. However, it is to be noted that the 
from the 
hydrogen exposure in the presence of the hot 


double-spaced _ structure, resulting 
filament, was not replaced by another structure 
with increased exposures, while in the case of 
oxygen the double-spaced structure was replaced 
by a single-spaced, simple-square structure and 
then by an oxide structure as the exposure was 
increased.) ‘These differences in the two struc- 
tures are attributed to the presence of hydrogen in 
the water molecule. 

It was also of interest to attempt to verify the 
chemisorption of hydrogen) on the (100) nickel 
crystal face when the exposure was made in the 
absence of a hot filament. This was done by mak- 
ing the following observations. After consecutive 
exposures of the clean (100) nickel surface at 25°C 
to hydrogen and oxygen, with thorough evacuation 
after each exposure, a surface nickel hydroxide 
structure was observed. This was true both with 
and without the presence of a hot tungsten fila- 
ment during exposure of the hydrogen. The second 
observation indicates that hydrogen must have 
been present on the surface. The first observation 
does not distinguish between hydrogen and water 
vapor. The Ni(OH)2 structure was not observed if 
the order of the above exposures was reversed, thus 
indicating that when oxygen was first chemisorbed 
on the surface, the exposure to hydrogen or water 
vapor did not alter the positions of the adsorbed 
oxygen atoms. A from the 
Ni(OH)g lattice which was observed in the (110) 
azimuth at 33 V is shown in Fig. 1, curve 2. The 


characteristic beam 


lattice of this structure was hexagonal; the (0001) 
plane of the Ni(OH): was parallel to the (100) 
plane of nickel, and the [1010] direction was 
parallel to the [110] direction of nickel. Diffraction 
beams were observed in the (110) azimuths as well 


as in azimuths differing from this by 60° intervals. 


3ecause there are four (110) azimuths, beams were 


observed in adjacent azimuths differing by only 


30 


in the absence of a hot fila- 


Tt In the case of exposure 
ment, the observed lattice constant was somewhat smaller. 


The reason for this is not apparent. 





TESTS 


Effects similar to those described above due to 
the presence of a hot filament during hydrogen 
exposure to germanium and silicon surfaces have 
been observed in this laboratory by both electron 
diffraction™ and work-function) measurements. 
In these cases, no changes in the diffraction pattern 
and work functions were observed due to hydrogen 
exposures with no hot filament present (except that 
no observation was made on the work function of 
germanium after hydrogen exposure with no hot 
filament present) up to 10-2 mm Hg-min, but 
in all when a 
hot filament was present during the exposure. 
More recently, Law) has reported the observ- 
ation of a similar effect in measurements of the 


cases changes were observed 


adsorption of hydrogen on silicon. He attributes 


the result to atomic hydrogen rather than water 
vapor. 


WITH LOW-ENERGY 
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Abstract 


The solid solubility of tin in silicon has been determined in the range from 800°C to the 


melting point of silicon, using crystal-pulling and thermal-gradient crystallization techniques. The 
distribution coefficient, k, of tin in silicon falls from 0-016 at the melting point of silicon to about 


6°5 10-* at 800°C 
of the 


recentl\ 


Earlier work on the tin—germanium system has also been extended. The form 
temperature-dependence of & is similar for both systems and does not fit into the correlation 
proposed by HALL (J. Phys. Chem. Solids 3, 63 (1957)). For these two systems the observed 


temperature-dependence of & can be explained as being due in a large measure to departures from 


ideality in the liquid state 


Binding energies of tin in germanium and silicon calculated from the 


solid-solubility data compare favorably with binding energies calculated using ALLEN’s reciprocal 


mean postulate for covalent bond energies (J. Chem. Phys. 27, 810 (1957)). 


1. INTRODUCTION 
IN a recent paper HALL”) suggested that the distri- 
bution coefficient, k, of a solute having a low solid 
solubility should vary with temperature accordi g 
A/T. More 


recently ORIANI and HALL”) have pointed out that 


to an equation of the type log k = B 


HALL’s original statistical treatment was an over- 
simplification, and a more involved treatme:t, 
based on an equation due to —THURMOND and 
STRUTHERS, was presented. The fact remains, 
however, that HALt did find a striking correlation 
for anumber of elements in germanium and silicon. 
Specifically, plots of log k versus 1/T gave a family 
of straight lines intersecting at common points for 


* Presented in part at the Electrochemical Society 
New York, N.Y., 28 April, 1958 

ll’s original treatment was in error in that it pur- 

1 to show that a linear dependence of log kon 1,7 

heat of 

his equation (2) 


sistent with a linear variation of the 
ith temperature. Specifically, 
dependent of temperature holds only if AH is 
perature-independent, as can be shown by inte- 


1 form of the Gibbs—Helmholtz equation. 


germanium ard silicon. This correlation proved 
quite valuable in predicting that the previously 
published data on the solubility of lithium in 
silicon were considerably in error. 

However, the published solid-solubility data for 
a number of systems are totally inconsistent with 
the above correlation. For example, one of the 
authors'4:5) found from thermal-gradient crystal- 
lization experiments that, for the tin-germanium 
system, k is relatively temperature-independent at 
low temperatures. However, a relatively rapid 
change in k near the meltirg point of germanium 
was indicated. THURMOND et al.) obtained similar 
results for the aluminum-, gallium-, and indium- 
germanium systems from analyses of crystals re- 
covered from slowly cooled melts and for the 
antimony—germanium system from diffusion mea- 
surements. In view of the apparent inconsistencies, 
HALL questioned the validity of the thermal- 
gradient and slow-cooling measurements and sug- 
gested that the presence of occluded solute in the 
crystals leads to high values of k. In support of this 


view experimental evidence was presented which 
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indicated that the slow-cooling data for the indium- 
germanium system were in error by an order of 
magnitude or more.* 

In the present paper, further work on the tin- 
germanium system is reported in support of the 
previous data. In addition, the results of crystal- 
pulling and thermal-gradient experiments on the 
tin-silicon system are presented. Because of the 
electrical neutrality of tin in germanium and 
silicon, the interpretation of the solid-solubility 
behavior in these systems should be simpler than 
for electrically active impurities where electron- 
hole interactions may be present, as discussed by 
Reiss.‘ Considerable attention will be paid to the 
effects of non-ideality in the liquid alloys, whereas 
in the work of HaLL@) and OrIANI and HALL®) it 
was essentially assumed that these effects were 
negligible. 


2. EXPERIMENTAL 
(a) Crystal-pulling experiments 

Conventional crystal-pulling techniques were used 
to grow germanium and silicon crystals from melts con- 
taining up to 10 and 35 atomic per cent tin, respectively. 
The tin used in these experiments was zone-refined 
material, stated to be of > 99-999 per cent purity, ob- 
tained from the Vulcan Detinning Co., while the ger- 
manium and silicon were very high-purity materials used 
in growing high-resistivity single crystals. A variety of 
pull rates, rotation rates, seed orientations, and other 
growth parameters were used in order to detect any effect 
of. these parameters on the observed distribution coeffi- 
cients. One factor which appeared to affect the apparent 
solid solubility to a significant extent was the presence of 
a non-uniform crystal diameter. In order to promote 
uniform growth, seed crystals of the same diameter as 
the resulting grown crystals were used. In the present 
work considerably greater care was taken than in the 
previous work“) in the growth of the crystals and in the 
selection of the samples for chemical analysis. 

Because of the volatility of tin near the melting point of 
silicon, the tin-silicon melts remaining in the crucibles 
were analyzed chemically for tin at the end of the experi- 
ments. In most cases the amount of tin lost was only 

* 'TRUMBORE and PorRBANSKY'®) have performed 
crystal-pulling and thermal-gradient experiments on the 
aluminum- and _ gallium-germanium systems which 
indicate that the slow-cooling results are also significantly 
in error for these systems. However, the log k versus 1/T 
plots in both cases retain the same general character- 
istics and the departures from HALL’s correlation are 
even greater. It should be pointed out that aluminum 
and gallium have relatively large distribution coefficients 
and perhaps should not be considered as slightly soluble 
impurities from HALL’s viewpoint. 
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about 1 or 2 per cent of the original amount added to the 
melt. There was also a very small loss of silicon via the 
volatile SiO species, which was on the order of 1 per cent 
or less. 

One set of crystal-pulling experiments deserves special 
mention. Attempts were made to pull silicon single 
crystals from melts containing 25 and 35 atomic per 
cent tin. These experiments were prompted by the work 
of JoHN,‘*) who pulled single crystals of germanium 
from very heavily doped melts several hundred degrees 
below the melting point of germanium. In the present 
experiments, a pull rate of only 0:1 cm/hr was used in 
conjunction with a rotation rate of 60 rev/min. The cry- 
stal pulled from the 35 per cent tin melt was polycrystal- 
line though with relatively large grains. In the case of 
the 25 per cent tin melt, etching and X-ray tests showed 
the sample to be a single crystal, although an infrared 
photo-image tube in conjunction with polarized light 
revealed the presence of strain patterns suggesting the 
presence of occluded tin. The imperfect nature of this 
crystal was not surprising, however, in view of the fact 
that it was a crystal of sharply increasing diameter. Prior 
to chemical analysis, both of these crystals were crushed 
and digested in HCl in an attempt to remove any oc- 
cluded tin. The chemical analyses were very helpful in 
providing upper limits on the solid solubility in an inter- 
mediate temperature range. 


(b) Thermal-gradient experiments 

Two additional thermal-gradient experiments were 
performed on the tin-germanium system. In addition, 
one sample from a previous thermal-gradient experi- 
ment‘) was reanalyzed by the spectrophotometric tech- 
nique for comparison with the previous spectroscopic 
analyses. The thermal-gradient experiments were per- 
formed using essentially the same technique as that 
described previously for the tin-germanium system.) A 
modified design of the tube used in growing the crystals 
is shown in Fig. 1. In this arrangement silicon or ger- 
manium dissolves in the upper, hotter portion of the 
melt, diffuses down through the melt, and precipitates, 
it is hoped, in the lower capillary portion of the tube. The 
object of the capillary section is to permit a single grain 
to predominate, thus yielding a single crystal as growth 
continues as in various modifications of the Bridgman 
technique. This design has been moderately successful 
in yielding single or near-single crystals of relatively 
large size, as indicated in Fig. 1. 

Four thermal-gradient experiments were run on the 
tin-silicon system. Lattice constants were determined on 
one set of these crystals, using K-ray diffraction tech- 
niques. 


(c) Chemical analyses 

In the previous work on the tin-germanium system, *) 
a spectroscopic technique was used for the determination 
of the tin concentrations. This technique was later found 
to give somewhat erratic results. The present samples of 
both silicon and germanium were analyzed for tin, using 
spectrophotometric techniques which are more reliable 
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and reproducible than the spectroscopic method. The 
uques used were modifications of the method dis- 
LuKE.‘® 


De Detter than 


J 


; 
i 


The accuracy of these analyses is 


10 per cent of the tin con- 





“_ 








nal-gradient ry stal 


3. RESULTS 
Effect of various growth parameters on k 
2 chemical 
and 


tin crystals all grown from melts con- 


1 j 1 . ] 
are piotted the results of 
sections or ten germanium-—tin 


0-5 


ic per cent tin, but at 


ull rates. Except for the silicon crystals 
c 


atom 


und 35 per cent tin melts, these were 
pulled at a rate other than 0-5 


From the results on the tin-—germanium 

erown under two sets of rotation and 
orientation conditions, it is apparent that the pull 
rate of 0-5 cm/hr is sufficiently low to yield equili- 


brium values of k within the limits of experimental 
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error. A similar conclusion is evident for the tin- 
silicon case, although the data are much less ex- 
tensive. 

The results for the tin-germanium system are in 
agreement with the theory of BurTon et al. on 








Fic. 2. Effect of pull rate on the observed distribution 


coefficients of tin in germanium and silicon. The melts all 
contained initially 0-5 atomic per cent tin. = (211) 
288 rev/min; @ = [100] direction, 60 

[100], 60 rev/min. The symbols Q and @ 


tin in silicon. 


direction, 
rev/min; 
represent tin in germanium; 


the effect of growth rate on k. BripGers and 
KoiB“l) have shown that linearity of a plot of 


log (1/k 


1) versus growth rate is a good test of the 


Fic. 
of tin-germanium crystals grown in the 


at 288 rev 


3. Plot of log[(1/k)—1] versus pull rate for one set 


[211] direction 


min 


validity of this theory. Such a plot is shown in 
Fig of crystals.* The equilibrium 
distribution coefficient obtained by extrapolating 


3 for one set 


* Strictly speaking, the true growth rate instead of the 
pull rate in most cases the pull 
and growth rates differed by less than 5-10 per cent, and 
in view of the precision of the analytical data the tedious 


1. 
l 
hould be used. However, 


corrections were not deemed necessary. 
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to zero pull rate, using a least-squares fit, is 
0-0194-+-0-0006 at an average melt concentration 
of 0-55 atomic per cent tin. The probable error is 
quoted. 

Concerning the effect of rotation rate on k, ex- 
periments were performed on both the tin-silicon 
and tin-germanium systems in which the rotation 
rate was varied from 60 to 144 rev/min, all other 
growth parameters being similar. Within experi- 
mental error, no effect on k was observed at the 
0-5 cm/hr pull rate. A number of different growth 
directions were used, but no significant effect on k 
could be detected. This result is in agreement with 
the work of BurTON et al. who found differ- 
ences of less than 10 per cent for different crystal 
orientations. 


(b) Effect of melt concentration in crystal-pulling 
experiments 

The results of the crystal-pulling experiments 
in which the melt concentrations were varied are 
summarized in Table 1, where x; is the atomic 
fraction of tin in the melt. 

The distribution coefficient, k, is defined here as 


Table 1. Effect of melt concentration on the distribu- 


tion coefficient in crystal-pulling experiments 


eL k 
Tin in Silicon* 

0-011, 0-036, 
0-014, 0-041, 
0-013, 0-042, 
0-015, 0-042. 
0-016, 0:25, 
0-012, 0°34, 


0:0058, 
0:0073, 
0-0099, 
0-0104, 
0-0104, 
0-021, 


0-009, 
0-008, 
0-010, 
0-008, 
0-003, 
0-002,+ 


Tin in Germanium* 
0-019, 0-0638 
0-019, 0-0691 
0-019, 0-1091 
0-018, 0:1128 


0-017, 
0-017, 
0-018, 


0-018, 


0-005, 
0-0158 
0-:0184 
0:0198 


* Unless noted otherwise, the silicon crystals were 
pulled at 0-5 cm/hr at 60 rev/min in the [100] direction, 
while the germanium crystals were pulled at 0-5 cm/hr 
at 144 rev/min in the [111] direction. 

+ Pulled at 0-1 cm/hr. 

{ Probably contained occlusions. 

§ Polycrystalline. 

|| From results of pull-rate experiments shown in Figs. 

and 3, 
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k = xs/xz, where xg is the atomic fraction of tin 
in the crystal. The figures for the two silicon crystals 
corresponding to 25 and 35 atomic per cent tin in 
the melt are to be considered as representing maxi- 
mum values of k in view of the rather drastic 
growth conditions discussed earlier. 


(c) Thermal-gradient results 

The results of the chemical analyses of the 
thermal-gradient crystals are summarized in Table 
2. The temperatures are believed to be accurate to 
about +-10°C. 


Table 2. Thermal-gradient results 


System | Temp(°C) 
810 
878 
878 
998 

1066 
1066 
619 
706 
709 
799 


* This result compares well with the previous value of 
8:8 x 10-* obtained spectroscopically as 
reference (4). 


reported in 


For the tin-silicon crystals grown at 810°C, the 
X-ray measurements revealed an expansion of the 
silicon lattice by the tin of 0-00080--0-00036 A. 
Assuming Vegard’s law, the expansion predicted 
from the lattice constants of silicon and grey tin 
and from the chemical analyses is about 0-00075 A. 
The agreement with the observed value is good 
evidence against the presence of occluded tin. 
Similar evidence was obtained for the tin—german- 
ium system.) 


(d) Temperature-dependence of k 

In Figs. 4 and 5 plots of log k versus the re- 
ciprocal of the absolute temperature are given for 
the tin-silicon and tin-germanium crystal-pulling 
results, respectively. The tin-silicon points were 
obtained from the data of Table 1, assuming ideal 
liquid solutions, a melting point for silicon of 
1412°C,@2) and a heat of fusion for silicon of 12-1 
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kcal/g-atom“*) corresponding to a freezing-point 
lowering constant of 4-7°C per atomic per cent im- 
purity in the melt. For the crystals pulled from the 


25 and 35 per cent tin melts, the temperature was 











6*1 


°K 


Fic. 4. 
coefficient of tin in silicon from crystal-pulling experi- 


Temperature-dependence he butic 
emperature-dependence of the distribution 


ments. The straight line corresponds to least-squares fit 
of data excluding maximum points. 














Fic. 5. Temperature-dependence of the distribution 
coefficient of tin in germanium from crystal-pulling 
experiments. The solid point @ was obtained from the 
pull-rate data of Fig. 3 extrapolated to zero pull-rate and 
was weighted more heavily in the least-squares fit of the 
data. The two points corresponding to crystals pulled 
from melts containing about 10 atomic per cent tin were 
not included in the least-squares fit because of the 
possibility of occluded material or non-equilibrium 
conditions during growth from these heavily doped 
melts. 


determined from the liquidus curve of THURMOND 
et al.3) The tin-germanium points were based on 
similar calculations, assuming a melting point of 
937°C“ and a heat of fusion of 8-1 kcal/g-atom®) 
corresponding to a freezing-point lowering con- 
stant of 3-6°C per atomic per cent impurity in the 
melt. Extrapolations of these data, assuming linear 
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behavior and using the method of least squares, 
yield values of k®, the distribution coefficient at the 
melting points of germanium and silicon, of 
0-019g+0-0039 and 0-0157+-0-0022, respectively, 
in good agreement with earlier work.4:16 The 
estimated errors quoted here are about 3-4 times 
larger than the least-squares probable errors. 

The results of both crystal-pulling and thermal- 
gradient experiments are summarized in Figs. 6 
and 7, which are smaller-scale plots of log k versus 
1/7. In these plots the crystal-pulling points have 
been omitted, but the curves near the melting 
points of silicon and germanium correspond to 
those in Figs. 4 and 5, respectively. The dotted 
lines correspond to the behavior predicted from 
HALL’s correlation,“) using his points of inter- 
section and the values of k® at the silicon and ger- 
manium melting points from the present study. 


(e) Electrical properties 

Room-temperature resistivities of a number of 
pulled tin-silicon crystals ranged from 25 to 140 
Q-cm, p-type, with p-n junctions occurring fre- 
quently. Lifetimes were on the order of 5—10 psec. 
Since the tin concentrations in these crystals were 
on the order of 1019 atoms/cc, it is reasonably cer- 
tain that tin has neither donor nor acceptor pro- 
perties in silicon and furthermore that it is not an 
effective recombination center for holes and elec- 
trons. This electrical neutrality is consistent with 
the similar behavior of tin in germanium.) 


4. DISCUSSION 
(a) Temperature-dependence of k 

From Figs. 6 and 7 it is seen that not only are 
the forms of the log k versus 1/T plots non-linear, 
but also the tin-silicon data lie below the straight 
line expected from HALt’s correlation over a wide 
temperature range. This is, of course, the opposite 
effect to that to be expected if occlusions played an 
important role in these experiments. 

In the following discussion it will be shown that 
the form of the temperature-dependence of k for 
the tin-germanium and tin-silicon systems is quite 
reasonable and can be accounted for in a large 
measure by considering the effect of departures 
from ideality in the liquid state. The influence of 
interactions in the liquid state on & is illustrated in 
the following treatment, which is essentially that 
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of 'THURMOND and StruTHERS®) from”™a slightly 
different viewpoint. In the present treatment a 
parameter is introduced which is very convenient 
for the discussion and comparison of solid solu- 
bilities in general. 














Variation of the distribution coefficient of tin in 
The curve near the melting 


Fic. 6 
silicon with temperature. 
point of silicon corresponds to the line in Fig. 4. Plotted 
points are thermal-gradient results except for the two 
maximum values. ‘lhe dashed line is an extrapolation of 
least-squares fit to thermal-gradient data. The dotted 
line represents behavior predicted from HALL’s correla- 
tion 


Fic. 7. Variation of the distribution coefficient of tin in 
germanium with temperature. The curve near the melt- 
ing point of germanium corresponds to the line in Fig. 5. 
Plotted points are thermal-gradient results. The dashed 
line is an extrapolation of least-squares fit to thermal- 
data. The dotted line represents 
predicted from HALv’s correlation. 


gradient behavior 


If we arbitrarily take as our standard state for 
both solid and liquid solutions the pure liquid 
solute element (tin in the present case), it follows 
that 

(1) 


as ay 
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where ag and az are the activities of the impurity 
element in the solidus and liquidus alloys respec- 
tively. We may introduce activity coefficients as 
follows 

(2) 
where ys and yy, are the activity coefficients and 
vs and xz, are the atomic fractions of the impurity 
element in the solidus and liquidus solutions. From 
of the coefficient it 


the definition distribution 


follows that 


Thus, the distribution coefficient is essentially the 
ratio of a measure of the departure from ideality 
of the liquidus alloy to a measure of the departure 
from ideality of the solidus alloy.* In view of the 
fact that k involves both solid and liquid interac- 
tions, it is not a good measure of solid solubility in 
the strictest sense. By the same token the frequent 
use of maximum solid solubilities in comparing 
solubilities of various solutes in a given solvent is to 
be regarded as only very qualitative, since the solid 
phases interact with other liquid or solid phases. 

An obvious way of separating out the effect of 
interactions in the liquid alloys on solid solubility 
is to divide equation (3) by yz to give a new para- 
meter k’ defined by 


k' =k/y_ = xs/ay = 1/yz. (4) 


Here, k’ is essentially a solid solubility per unit 
activity of the impurity element in the melt and is 
simply the reciprocal of ys, a measure of the de- 
parture from ideality in the solidus solution. It 
should be noted that equations (1)—(4) remain un- 
changed for standard states other than the pure 
liquid solute element as long as the standard state 
is taken to be the same for both solidus and liquidus 
alloys. Perhaps the most fundamental form of k’ 
would be based on the element in the form of the 
monatomic gas at a given pressure. In such a case 


* A more appropriate standard state for expressing 
departures from ideality of the solidus alloy would be the 
pure solid solute. The parameter ys, based on a standard 


state of pure liquid solute, is related to ys’, based on 
pure solid solute, by the relation RT In(ys/ys’) = 
TAS;—AH;, where AHy and AS; are the heat and en- 
tropy of fusion of the pure solute at the temperature T. 
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k’ would depend only on the properties of the solid 
solution and of the free impurity atom and not on 
the pure solid or liquid phases of this element. 
However, for the purposes of this paper it is more 
convenient to retain the pure liquid solute as the 
standard state, and the equations following are 


1 on this choice. 


1 1 —— 
pe snown'* 


the gas constant and AH 1S the diffe ren- 
solution corresponding to the transfer 

1 g-atom of solute element from the pure liquid 
tate to an infinite amount of the solid solution. 
‘his equation, which is valid at constant composi- 
rue at varying compositions if ys is 

of composition at a given tempera- 

ture, i.e. if Henry’s law is obeyed. Since tin 1s 
electrically neutral in germanium and silicon, thus 
barring any significant mass-action effects,“ and 
0-01 


or 0-001 for tin in germanium or silicon) Henry’s 


her well 


the solid solutions are reasonably dilute (xg :‘ 


law should hold rat Thus, from equations 


- and (5) 


al 


In R’ 


AH 
1/T R- 


(6) 


At relatively low temperatures the liquidus alloys 
are rich with respect to tin and Raoult’s law is a 
good approximation. Hence, at low temperatures 
yp & 1 and, from equation (4), k’ x k, so that 


equation (6) becomes 


Olnk (7 
~ —. /) 
01/T 


If AH is assumed to be independent of tempera- 
ture, it follows that at low temperatures a log 
k versus 1/T plot should be linear. The low-tem- 
perature data for both tin-germanium and tin- 
silicon systems were fitted to least-squares straight 
lines, as shown in Figs. 6 and 7. The values of AH 
corresponding to these lines are 0-6-+-0-3 and 4-7+ 
+1-2 kcal/g-atom for the tin-germanium and 
tin-silicon systems, respectively. Probable errors 
are quoted. The values of k’ at higher temperatures 
can be estimated by extrapolation of the low- 
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temperature k data, as shown by the dashed lines in 
Figs. 6 and 7. 

We have seen that & rises relatively sharply near 
the melting points of germanium and silicon, with 
the variation in the case of silicon being about an 
order of magnitude larger than that for german- 
ium. This type of behavior can be explained in 
terms of the values of k and k’ at the melting points 


of germanium and silicon and the departures from 

ideality in the liquid alloys. It follows from equa- 

tion (4) that yz° = k®/k’®, where the superscripts 

indicate the values of the parameters at the melting 

- R’%, it 
’ 


is greater than unity for both 


point of germanium or silicon. Since k® 
follows that yz," 
systems. That is, positive departures from ideality 
are indicated in the liquidus alloys at higher tem- 
peratures. Unfortunately, there are no experi- 
mental measurements of yz, for either of the sys- 
tems. However, an estimate of yz can be obtained 
from the liquidus-curve studies of ‘THURMOND 
et al.,13:24) who found that germanium and silicon 
follow a relatively simple type of solution be- 
havior along the liquidus curves for a large number 
of systems. Specifically, departures from the 
regular solution behavior postulated earlier‘) 
have been noted, and the parameter b now appears 
to be a linear function of temperature. The more 
recent studies“) indicate values of 6 = 1680 
1-087 and 6 = 9030—2-24T cal for tin in 
germanium and silicon respectively. By assuming 
that this simple behavior extends into the homo- 
geneous liquid solution range, the Gibbs-Duhem 
equation can be used to obtain estimates of yz for 
the second component. In Table 3 the values of 
yx® obtained from the liquidus curves are com- 
pared with the values of yz° calculated from the 
distribution-coefficient data. The estimate of the 
uncertainty in yz° (dist. coeff.) is very rough in 
view of the precision and number of the data points. 
Unfortunately, no estimate of the uncertainty in 
the values of yz° (from the liquidus) can be given. 


Table 3. Predicted values of yz, from distribution- 
coefficient and liquidus data 








System yx® (dist. coeff.) yx° (liquidus) 





Sn-Si 
Sn-Ge 


1142 
1:5+0:2 
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Qualitatively, however, the general behavior is as 
expected. First, both systems show positive de- 
partures from ideality and, secondly, the magni- 
tude of yz is appreciably greater in silicon than in 
germanium. 
(b) Binding energy of tin in germanium and silicon 
The binding energies of tin in germanium and 
silicon can be estimated from the preceding equa- 
tions as follows. The quantity AH can be written as 
the sum of the heats associated with the reactions: 
M(liq.) = M(g) AH, (8) 
M(g) M(in sol. soln.) B.E. (9) 
M(liq.) - 


M(in sol. soln.) AH =AH,—B.E. (10) 


where AH, is the heat of vaporization of pure 
liquid tin to the monomeric vapor species and B.E. 
is the term commonly known as the binding energy 
of tin in the solid germanium or silicon solution. 
Thus, from the heat of vaporization of tin, the 
binding energy of tin in germanium and silicon can 
be calculated. Using a value of AH, of 70 kcal/g- 
atom(1) and values of 0-6 and 4-7 kcal/g-atom for 
AH, the binding energies of tin in germanium and 
silicon are about 69 and 65 kcal/g-atom, respec- 
tively. 


(c) Calculation of binding energy from bond energies 

An independent estimate of the binding energy 
is possible from a consideration of bond energies. 
If the solid solutions are dilute enough, the sub- 
limation process may be assumed to involve simply 
the breaking of 4 Sn—Si or Sn—Ge bonds, followed 
by the formation of 2 Si-Si or Ge—Ge bonds. From 
this common argument it follows that, using Sn— 
Ge as an example, 


B.E. = 4D sn—-ce—2D ce-ce» (12) 


where Dg,,-ce and Dgece are the appropriate bond 
energies.* The value of Dg.-c, is simply one-half 
the heat of sublimation of germanium. 





* WEISER(?) has recently made theoretical calculations 
involving solid solubilities of impurity elements in ger- 
manium and silicon. He considered the strain energies as 
contributing significantly to the heat of solution in the 
solid. In the present paper no direct attempt is made to 
calculate strain energies. However, the agreement 
between the calculated and “experimental’’ binding 
energies is good, indicating that the strain energies cal- 
culated by WEISER may be too large. 
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A number of proposals have been made for the 
calculation of covalent bond energies. Recently, 
ALLEN“) suggested a reciprocal mean as having a 
firmer basis in chemical theory than the additivity 
or geometric-mean postulates of PAULING.“!9) We 
have calculated bond energies involving the Group 
IV elements carbon, silicon, germanium and tin 
from the reciprocal-mean postulate and the recent 
electronegativities ALLRED 
Rocnow.9 For bonds in compounds such as 


proposed by and 
CHy, GeBrg, SnCl4 &c., the agreement between cal- 
culated and experimental bond energies is usually 
s¢ Was cal- 
culated from the heat of sublimation of gray tin, 
using the reciprocal-mean expression and the 


very good. Therefore, the value of Dg, , 


electronegativity correction, i.e. 


2D sn snD Ge Ge , 4 
Dsn_ ce =— —+23-060(AX )?(kcal), 
D sn—snt+D Ge-Ge : 

(13) 


where AX is the difference in electronegativity 
between tin and germanium. The heats of sub- 
limation of gray tin and germanium to the mon- 
atomic vapor species were obtained from the com- 
pilation of Honic.@!) Using the value of Ds, ¢. 
from equation (13), the binding energy of tin in 
germanium was calculated from equation (12) to 
be 71 kcal, in good agreement with the value of 
69 kcal obtained from the distribution-coefficient 
data in Fig. 7. A similar calculation for the tin— 
silicon system gives a value of the binding energy 
of 64 kcal,j in good agreement with the value of 65 
kcal obtained from the distribution-coefficient data 


of Fig. 6. 


(d) Entropy of solution of tin in germanium and silicon 

The distribution coefficient can be related to the 
entropy of solution of the solute element through 
the equation 


AH AS 
+—, 


inl’ = —— 
RT R 


(14) 


which is a modified form of a relation derived by 





+t The value for the heat of sublimation of silicon is at 
present very uncertain.(*!) In these calculations a value of 
113 kcal/g-atom was used. Actually, this value may still 
be too low as pointed out by A. SEARCY (private com- 
munication). 
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Here AS2 is the 


en- 


MOND and STRUTHERS. ?) 
ial excess entropy of solution, i.e. the 
to equation (10) less 


inge corresponding 


yf mixing term. T] 
\ I 


ntropy of tin in the 
lute entropy of 
temperatures, 
hcient data 
liscussed 

equation 

values at a 

silicon. At 

and 10-0 

ilicon, re- 

1100°K.47 

equation (15) 

together with 

It is seen that 

he same as the 

-.°, the absolute e1 tropies ol 

silicon at 1100°K. That is, the effect 
I olid solution 1s very 

f germanium or silicon. 


ilarities between tin, germanium, 


— 


t that the Sc 


t 


- values of S, Yor,» 


1 
values are of the 
’ lends con- 
n-coemcient 


] {4} 
1dity OF tl! 


rmodynamu operties at 1100°K 


The entropy change is due to at least two factors. 
The silicon or germanium lattice is expanded by 
the introduction of the tin atom which crowds the 
silicon or germanium atomstogether inits immediate 
vicinity. This effect would lead to reduced entropy 
due to decrease of vibrational freedom. If the in- 
troduction of the tin atoms were accompanied by 


ISENBERG 
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an appreciable number of vacancies, this effect 
would be diminished. A second effect is the loosen- 
ing of the lattice through the introduction of 
Sn—Ge That is, the bond 
energies of the Sn—Ge and Sn-—Si bonds are not as 


large as the Ge—Ge and Si—Si bond energies. With 


and Sn-Si bonds. 


“looser” bonds, the silicon or germanium atoms 


would be less tightly bound, resulting in lower 


vibrational frequencies and higher entropies. If 


the reciprocal-mean postulate is applied, the per- 


greater for 


centage decrease ll bond erergy 1S 


silicon than for germanium, which might account 
for the slightly larger difference, 2-, eu, between S 
and S<¥ 
S and 


differences are real can only be determined by 


compared to the 1-3 eu difference be- 


tween S,..°. Whether or not these slight 


nore precise experimé¢ ntal data 


5. CONCLUDING REMARKS 

The linear plots of log k versus 1/T observed by 
HAL! may pe rhaps be expl uined on the basis that 
the liquidus ranges in some, though not all, of the 
and the value of yz may not 
change appreciably. Where 
a straight line could result if the liquidus 
] ] The most strik- 


alloys were nearly ideal (yz ~ 1) 
HALL’s correlation is the commo 


systems are 


a long liquidus range 


occurs, 
ing teature ol 
point of intersection of the log k versus 1/T plots 
Such behavior indicates the possibility of a linear 
relationship between the heats and excess en- 
3.2) The heats and entropies of 
k versus 1/T plot 


10g 


tropies of solution. ¢ 
solution obtained from a 
correspond, under certain assumptions, to the 
transfer of the impurity element from the liquidus 
to the solidus alloy. Only if the liquidus solutions 
are ideal are these quantities equal to the heats and 
entropies of solution considered in this paper. It 
would be of considerable interest to determine ex- 
perimentally values of the activities of impurity 
elements along liquidus curves, so that one might 
deal with k’ rather than &. An interesting possibility 
is that by eliminating the effect of liquid interac- 
tions one might find that log k’ versus 1/T plots 
were linear with a common point of intersection, 
which would imply a simple relation between heats 
and entropies of solution in these dilute solid 
solutions. In the case of the liquidus alloys of 
germanium and silicon a monotonic relation has 
been observed between the heats and entropies of 
solution of germanium and silicon.(%) 
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Abstract 


The electronic structure of a new type of color center, which is produced in KCi, KBr, 


and LiF crystals by X-irradiation at low temperatures, has been determined by electron-spin- 


resonance experiments. Crudely, this center can be described as a halogen, 
in a halide-ion vacancy. The unpaired electron interacts strongly with the two nuclei of the mole- 


inh 


- molecule-ion located 


cule-ion and weakly with two more halogen nuclei. All four nuclei lie in a straight row along a [110] 


axis 


panda 


1, INTRODUCTION 
It is known that X-rays produce in alkali halides a 
number of optical absorption bands on the short- 
wavelength side of the F-band; for example, the 
V-bands and the H-band. The relative intensities 
of these bands depend strongly upon the tempera- 
ture at which the crystal is held during and after 
the exposure to X-rays. The V-bands, as well as 
the H-band, were attributed by Serrz™? to holes 
(electron deficiencies) trapped at vacancies or 
simple vacancy aggregates, whereas VARLEY®) pro- 
posed models involving interstitials, as well as 
models involving halogen atoms occupying alkali 
vacancies. All these models are highly speculative. 
Prior to the present work, there was only one 
electron-deficiency center not involving an im- 
purity, the structure of which had been determined 
by electron spin resonance™-4) and the optical ab- 
sorption of which had been identified unambigu- 
5) the V-center described in our previous 
This center is essentially a halogeng- 


ously: 
work. 
molecule-ion. It is not closely associated with any 
imperfection and probably may be regarded as a 
“self-trapped hole’”’.* Its weak optical absorption 
band (which was overlooked for a long time) is 
close to the V,-band.®) The structures of two more 
types of trapped-hole centers in LiF have been 
determined recently;‘®) however, the optical ab- 
sorption bands due to these centers have not been 


identified as yet 


* In this paper we refer te this center as a V-center or 


self-trapped hole. 


This paramagnetic center may be identical with the center that gives rise to the optical H- 
i, since in KC] it has the same production, bleaching, and symmetry characteristics. 


This article contains a study of a new paramag- 
netic resonance spectrum which has been observed 
in X-rayed KCl, KBr, and LiF.t For KCl the 
production and bleaching characteristics of this 
paramagnetic center are the same as those of the 
optical H-band.) Also the symmetry of the para- 
magnetic center is compatible with the optical 
symmetry of the H-center.) Thus, for KCl the 
identification of the optical H-center with our para- 
magnetic center seems to be fairly well established, 
and we shall call the paramagnetic center through- 
out this paper an H-center. It appears, however, 
that the paramagnetic center in KBr with the same 
structure has rather different production and 
bleaching characteristics than the optical H-band in 
KBr which Dueric and Markuam”®) discovered 
and called the H-band. However, a recent re- 
investigation of the optical H-band by MARKHAM 
and KonitzEr) indicates that there is no dis- 
crepancy with our data. 

First, a description and an analysis of the para- 
magnetic resonance spectra will be given. The 
hyperfine splitting can be resolved to a high degree 
with conventional paramagnetic-resonance tech- 


niques, and the structure of the center can be de- 


duced entirely from the magnetic-resonance 
spectrum. The hyperfine splitting of the H-center 
is closely related to the hyperfine splitting of the 
V-center (self-trapped hole) described previ- 
ously;%-4) i.e. the H-center consists also of a 
+ The results of a preliminary study of this spectrum 
for KCI have been reported previously.‘”) 
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Fic. 1. Paramagnetic-resonance spectrum of KC] crystals at liquid-hydrogen temperature with H ||[100]. 








(a) H-center resonance+ F-center resonance. (b) V-center resonance + F-center resonance. 
The asterisks indicate the resonance due to an impurity and the arrows the position of the resonance 
line due to «,a-diphenyl f-picryl hydrazyl. Derivative of dispersion measured at 9277 Mc/s. 
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molecule-ion.* However, in contrast to 
the V-center, the H-center 
halogen, and thus is genetically very different from 
the The 
proposed by Serrz®) and by VarLEeY®)? for the H- 


halogens- 
involves interstitial 
V-center. structure differs from those 
center. However, it may lend some support to 
VARLEY’S the 
center production by energetic radiation 

In the last part of this paper, the magnetic- 


ideas about mechanism of color- 


resonance experiments will be correlated with the 
optical investigations of previous authors through 
a study of the generation and bleaching character- 
istics of the H-center resonance in KC] and KBr. 
Finally, a model will be proposed which explains 
the magnetic-resonance spectrum, as well as some 


of the generation and bleaching characteristics. 


2. DESCRIPTION AND QUALITATIVE 
INTERPRETATION OF THE PARAMAGNETIC 
RESONANCE SPECTRA 
(a) The Hyperfine Splitting 

(1) Potassium chloride 

Fig. 1 compares the H-center resonance with the 
V-center resonance discussed in reference (3). 
Both spectra show the derivative of the dispersion 
and were taken at liquid-hydrogen temperature 
(20-3°K) with the d.c. magnetic field along a [100] 
axis of the crystal.’ 

The similarity between the H-center spectrum 


and the V-center spectrum is striking. To every 


* The should be read in conjunction 


+ +} 1 - 
wrth the earlier 


present paper 
i 


work on the halogen, molecule-ion. 


Note that three more spectra are superposed on the 


H-center resonance and on the V’-center resonance in 


intense broad resonance in the center of the 
to F-centers. Fast passage effects make it 
' 1 471 

yrption curve rather than like the deriva- 
tT 


r , 
mm curve ihe narrow resonance line 


row is due to «,x%-diphenyl f-picry] 


reference for the measurement of 


1 1 ce ad 
c resonance lines marked Dy a Star 


TRUMAN O. 


WOODRUFF 


line in the V-center spectrum corresponds a group 
of lines in the H-center spectrum. We shall call the 
splitting within the groups “secondary splitting”’ 
and the intervals between the centers of the differ- 
ent groups “primary splitting’. The primary 
splitting in the H-center spectrum is about 10 per 
cent larger than the splitting of the corresponding 
V-center spectrum and shows the same orienta- 
tion-dependence, as can be seen by comparing Fig. 
2 of this paper with Fig. 4 of reference (3). The 
complete analogy of the orientation effects for the 
H-center spectra to those for the V-center spectra 
indicates that the axis of the major hyperfine 
interaction is the same for both types of centers; 
namely a [110] axis of the crystal. All six [110] 
axes are equally populated with H-centers (unless 
the crystal has been exposed to polarized H-light). 
Hence, for a general orientation of the crystal in 
the d.c. magnetic field, one observes the super- 
position of six different basic spectra. This number 
degenerates to two for H| [100] and H|\[111] and 
to three for H| [110]. 

The nature of the secondary splitting in the H- 
center spectrum is illustrated in Fig. 3, which 
shows a detailed recording of the groups of lines 
encircled in Fig. 2. With the help of Fig. 2 of 
reference (3), one finds now that the basic H- 
center spectrum can be derived from the basic V- 
center spectrum by splitting every line of the V- 
center spectrum into a miniature (secondary) 
spectrum of the same kind. Even the lines arising 
from the differert possible isotope combinations 
are partially resolved in the miniature pattern. 

The interpretation of this complex spectrum is 
almost obvious on the basis of the known inter- 
The V- 


center spectrum arises from the strong interaction 


pretation of the V-center spectrum.” 
of an electron deficiency with two equivalent 
halide ions; i.e. it is the hyperfine spectrum of a 
Cl; molecular ion. Since the primary splitting in 
the H-center spectrum is entirely analogous to the 
splitting in the V-center spectrum, we conclude 
that in the H-center the unpaired spin interacts 
strongly with two equivalent halide iors (1 and 2), 
just V-center. H-center is 


basically also a Cl5 molecule-ion. However, the 


as in the Thus the 


secondary splitting indicates that the unpaired 


addition more weakly 
with two other halide ions (3 and 4) 


each other. The hyperfine 


electron spin interacts i 
which are 


again equivalent to 
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Fic. 2. Illustration of the anisotropy of the hyperfine interaction in the H-center 
in KCl. Derivative of the dispersion of the paramagnetic resonance measured at 
liquid-hydrogen temperature. (Compare with Fig. 4 of reference (3).) 
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spectra show that this equivalence holds for any 


orientation of the d.c. magnetic field with respect 
to the axis defined by the nuclei 1 and 2. Therefore, 
the nuclei 3 and 4 must lie on a straight line pass- 
ing through the midpoint of the line 1-2 and they 


are equally distant from this midpoint. Since the 


\ 
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be for symmetry reasons two equivalent possible 
orientations for 3-4 for every given line 1-2. 'These 
would be equally occupied. However, they are non- 
equivalent with respect to a general direction of 
the external d.c. magnetic field H. Since the second- 
ary hyperfine splitting is strongly anisotropic, one 
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Fic. 3. 


(a) Detailed recording of the groups of lines encircled in Fig. 2 


Illustration of the nature of the secondary splitting for KCI. H|[110]. 


4 


(b) Corresponding lines in the V-center spectrum. Frequency 9277 Mc;s. 


axis 1-2 is exactly a [110] axis of the crystal, and 
since the nuclei 1 and 2 are in equivalent positions, 
the angle between the axes 1-2 and 3-4 must be 
either zero or a right angle. The first case is unique. 
In the second case two possibilities are compatible 
observed 


I 
with the qualitative features of the 
spectra. If we choose [110] for the axis 1-2, then 
the line 3-4 must be either [110] or [001]. All other 
axes perpendicular to [110] can be excluded on the 
basis of the observation that the secondary hyper- 
fine pattern consists always of a single basic pat- 
tern. The reasoning goes as follows: If the line 3-4 
were along a more general direction, there would 


would observe for a general orientation (as well as 
for a few special orientations) a secondary pattern 
that consists of two different basic patterns. ‘This 
is contrary to our observations, which show only 
one basic pattern. At this stage we can only con- 
clude that the principal axes of the tensor of the 
hyperfine interaction* are the same for all four 
nuclei: namely [110] = axis (1-2) = 2’, [110] = 
x’, [001] = y’; i.e. the center is orthorhombic and 
has these principal axes. ‘The question whether the 


line 3-4 is perpendicular to 1-2 or whether it 


* This tensor is discussed in Section 3(a). 
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Fic. 4. Paramagnetic-resonance spectrum of KBr crystals at liquid-hydrogen temperature with H'||[100]. 








(a) H-center-++ V-center + F-center. (b) V-center+ F-center. 
The arrows indicate the position of the resonance line due to «,«-diphenyl f-picryl hydrazyl. Derivative 
of dispersion measured at 9260 Mc/s. Recording time 1hr. 
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coincides with 1—2 will be answered in the course 


ot the quantitative analysis (see Section 3(a)). 


ii) Potassium bromide 

In KBr a hyperfine spectrum is found which is 
the complete analogue of the spectrum just dis- 
to a center with the same 


Is due 


] na } 
cussed, a thus 


ture. ‘The analogy is, however, not very ob- 


the following reasons 


Oe ee I rr, er Pp 


ition of the nature of the secondary splitting tor 


the group 


of the 


f-trapped hole) in 


mainly because 
bromine isotopes (“Br and 
€ qually abundar t, and be- 
to second-order 
the H- 


an be derived from 


tings due 


effects Hence, 


ing every line into a 
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miniature pattern of the same kind as the primary 
pattern) is exceedingly complex. Moreover, in 
contrast to the case of KCI, it was not possible to 
get rid of the V-center resonance (see Section 
5(b)), which, therefore, was always superposed on 
the H-center resonance. Fig. 4illustrates this super- 
position, which, in addition, contains the F-center 
resonance, an impurity resonance (possibly due to 


O;3 molecular ions) and the resonance of z,«- 


0G 


nt” \H A 


Wy _~y 
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KBr. 


H {100} 


V-center spectrum 


the H-center 


V-center spectrum en- 


diphenyl 8-picryl hydrazyl (DPPH). Fig. 5 shows 
a detailed recording of the group of lines encircled 
in Fig. 4. The splitting due to different isotope 
combinations of nuclei 3 and 4 is not resolved, in 
contrast to the case of KCI. It is only evident that 
broa lened 


lines with the intensity ratio 1 :2:3:4:3:2:1, 


the secondary pattern consists of seven 


indicating that the nuclei 3 and 4 are in equivalent 
? 


positions and have spin 3/2. Since the ratio of 
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primary splitting to secondary splitting is about the 
same as for KCl, it can be concluded that the nuclei 
3 and 4 are also Br nuclei. The dependence of the 
hyperfine spectrum upon the orientation of the 
crystal in the d.c. magnetic field shows that the 
orientation and the symmetry of this center in 
KBr are exactly the same as in KCl. 


(1ii) Lithium fluoride 

The'center with the same structure exists in LiF. 
We shall call it also an H-center, although there is 
no optical absorption band in LiF that has been 


labelled an H-band. 


STRUCTURE OF 


AN H-CENTER 


Unfortunately, it was not possible to prepare a 
crystal containing H-centers only and no V- 
centers (self-trapped holes), so that the two spectra 
were always superposed. Fig. 6 illustrates this 
superposition and compares it with the pure V- 
center spectrum.+ 


(b) The Spectroscopic Splitting Factor 
The observed spin resonance is due to a hole ir 
the otherwise filled p-shells of the halide ions 
Therefore, the spectroscopic splitting factor is 
larger than for the free electron. However, the 
orbital moment is quenched through the forma- 


Table 1. Components of the g-tensors measured at 9-3 kMc/s, referred to polycrystalline 


fo) 


DPPH (g 


2-0034). The data for the V-center are taken from ref. (3). The tempera- 


ture variation of the g-shift between 20 and 78°K is within the experimental errors 


LiF 
H-center -cente1 


78°K 
2:014 
2-012 


2-001 2-003 


Error 0-002 0-001 


Since there is only one fluorine isotope in the 
crystal, 19F, with the nuclear spin 1/2, the hyper- 
fine spectrum of the H-center is rather simple. The 
strong interaction of the unpaired electron spin 
with two equivalent fluorine nuclei 1 and 2 would 
give rise to three hyperfine lines with the intensity 
me 1:2: 5" 

The weak interaction with the fluorine nuclei 3 
and 4 (which are also equivalent to each other) 
splits every one of these lines into a miniature 
(secondary) pattern of 3 lines with the intensity 
ratio 1:2: 1. 


* This is true if the angle ? between the axis defined 
by the two nuclei and the d.c. magnetic field does not 
exceed about 70°. For larger angles the line with the 
intensity 2 splits into its two components. This splitting 
was explained in quantitative detail in ref. (4). For the 
sake of brevity, we discuss here only the spectra for 


e< 70. 


H-center 


0:-0005 


KC] 


"-center 
78°K 


2-0428 
2-0447 


2:0010 1:993 1-980 


00-0001 0-003 0-001 


tion of a molecular bond, so that the excess over 
the free electron value is small, just as for the V- 
center.) Table 1 gives the components of the g- 
tensors for the H-center referred to the axes x’, y’, 
and 3’, and compares them to the corresponding 
quantities for the V-center. For H parallel to the 
axis 2’ (defined by the nuclei 1 and 2), one mea- 
sures a value that is very close to the free-electron 
value (the very small negative shift is a higher- 
order effect), whereas for H perpendicular to 2’ 
the g-shift is larger and positive. Axial symmetry 
about 2’ is again a good approximation. The g- 
shifts for the H-center are about half the g-shifts 
for the V-center. This indicates that the molecular 
bond of the halogeng~ molecular ion is more tight in 
the H-center than in the V-center (see Section 4). 


+ Fig. 6 represents the derivative of absorption in con- 
trast to the preceding figures. The F’-center resonance is 





completely saturated. 
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Fic. 6. Paramagnetic-resonance spectrum of LiF crystals at liquid-nitrogen temperature with H/||[100]. 
(a) H-center resonance + V-center resonance (the V-center resonance goes off the scale). 
(b) V-center resonance only (reduced gain). 
Derivative of absorption measured at 9322 Mc/s. 





THE 


(c) Line Width and Saturability 
The line width of the H-center resonance is 
mainly due to unresolved hyperfine interaction. 
Hence the absorption spectrum saturates much 
more easily than the dispersion spectrum. At 
20°K the absorption spectrum is completely 
saturated by a microwave magnetic field of a few 
hundredths of an oersted, whereas the dispersion 
spectrum is readily observable. ‘The H-center re- 
sonance saturates somewhat less easily than the V- 
center resonance. The static line widths are 0-8 
Oe for the H-center in KCl and 11 Oe for the H- 
center in LiF. The corresponding values for the V- 
center are 1-35 and 12-3 Oe.®) In the case of KBr, 
the secondary pattern is not sufficiently resolved to 

permit a determination of the line width. 


3. ANALYSIS OF THE HYPERFINE SPECTRUM 
(a) The Spin Hamiltonian 

The spatial wavefunction of the unpaired elec- 

tron is now to be thought of as expanded in spher- 

to co-ordinate systems 

1, 2, 3, 4, in 

two nuclei 


ical harmonics referred 
centered on four halogen nuclei 7 - 
the case of the H-center and on 
i = 1, 2 in the case of the V-center. The spin 
Hamiltonian can be written as 


KH L0Po0 


(8 SH,+S+> TO. 1° (1) 
i 


\g0 


Here go is the spectroscopic splitting factor of the 
free electron and g that of the H-center for a 
particular orientation of the center in the magnetic 
field. Bo is the Bohr magneton, § and I“ are the 
spin operators of the electron and of the nuclei 
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respectively, and z is the axis of the externally 
applied d.c. magnetic field. Each tensor T can be 
represented as a sum of tensors each of which 
corresponds to a term in the expansion of the 
wave-function in spherical harmonics about the 
nucleus 2. 

The accurate determination of the tensors T 
from the observed hyperfine splitting is not 
straightforward, because the hyperfine splitting is 
not very small compared to the externally applied 
d.c. magnetic field, so that a rigorous diagonaliza- 
tion of the spin energy matrix would be required. 
In this paper we restrict ourselves to an approxt- 
mate solution. We begin by observing that in first- 
order approximation the hyperfine splitting in 
gauss is given by the eigenvalues of the projection 
on the z-axis of XT“). J, The first-order ap- 
proximation is, however, clearly inadequate be- 
cause the observed hyperfine splittings are non- 
uniform, except for H ||z’. However, if the angle @ 
between the d.c. magnetic field H and the axis 2’ 
of the color center does not exceed about 60°, the 
experimental hyperfine spectra of the H-center and 
of the V-center in KCl are adequately (although 
not accurately) described by a second-order ex- 
pression of the form 


H—Hp ~ A[(m-+me2)+ a(m3+ ma) |+ 
+ B[(m + m2)+ b(m3+ ma) |. (2) 


The magnetic quantum numbers of the nuclei are 
denoted by m;. Ho is the position of the center line, 
and the coefficients A, a, B, and b depend upon the 
orientation of the d.c. magnetic field with respect 
to the axes x’, y’, 2’ of the color center. For the V- 
center the hyperfine splitting due to nuclei other 


Table 2. Experimental values of the coefficients of equation (2) for the H-center and V-center in KCI. The 
data for the V-center are taken from ref. (3). 











Angle 
between H 
and 2’, 

0 


Direction 
Direction of H | cosines of H in 
referred to | x’, y’, 2’ system 
crystal axes a By 


(degrees) 


H-center 








0, 0, 1 

0, V4, V4 
V4, 0, V4 
t, 4,4 


[110] 

[111] 
[100] 
[101] 
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and 


appears that axial symmetry about 2’ is a good ap- 
dered for the V-center we put proximation for the interaction of the electron spin 
0 not only with the nuclei 1 and 2 but also with the 
the the nuclei 3 and 4. Therefore, it is most likely that the 
ficients of equation (2) are listed in Table 2 for 

Cl H-center 


of the components of the hyperfine ten- 


1, 2is small and not resolved. It will not 


here; 1.e. 


an example, measured values of 
axis 3-4 coincides with the axis 1-2; i.e. the four 
and V-center in KCI. Approxi- nuclei lie in a straight row along a [110] axis. 

Note that the interactions considered here do not 
wfrom the first-order termsinequation(2). permit the determination of the signs of the tensor 


ensors are diagonal in the x’y’z’ system components. 
we can write for the primary 
(b) Interpretation of the Hyperfine Tensors 
The relation between the hyperfine tensor of an 
unpaired electron and its wavefunction is simple if 
one ignores the polarization of the 1on core by this 
electron. For an s-electron we have then the well- 
known expression 
nes of the d.c. 


\ correspond- d(Q) (4) 
mdary splitting 


r equations for agnetic moment and the 


Approximate values of the components of the hyperfine tensors. The data for 
the V-centers are taken from ref. (3). The meaning of 


] ~ Tyy ~ Ot Tre &% Tyy ( 3 


three tensor components. The internal consistency spin of the nucleus respectively, and |y(0)| is the 
is satisfactory when we consider the crudeness of 
the approximation. For KBr and for LiF this ap- 


proach is considerably less accurate, because the 


amplitude of the s-function at the nucleus. For a 
p,/-function one obtains 


hyperfine interaction is much larger than for KCI. 
Table 3 summarizes the results of this approximate 
determination of the hyperfine tensors for the H- 


center in each of the three salts and compares them 
with the corresponding results for the V-center. It 


(off-diagonal elements vanish in the x’y’z’ system) 


where (1/r*) is an average over the p,, function. 
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Higher-order functions will not be considered here, 
since the unpaired electron in the H-center and 
V-center is essentially a p-electron (2 for the fluor- 
ides, 3p for the chlorides, and 4p for the bromides). 
The orbital degeneracy of the p-functions is lifted 
through the formation of the molecular bond, so 
that the ground-state wave function has mainly 
p, character. Table 3 shows, however, that the 
traces of the experimental hyperfine tensors do not 
vanish. This may be due to hybridization; that is, 
to the admixture of s-function to the p,,-function, 
but it may also be a manifestation of core polariza- 
tion. ‘The interaction of the unpaired electron with 
the nucleus through the ion core can be consider- 
able, as is indicated by the calculations of STERN- 
HEIMER,"!) Pratt, 2) and Herne."%) There is con- 
siderable need for more work along these lines. The 
analysis given in the present paper is based on the 
assumption of hybridization, and core polarization 
is neglected. 

We assume that the ground-state orbital of the 
unpaired electron is a linear combination of 
hybridized atomic wavefunctions centered on the 
nuclei 7. Each atomic wave function has a certain 
amount »;7 of s-character and a certain amount 
Ci? of p-character. If there were no overlap, normal- 
ization would require that 


X (2+ 6,7) (6) 


* The relation between the notation of this paper and the notation‘used in ref. (3) is as follows 


This paper 
(for 7 Leer 


Ref. (3) 
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According to equations (4) and (5) the compon- 
ents of the hyperfine tensors of the hybridized 
atomic wavefunctions are* 


n\b,(0)|2+ 


5 


We shall now analyze the experimental hyper- 
fine tensors (Table 3) in terms of equations (7) and 
(8). Axial symmetry is a good approximation, so 
that we can use the average of 7,7 and Ty». 
The decomposition of the experimental hyperfine 
tensors into an s-part and a p-part is ambiguous 
Tyy Q) of 
Tyy is unknown. The analysis will be 


(unless T'y-7 because the sign 
Tex 
carried out for both signs. 

We now solve equations (7) and (8) for the 
ia - liz 4 4 . © =~ 9 y » ] . S . 
normalization factors 7;7 and ¢;? (neglecting over- 
lap effects), by inserting the experimental values 


for the tensor components and plausible values for 


yi(0)|2 and (1/r’). The (1/r3) values for the halogen 
np functions are taken from STERNHEIMER’s"*) cal- 
culations. The values for |%(0)|? which should be 
inserted are somewhere between the values for an 





Also note the misprints in equations (9), (10), and (11) of ref (3). The correct equations are: 





¢ 1 
F(a 


5 


S7r 
B2| ab(( ))\? 
3 


| 


(a/b+4) 


(a/b+4)+ 


9 


207\xh(0)| 
— 
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ns function and an (m+1)s function. The calcula- 
tions will be carried out for both limits.* For the 
(n+1 
ref. (3). The !y(0)|? values for the fluoride 2s func- 


)s function we use the estimate of |x(0)|? given 
and for the chloride 3s function are taken from 
The 4s-function for 


’s calculations. 5-16 
Piper between 


and PIpErR’s“?) 


s terpolated by W. W 
*s Rb* 


[he numerical values 


4s-function for 


Table 4, and the re- 
re contained in 
the data for the 


comparison 


{ T ‘ i « J - 
7 Numerical Values of U 


spends 
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three crystals, the reduction of L(y? +?) in the 
case of KBr suggests that an important factor has 
been neglected in the analysis. It is conceivable 
that core polarization has quite a different influence 
in KBr than in the chlorides and fluorides. On the 
other hand, it should be kept in mind that the 


culations of (1/r?) values.* 


(5) The values of }) (n¢? + &?) tend to be higher 


for the H-center than for the V-center in all three 
alkali halides under investigation.+ This difference 


most probably indicates increased overlap in the 


savefunctions used in the analysis of the hyperfine tensors. 


a reduced internuclear distance 


H-center; i.e 
4. THE EXCITED STATES AND THE SHIFT OF 
THE SPECTROSCOPIC SPLITTING FACTOR 

Since the unpaired electron of the H-center 
spends only a small fraction of its time on the tons 


3 and 4, we can regard the H-center as a halogeng™ 


molecule-ion. 1] 
1 states of tl 


18) Here 


ist aS We 


did the V-center. The ex- 
is system were discussed in earlier 


only the differences between the 


manifests itself most clearly when one 
tly an H-center spectrum with the corres- 
The primary splitting of the 


} 


er spectrum 
lways exceeds the splitting of the 
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Table 5. Result of the calculation of 72 and (; by means of equations (7) and (8), using the measured 
hyperfine tensors (Table 3) and the information on the wavefunctions listed in Table 4. Core polarization 
and overlap effects are neglected. 


Nuclei 1 and 2 
s-ad- 
mixture Si ” 


Center 


Crystal 


(s-function)| (p-function) 


0-019 
0:431 


0-020 
0: 


0-500 


0-500 


Nuclei 3 and 4 


Sign "* C 
T,’x’ | (s-function) | (p-function) 


0-003 
0-001 
0-063 
0-018 


0:034 
0-060 


0-034 
0-060 


0-002 
0-000 


0-023 
0-056 


0-023 
0-056 


0-032 
0-004 


0-499 


H-centers and the V-center will be elucidated. One 
essential difference is the increased overlap in the 
H-center. A qualitative idea of the changes of the 
level scheme with decreasing internuclear « 

can be obtained from Herzperc’s book 
situation is depicted schematically in F 

axial symmetry. The transitions corre sponding 
optical absorption are represented by full arrows 
(Ey iciers Ereq) and the optically forbidden transi- 
tions that produce the g ,-shifts by dotted arrows 
(E,). This scheme leads us to expect that the H- 
center violet absorption should be shifted some- 


597 


499 


0-002 0-040 


0-022 0-040 


what to the violet side of the V-center violet 
sorption. For KCl this seems to be true. ' 
center absorption peak lies at 3700 A, 
the center of the H-band is a 

For the shift of g, (which is roughly propor- 
expects a larger change, since 


-_ > larah] f. or t t 
E increases considerably faster tnal E. 


y 


tional to 1 E), one 
with de- 
creasing internuclear distance. ‘This explains why 
he g-shift of the H-center is only about half the 
g-shift of the V-center for all three alkali halides 
that were investigated, and thus represents ad- 


ditional evidence for crowding of the nuclei in the 
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olec ule - 


Schematic. 
y of the 
te the optical 


sitions that 


or 


H-cente t to note that the 
H-center 
basis of HERZBERG’s sc 
mixture of s-function to the p-function is about the 


Table 5) 


-, However, it is importa 
and the V-center can be compared on the 


} 


heme only because the ad- 


same for these two centers (see 


AND BLEACHING OF THE 


H-CENTER 


5. GENERATION 


(a) Potassium Chloride 

(i) The magnetic resonance spectrum after X-irradta- 
tion at 20-3 and 4-2°K 

Chree different paramagnetic-resonance spectra 
due to color centers are predominant after X- 
irradiation of pure KCI at 20-3°K if the crystal is 
kept at this temperature: 

(1) The H-center resonance just described. 

(2) The V-center (self-trapped hole) resonance 
of ref. (3). 

(3) The F-center resonance 


The composite spectrum is shown in Fig. 8a for 
H\\[111].* The F-centers and the V-centers have 
similar generation characteristics. The concentra- 
tion of these centers (measured by paramagnetic 
resonance) grows rapidly at first; electrons are 
trapped at already existing traps (for example, 


* Note that the V-center resonance is not present in 
- om 2. oF 
the spectra shown in Figs. la, 2, and 3a. These spectra 
were taken after bleaching of the V-centers (see Section 
5(a) (ii)) 
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halide vacancies) and the holes are “‘self-trapped”’. 
When the electron traps are filled, the growth rate 
becomes smaller (Fig. 9). In contrast to this, the 
concentration of the H-centers grows slowly at the 
beginning of the irradiation and faster as the radia- 
tion damage proceeds. This production character- 
istic is typical for a defect which is produced en- 
tirely by the ionizing radiation, and which does 
not involve imperfections present prior to the 
irradiation. Consequently, the production rate of 
H-centers should not be determined by the con- 
centration of unfilled electron traps, in contrast to 
the production rate of V-centers (self-trapped 
holes). This was confirmed by experiments with a 
KCI crystal doped with 0-1 mole per cent TIC1. 
The initial V-center production is enhanced by a 
factor of about 10°, whereas the H-center produc- 
tion is almost the same as in a pure KCI crystal. 

The ratio of the V-center concentration to the 
H-center concentration measured in pure KCl 
crystals at 20-3°K after 64 hr of (weak) X-irradia- 
tion at 20-3°K is about 0-7, according to Fig. 9. 
The same ratio, however, drops to about 0-46 
when the crystal is irradiated at 4-2°K and then 
measured at 20-3°K. In contrast to this the ratio of 
F-center concentration to H-center concentration 
(again measured at 20-3°K) is almost unaffected 
when the temperature of X-irradiation is lowered 
from 20-3 to 4-2°K, although the absolute con- 
centration of each of these centers is about 20 per 
cent smaller after irradiation at 4-2°K. These 
results suggest that at very low temperatures F- 
centres and H-centers are created in pairs and that 
the production of other traps becomes less im- 
portant as the temperature is lowered. 


(ii) Thermal bleaching 

When, after X-irradiation at 20-3°K, the pure 
KCI crystal is warmed to 42°K for a few minutes 
and then remeasured at 20-3°K, the V-center re- 
sonance has disappeared and the F-center re- 
sonance is roughly 15 per cent weaker. The H- 
center resonance, however, has grown by about 
40 per cent (Fig. 8b). This change is probably 
closely connected with the charge release observed 
by TEEGARDEN and Maurer) near 40°K in KCl 
crystals X-rayed at 35°K. The charges released are 
very probably electrons, because they annihilate 
the positively charged V-centers (self-trapped 


holes), which otherwise can be stable up to 
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Fic. 8. Paramagnetic-resonance spectrum of a KCI crystal measured at 
liquid-hydrogen temperature with H||[111]. 
(a) After X-irradiation at liquid-hydrogen temperature prior to warming up: 
H-center + V-center+ F-center. 

(b) After subsequent warming to 42°K for a few minutes: 
H-center + F-center. (Gain approximately as in (a).) 

(c) After subsequent warming to 58°K for a few minutes: 
V-center+F-center. (Higher gain than in (a) and (b).) 

Derivative of dispersion measured at 9252 Mc/s. 
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»* The fact that the H-centers are not 
ay indicate that they have no net 
charge. The increase of the H-center re- 
, on the other hand, suggests that the trap 
electron is converted into an H- 


A possible mechanism, 


process. 
I 
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of H-centers that have disappeared, whereas the 
decrease of the number of F-centers is possibly of 
the same order of magnitude. 

It seems that these changes coincide with the 
charge release observed by 'TEEGARDEN and 
Maurer) near 58°K. The fact that the optical 


5¢ 60 70 


IU v 


9. Growth of the paramagnetic-resonance dispersion of the F- 


V-ce nters, 


tal at liquid-hydrogen temperature 


for the 


the same 


and H-centers upon X-irradiation of a virgin 


Arbitrary units. The 


H-centers and for the V- 


ile for the F-centers is compressed. Data 


get 10 cm from crystal, filtering equivalent 


of 4mm Al, 


1] j : 
W1ll be qaisc ussed 


del of the H-center, 


stal is warmed up to 60°K for a few 
and cooled again to 20 


H-center resonance has bleached completely. 


3°K, one finds that 
tor resonance is reduced in intensity by 
but 
re- 


; ' 1: 
per cent by this annealing process, 


resonance 


‘nter (sé lf-trapped hol 
1 


ith about one-sixth of riginal inten- 
[he 


lv about one-twelfth of the number 


number of these V-centers 


KCl 
(self- 


140°K by elec- 


ituation was encountered in pure 
In this case the V-centers 


are annihilated at about 
electron trap (possibly F’- 


trons released from some 


trapped ho es 


centers 


70 kV, 8 mA. 


H-band bleaches near the same temperature sug- 
paramagnetic H-center might be 
identical with H-center of these 
authors. It is known that the thermal bleaching of 
1 with the growth of 


gests that our 


~ 


the optical 


the optical H-band is connect 
the V\-band.‘$-10) However, no new paramagnetic- 
resonance spectrum shows up after the H-center 
has been bleached thermally 

Another charge near 
68°K.'8) We did not find a measurable change of 
the paramagnetic-resonance spectrum at this tem- 


release was observed 


perature, 

+ The saturation characteristics of the F-center re- 
sonance and of the H-center resonance are so different 
that we were unable to measure the concentration ratio 


of these two types of centers. 
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Fic. 10. Paramagnetic-resonance spectrum of a KCI crystal X-rayed at liquid- 
nitrogen temperature and then cooled to liquid-hydrogen temperature H ||[100]. 
(a) Prior to irradiation with 3650 A light. 
(b) After irradiation with 3650 A light for 400 sec. 
(c) After total irradiation with 3650 A light for 11,600 sec. 
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iii) Production of H-centers by light absorbed in the 
V,-band 


[EEGARDEN and Maurer‘) 


optical H-band can be generated in a KCI crystal 


containing )\-centers* by light absorbed in the 
V,-band at whether our 


35°K. In order to test 


paramagnetic /7/-center has the same property, we 


CENTER RESONANCE 


ESONANC 
3650 


Fic. 11 


crvstal 


Influence of 
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that has been X-rayed at liquid-nitrogen temperature and 
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creases at the same time, because the optical ab- 
sorption of these centers is also close to 3650 A (see 
Fig. 10b). However, the H-center resonance still 
grows at the same rate after all the V-centers (self- 
trapped holes) have been bleached, and finally, 
when saturation is reached, the concentration of 


H-centers is about three times the original con- 


AND 


i 


DURING 





3650 A light at liquid-hydrogen temperature on a KC] 


then 


cooled to liquid-hydrogen temperature ; measured by means of para-magnetic 


resonance 


The H-center and l’-center concentrations are plotted on roughly 


the same scale. 


X-rayed KCl crystals at 78K so that they con- 
tained V; centers”) 
20) The 
the 
and 


and then cooled them to 


“3 i. paramagnetic-resonance spectrum 


shows presence ot V-centers (self-trapped 


holes) F-centers after this treatment (Fig. 
10a). (An electron spin resonance which might be 
due to Vj-centers was not found in the course of 
our work, although most experimental parameters 
were varied over a wide range. This suggests that 
the V\-center may be diamagnetic.) If the crystal is 
then irradiated with light absorbed in the V;-band 
(we used the 3650 A light from a H 100-BL 4 
lamp), the H-center resonance begins to appear. 
The V-center (self-trapped hole) resonance de- 

* Note that the V;-center is not identical with the 
previously mentioned V-center (self-trapped hole).‘*:? 
The structure of the V,-center has not been established. 


centration of self-trapped holes (see Figs. 10c¢ and 
11). Thus it is not the self-trapped holes that are 
converted into H-centers by 3650 A light, but 
the V; according to 
'TEEGARDEN and Maurer.) The F-center reson- 
ance is not affected by this conversion. 


another center, center 


The H-centers produced through this optical 
conversion bleach thermally at the same tempera- 
58°K) as the H-centers produced by X- 
irradiation at 20-3°K. After this bleaching and re- 


ture (& 


cooling to 20-3°K, the H-centers can be regener- 
ated by 3650 A light, no matter whether they were 
produced originally by optical conversion or by 
X-irradiation at 20-3°K. Roughly 40 per cent are 
lost in every regeneration-bleaching cycle. At least 
part of this loss is due to the fact that the H-centers 
themselves bleach somewhat under irradiation by 
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3650 A light. Thus their optical absorption must be 
considerable at 3650 A. 

The influence of 3650 A light is different for a 
crystal that has been X-rayed at 20-3°K and is 
kept at this temperature. The H-center resonance 
(which is already present under these conditions) 
does not grow upon irradiation of this light, but 
rather decreases (Fig. 12). This indicates that no 
V, centers are present in such a crystal, in agree- 
ment with optical investigations.1°) The V- 
centers (the optical absorption of which has a peak 
at'3700 A)®) bleach also, but not as rapidly as in 
the experiment summarized in Fig. 11. 


BLEACHING OF H-CEN 
IRRADIATION O 
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stal (X-rayed at 78°K) is kept near 128°K for about 
30 min. Some Vj-centers, however, survive even 
after the crystal has been warmed up to 240°K. 
This result suggests that the thermal bleaching of 
V,-centers at 128°K is not due to the thermal in- 
stability of the Vj-center as such, but involves also 
other kinds of centers. 


(iv) The influence of irradiation with F-light 
MarkuHaM et al.®2) found that the irradiation 
with F-light of KBr crystals X-rayed and kept at 
5°K bleaches not only the F-band but also the H- 
band. We have investigated a similar effect in KC] 


V -CENTERS 
AT 20°K 


AND 
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Fic. 12. Influence of 3650 A light at liquid-hydrogen temperature on a KCI crystal 
that has been X-rayed and kept at liquid-hydrogen temperature; measured by 
means of paramagnetic resonance. 


The results of all these resonance experiments 
parallel perfectly the results of the optical experi- 
ments of TEEGARDEN and Maurer.) Thus the 
identity of our paramagnetic H-center with the optical 
H-center appears to be well established. 

The convertibility of V;-centers into H-centers 
by 3650 A light at 20-3°K provides the basis for a 
sensitive test for the presence of Vj-centers by 
means of paramagnetic resonance. This test is more 
sensitive than the detection of the optical absorp- 
tion band, which is rather broad and overlaps other 
optical absorption bands. We used this test to find 
out whether or not all the V-centers bleach therm- 
ally during the charge burst observed by DuTTON 
and Maurer at 128°K. 2) It was found that about 
80-90 per cent of the V;-centers bleach if the cry- 


crystals X-rayed and kept at 20-3°K. Fig. 13 
illustrates the decrease of the F-center, V-center, 
and H-center resonances upon irradiation with 
weak* F-light at 20-3°K. It is interesting to note 
that this effect was not present in KCl X-rayed at 
4.2°K and then warmed to 20-3°K. Thus it is 
somewhat doubtful that the simultaneous bleach- 
ing of F-, V-, and H-centers by F-light is due to a 
mechanism involving tunneling between these 
centers. In crystals irradiated at a lower tempera- 
ture, one would expect that F-type and V-type 
centers should be closer together, so that tunneling 


* We used a 50-W incandescent lamp with a 5400 A 
interference filter at a distance of about 10 cm from the 
crystal. 
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After annealing at 40°K, the H-centers can be 
regenerated by Vj-light* at 20-3°K. These re- 
generated H-centers bleach thermally between 
20-3 and 40°K, just as do the H-centers originally 
generated by X-irradiation at 20-3°K. Regenera- 
tion of H-centers by Vj-light at 20-3°K is no 
longer possible after the temperature of the crystal 
has been raised to 78°K, in contrast to the case of 
KCl. Also Vj-light produces (at 20-3°K) no H- 
centers in KBr that has been X-rayed at 78°K. 
Thus it appears that the center in KBr that can be 
converted by Vj-light into the H-center bleaches 
thermally between 40 and 78°K. In contrast to this, 
the Vj-band produced by X-irradiation at 78°K 
bleaches thermally near 115°K.°!) There appear 
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13. Influence of weak F-light (5400 A) at liquid-nitrogen temperature 


rystal that has 
temperature; measured by 
region of the H- 
DUERIG MARKHAM. (0 


ned the crystal up to 78°K and 
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ncentration by about 15 per cent. After 


to 78°K, the F-center con- 


ys again by about 15 per cent, where- 
V-center concentration remains unaffected. 


means of paramagnetic 


been X-rayed and kept at liquid-hydrogen 


resonance. 


to be essentially two possibilities for explaining 
this discrepancy. 

(a) The V;-center obtained by thermal bleaching 
of H-centers is a different center than the Vj- 
center produced by X-irradiation at 78°K. 

(b) The two types of Vj-centers are essentially 
the same; however, they are associated in different 
ways with some other center. The Vj-center ob- 
tained by thermal bleaching of the H-center is 
very closely associated with this other center. This 
close association makes possible the regeneration 
of H-centers by optical excitation of the Vj-center 

* A-H6 mercury arc with Corning filter 7 3389 and 
4400 A interference filter was used. 
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Fic. 14. Schematic models for the H-center 
and for the V-center (self-trapped hole). 
The ratio of the ionic radii in the figure 


corresponds to KCl. 
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at 20-3°K, but it is also responsible for the lower 
bleaching temperature of this Vj-center. The Vj- 
center produced by X-irradiation at 78°K, on the 
other hand, is less closely associated with this other 
center. 

The explanation (b) appears more reasonable, 
because it does not require an essential difference 
in the behavior of KBr as compared to KCl. 


(c) Lithium Fluoride 

In LiF the H-center resonance is present after 
prolonged X-irradiation at 78°K, together with the 
V-center resonance and the F-center resonance.* 
The ratio of H-centers to V-centers depends upon 
the sample. But always it increases with increasing 
exposure to X-rays, as in KC] and KBr. ‘Thermal 
bleaching occurs between 78 and 130°K. We have 
not made attempts to regenerate the H-center by 
light. 

6. A MODEL FOR THE H-CENTER 
(a) Description of the Model 

The most important facts that an acceptable 
model of our paramagnetic H-center must explain 
can be summarized as follows: 

(1) The H-center is essentially a halogene~ mole- 
cular ion. The unpaired electron spin interacts 
strongly with two halogen nuclei 1 and 2, but in 
addition it interacts more weakly with two more 
halogen nuclei 3 and 4. 

(2) The nuclei 1 and 2 are in positions equivalent 
to each other and so are nuclei 3 and 4. 

(3) All four nuclei lie on a straight line along 
[110]. The center has orthorhombic symmetry 
with the axes [110] = 2’, [I 10] =x’, and [001] = 
y’. Axial symmetry about 2’ is a good approximez 
tion for the hyperfine interaction with all four 
nuclei. 

(4) The distance between the nuclei 1 and 
smaller for the H-center than for the V-center 
(self-trapped hole). 

(5) The production of the H-center by X-rays 
does not involve traps that are present in the crystal 
prior to X-irradiation, but involves defects that are 
produced by the X-rays. Presumably H-centers 
and F-centers are produced in pairs. 

(6) Electrons released in the crystal leave the 
H-center unaffected. 


? 


2 is 


* The F-center resonance does not show up in the 
absorption spectra because of saturation. 
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These facts lead us to propose the model for the 
H-center which is depicted very schematically in 
Fig. 14 and also is compared with the model for the 
V-center (self-trapped hole). The H-center can be 
described as a halogeng- molecule-ion located in a 
halide vacancy. The resulting crowding accounts 
not only for the reduced internuclear distance as 
compared to the V-center, but also for the addi- 
tional interaction of the unpaired electron with 
two more halide ions. The configuration might also 
be characterized as a “‘crowdion? stabilized by a 
hole”. Chemically, the H-center is equivalent to an 
interstitial halogen atom. The H-center and the F- 
center are complementary centers; 1.e. a region of 
undamaged crystal is restored if an H-center and 
an F-center are brought together. 


(b) Speculations Based on the H-center Model 
(i) Production mechanism 

Our model for the H-center suggests that one of 
the mechanisms proposed by VaRLEY®) may be 
operative in the production of color centers by 
ionizing radiation at very low temperatures. For 
example, an F-center—H-center pair might be pro- 
duced as follows. A halide ion becomes multiply 
ionized and, since it is now positively charged, it 
will be expelled from its original site. It can migrate 
because of its small size. Finally, it becomes 
neutralized, settles in an interstitial position, and 
thus forms an H-center. The electron which re- 
mains is trapped at the halide vacancy left behind; 
i.e. an F-center is formed together with each H- 
center. At very low temperatures this may be a 
predominant process. However, other processes 
cannot be neglected, as is indicated, for example, 
by the interesting release of charge in KCl near 
42°K. On the basis of the observations described in 
Section 5(a) (ii) of this paper, one might speculate 
that below 42°K interstitial chloride zons are also 
present. These become unstable at 42°K and re- 
lease an electron. Thus the interstitial ion trans- 
forms into an H-center, and the released electron 
annihilates a self-trapped hole. A corresponding 
process was not observed either in KBr or in LiF. 
It is to be expected that interstitial halide ions 
would be less stable in these salts than in KCI be- 
cause of their relatively large size. 





+ The term “‘crowdion’’ was introduced by PANETH. ‘*) 
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e€ experiments with KC] and KBr indicate 
that the H-center transforms upon warming into 


another center, which appears to be non-para- 
magnetic and presumably gives rise to the optical 
V,-band. This V;-center is closely related to the 
H-center, 

process It Can 


H-center. Thus 


H-center, it should be possible to guess the struc- 


through an optical-excitation 
reconverted at 20-3°K into the 
model of the 


, on the basis of the 


of the V-cente1 


As a possible mechanism for the thermal bleach- 


ture 


ing of the H-center, one might visualize the follow- 
ing. The thermal instability of the H-center is 
partially due to the strains associated with the 
crowding. The strain energy, however, can be re- 
duced substantially 
electron from this center, because the resulting 
halogene molecule is smaller than the halogeng- 
molecular ion. In KCl, for example, a Cle molecule 
fits into a negative-ion vacancy without straining 


through the release of an 


the lattice. The molecule can even rotate without 
much hindrance. Therefore, this center is unlikely 
to give rise to dichroic effects except perhaps at 
very low temperatures. Lambe and West®®) found 
no dichroic effects in the V\-band at 77°K. Since 
the H-center can be regenerated by optical ex- 
citation of the V)-center, we must assume that the 
electron that was released from the H-center was 
trapped only a few lattice spacings away. The re- 
sonance spectrum of the H-center does not indicate 
a lowering of the symmetry due to the proximity 
of the empty trap. Hence, it is likely that this trap 
is neutral. The decrease of the F-center resonance 
which seems to be connected with the thermal 
bleaching of the H-center suggests that the trap 
close to the H-center is an F-center, which converts 
into an F’-center by capturing the electron released 
from the H-center. According to this picture the 
regeneration of H-centers by Vj-light should be 
connected with an increase of the F-center con- 
centration, which was not observed. In KC] the 
F-center resonance is almost unaffected by the 
regeneration process, and in KBr it even decreases 
somewhat. This, however, may be due to the over- 
lap of the Vj-band with other absorption bands 
(e.g. with the band due to the self-trapped holes). 
Thus the process described above may not be the 
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only one occurring when the crystal is exposed to 
V;-light. 
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LETTERS TO 


Superconductivity of Nb,Al 
(Received 30 June 1958 ; in revised form 19 September 1958) 


A NUMBER of intermetallic compounds crystalliz- 
ing in the f-Wolfram structure have been dis- 
covered in recent years. Many of these are super- 
conducting and include almost all of the known 
superconductors whose transition temperature is 
greater than 15°K.{.2) 

The only reported 8-Wolfram compound which 
contains Al is MogAl].®) It is not superconducting 
above 1°K, but a search for B-Wolfram compounds 
between other transition metals and Al resulted in 
the discovery of two compounds of Nb and Al 
which are superconducting, NbsAl which has the 
B-Wolfram structure, and a compound of Nb and 
Al which has been tentatively identified as a sigma 
phase. 

The ingots were made in a small helium arc 
furnace using various compositions between 20 and 
30 at. per cent of Al. The loss of weight during 
melting averaged about 3-5 per cent, a sizeable 
fraction if the loss were all Al, since NbgAl con- 
tains only 8-8 per cent Al by weight. However, 
chemical analyses of four of the ingots which 
yielded the £-Wolfram structure gave the follow- 
ing atomic percentages of Al—22-57, 24-89, 25-06, 
and 25-38 per cent + 1 percent. The sigma phase 
compounds are believed to have higher percentages 
of Al and were not analysed in detail. 

The 8-Wolfram materials had a range of super- 
conducting transition temperatures from 16-8” to 
18°K while the o phase materials ranged from 7° to 
12°K. 

It is a great pleasure to thank Dr. E. A. Woop 
and Mrs. V. B. Compton for their X-ray diffrac- 
tion work, which is separately reported“ and 
Dr. B. T. Matrutas for help with the supercon- 
ductivity measurements, as well as all three for 
much helpful discussion. 
Bell Telephone Laboratories E. CORENZWIT 
Murray Hill 
New Jersey 
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electrical breakdown in  n-indium 


phosphide 


Low-field 


(Received 27 August 1958) 


has 


A REVERSIBLE low-field electrical breakdown 
been observed at 4-2°K in n-type InP crystals. The 
I-V characteristic of a typical crystal exhibiting the 


effect is shown in Fig. 1. It is seen that at V- the 
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Fic. 1. Current/voltage characteristic of an n-InP single 
crystal at 4:2°K. The electric field corresponding to V; 
is 9-1 v/cm. 
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ialt that had a net electron concentration of 
6x 1015/ce and a Hall mobility of 4500 cm?/V-sec 
at 290°K. At 77°K the mobility was 2 x 104 cm?/V- 
sec, while the electron concentration was 5X 
x 10!5/cc, From resistivity (p) versus temperature 
(T) data taken down to 25°K, there appeared to be 
an impurity activation energy 2:2x 10-7 eV. 
However, Hall measurements were taken only at 
77 and 4-2°K. At 4-2°K the Hall coefficient gave an 
electron concentration of 2x 1015/cc and a Hall 
This is indicative of 


ol 


mobility of 100 cm?/V-se« 
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ANNOUNCEMENT 


SYMPOSIUM ON MILLIMETER WAVES 
March 31 and April 1, 2, 1959 


Millimeter Waves will be the subject of the ninth international symposium of the Polytechnic Institute 
of Brooklyn, Microwave Research Institute, to be held in New York City on March 31, April 1, 2, 1959, 
under the co-sponsorship of the Air Force Office of Scientific Research, U.S. Army Signal Research and 
Development Laboratory, Office of Naval Research, and the Institute of Radio Engineers. The sym- 
posium is intended to highlight the present state of research in, and applications of, millimeter wave 
technology. Accordingly, the program will be devoted to invited and contributed papers treating the 
generation, transmission, control, measurement, and detection of millimeter wave energy. In addition, 
source material and significant advances in basic supporting fields will be summarized in tutorial papers 
chosen from appropriate fields in physics and engineering. A more detailed indication of topics which 


fall within the scope of the symposium is given below. 


Interaction of millimeter waves and materials 
Hall effect circuits, circuits utilizing ferromagnetic and paramagnetic resonances, cryogenic circuits, 
ferrite devices, equivalent circuit representations for active and anisotropic structures. 


Solid state active millimeter circuits 

Maser and parametric amplifiers and oscillators, solid state mixers and frequency multipliers, duplex- 
ing and switching circuits, active matching elements, discontinuities in active systems. 
Millimeter electron tubes 

Oscillators and amplifiers such as klystrons, magnetrons, backward wave oscillators, etc., Cerenkov 
millimeter sources, relativistic electron beam harmonic generators and radiators, millimeter-wave inter- 


action with plasmas. 


Radiating circuits and antennas 


Antennas for millimeter waves, equivalent circuits for radiating discontinuities, radio astronomy. 


Coupled line, multimode, and non-conventional transmission systems 


Periodic structures in multimode waveguide, anisotropic media, surface waveguides, quasi-optic 


techniques, equivalent circuits for discontinuities in multimode or non-conventional waveguides. 


Millimeter components 


Filters, transformers, directional couplers, rotary joints quasi-optic component techniques. 


Millimeter circuit measurement techniques 
New measurement methods, measurement techniques for non-reciprocal and active circuits, diagnostic 


measurements of plasmas with millimeter waves. 


The closing date for submission of papers and/or 100 word abstracts is January 30, 1959. All corres- 
pondence should be addressed to: 
Professor HERBERT J. CARLIN 
Microwave Research Institute 
55 Johnson Street 
Brooklyn 1, New York 
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THE FORMATION OF POROUS 


ANODIC OXIDE FILMS ON ALUMINIUM 


T. P. HOAR* and N. F. MOTT? 


* Department of Metallurgy, University of Cambridge 


+ Department of Physics, University of Cambridge 


(Received 18 August 1958) 


Abstract—It is shown that, in order to account for the formation of porous anodic oxide films on 
aluminium, it is necessary to assume that oxygen as well as aluminium is capable of diffusing through 
the compact part of the film. A detailed discussion of the mechanism is given. 


THE purpose of this note is to propose a mech- 
anism for the formation of anodic oxide films on 
aluminium in an acid bath, under conditions such 
that a thick porous film is produced. The discus- 
sion is based on the review of the experimental 
evidence given by Hoar.) 

When aluminium is treated anodically in solu- 
tions of sulphuric, chromic and certain other acids, 
a film of the form shown in Fig. 1 is formed. A 


Electrolyte 


Metal 


Arrows show the path of oxygen through 
compact film. 


Fic. 1. 


compact film AB, of about the same thickness as 
that formed at the same bath voltage in non-acid 
(e.g. borate) solutions, is formed initially, after 
which a much thicker porous film BC continues 
to grow while a proportion of the metal oxidized 
appears as Al}; in the acid solution. 

A theory of the compact film was proposed by 
VERWEY(?) and discussed further by CABRERA and 
Mott, ®) Dewa.p, (4-8) BEAN, FISHER and VERMIL- 
yEA(”) and others. All agree that aluminium ions 
pass through the film and neutralize oxide ions 
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formed at the interface between oxide and elec- 
trolyte. It is generally agreed, too, that the pro- 
bability per unit time that an ion makes a jump 
(i.e. moves into an interstitial position in the oxide, 
or from one interstice to another) is of the form 


(1) 


where y is its vibration frequency, W is an activa- 
tion energy, g the ionic charge, a of the order of 
2A and F the field in the oxide film where the 
jump is made. There is uncertainty (DEWALD®)) 
about whether the rate-determining step of the 
overall process is that of pulling the ion out of the 
metal into an interstitial position in the oxide, or 
pulling an ion out of the oxide lattice itself, leaving 
a mobile vacancy and a mobile interstitial ion, or 
pulling an interstitial ion from one interstice to 
another. This need not concern us here. 

In a borate bath the formation of an oxide film 
at constant voltage proceeds only until F drops so 
that the rate given by (1) is very small. In the acid 
bath the essential points that have to be explained 


vy exp{—(W—gaF)/kT}, 


are: 


(a) From the bottom of the pores some oxygen 
must pass through the film. Only thus can we 
explain a reaction initiated at the bottom of the 
pores which makes the porous film as a whole grow 
thicker, so that there is an increasing separation 
between the metal and the surface A in Fig. 1. 
The suggested path of the oxygen is shown in Fig. 
1 (PM, PN). 
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(b) At the same time the acid must dissolve the 
oxide at the bottom of the pores, keeping the thick- 
ness of the compact film constant. Various authors 


have suggested that this may occur at a sufficient 


rate because the base of the pore will become hot; 


we shall offer an alternative explanation. 


Our explanation of both (a) and (b) is based on 
the following consideration. If AloOg is in contact 


acid, solution of the oxide involves the 


with an 
passage of the Al®* ions into the electrolyte and 
the combination of the oxide ions with hydrogen 
ions to form water. This process, as has been 
pointed out by many authors, is slow at ordinary 


temperatures but could be accelerated if the 
electrolyte is hot; but, as we have stated above, it 
is in any case not sufficient to explain the observed 
We the following. Fig. 2 


phenomena suggest 


a 


7 


Metal 
Fic. 2. Oxide surface in contact with electrolyte. 
shows schematically a portion of the oxide in con- 
tact with the electrolyte; we represent it as crystal- 


line, so that the process of solution involves the 


successive removal from a kink site of anions (A) 
and cations (B). We consider that the (large) 
anion O2- cannot normally move in the reverse 
direction—i.e. into an interstitial position in the 
oxide and thence through the film. But at the base 
of the pores there are two factors that will aid the 


transfer of oxygen through the film: 


(a) A high field pulling the anions in this direc- 
tion 

(b) The presence in the acid of hydrogen ions, 
which may well lead to the production at A of a 
hydroxy] ion instead of an oxide ion, 


O2-+ H+ = OH-. 


The energy for movement into an interstitial 
position and thence through the oxide is likely to 
be much smaller for the small singly charged 
hydroxyl ion than for the large doubly charged 


oxide ion. Under the influence of the high field, 


HOAR and N. F. 


MOTT 


it will move through the oxide and neutralize Al** 


formed at the metal/film interface. If oxide rather 
than hydroxide is the final product, positive hydro- 
gen ions could then be released and move back to 
the electrolyte, perhaps by proton transfer 
between the lattice O2- ions (FEITKNECHT ef 
al.8-11); Hoar@?); Jones and WyYNNE-JoNEs(9)). 

During the growth of the porous film, then, two 
processes are going on in the region of P in Fig. 1 
at such a rate as to keep the compact film thickness 
constant there. These are: 

(1) Aluminium ions from the area MN move 
towards P and neutralize O?- as in the formation 
of compact films in a non-acid bath. 

(2) Aluminium ions go into solution at P and the 
corresponding anions move through the oxide 
film as OH-, neutralizing Al®+ ions formed from 
the metal at the interface MN (Fig. 1). This will 
tend to make the bottom of the pore approach 
closer to the metal, because the oxide ions from the 
bottom of the pore are spread over a bigger area 
MN. 

The rates of the two processes will depend on the 
thickness of the film in different ways. If the field 
F were constant through the oxide film, we should 
have for the rate of process (1), since g = 3e, 


V exp} —/( W, —3ea,F) kT}, 


where W}, a, are the relevant quantities for the 
interstitial aluminium ions; while for the rate of 
transfer of the singly charged OH- we should 
similarly have 


v exp{—(W2—eazgF)/kT}. 


If Wo < W, and ao ~ ay, then for some value of 
the field, and hence (for given applied voltage) for 
some value of the film thickness, these two rates 
will be equal. It should be emphasized that both 
these processes give the rate of transfer of an ion 
across an interface, and that once so transferred it 
moves through the oxide comparatively easily, so 
that no space charge is set up. 

Any quantitative analysis, however, will be com- 
plicated by the fact that, as Fig. 1 shows, the field 
strength must be greater at P than at MN. In fact 
the proposed mechanism will keep the pores open; 
if the curvature of the bottom of a pore becomes 
too great, the field will increase there and as a 
consequence oxide will be decomposed more 
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quickly, the metal ions going into solution and the 
OH7- ions into the oxide. 


REFERENCES 


1. Hoar T. P., “The anodic behaviour of metals’’, 
Modern Aspects of Electrochemistry (Edited by 
J. O’M. Bocxris) Vol. II, in press. Butterworths, 
London (1958). 
. VERWEYE J. W., Physica 2, 1059 (1935). 
. CABRERA N. and Mott N. F., Rep. Progr. Phys. 12, 
163 (1948). 
4. DEwALp J. F., Acta Met. 2, 340 (1954). 
. Dewa_p J. F., J. Electrochem Soc. 102, 1 (1955). 


OYIDE FILMS ON ALUMINIUM 99 


. Dewa_p J. F., J. Phys. Chem. Solids 2, 55 (1957). 
7. BEAN C. P., FisHerR J. C., and VeRmiLyga D. A., 


Phys. Rev. 101, 551 (1956). 


. FEITKNECHT W. and Marti W. Helv. Chim. Acta. 


28, 129 (1945). 


. FEITKNECHT W. and KELLER G., Z. anorg. Chem. 


262, 61 (1950). 


. FEITKNECHT W. and ZBINDEN H, Chimia 5, 110 


(1950). 


. CHRISTEN H. R., FEITKNECHT W., and STUDER H. 


Z. anorg. Chem. 283, 88 (1956). 


. Hoar T. P., J. Inst. Met. 72, 436 (1946). 
. Jones E. and WyNNE-JoNEs W. F. K., Trans. Fara- 


day Soc. 52, 1260 (1956). 





J. Phys. Chem. Solids 


PRESSURE DERIVATIVES 
N 


Pergamon Press 1959. Vol. 9. pp. 100-112. 


Printed in Great Britain. 


OF THE ELASTIC CONSTANTS 


MAGNESIUM 


OF ALUMINUM AND 


R. E. SCHMUNK* and CHARLES S. SMITH 
Case Institute of Technology, Cleveland, Ohio 


(Received 19 September 1958) 


Abstract—The pressure derivatives of the elastic stiffness constants of aluminum and magnesium 
have been measured over a pressure range from 0 to 6500 bars, by a modified ultrasonic pulse-echo 


The values found are: 
dC /dP 
A] 2:31 


method 
dC’ /dP 
1-62 


dB;/dP 
5-19 

d¢ UW dP dc 33 dP dC dP dC’ dP 
6°11 


dCy/dP 


Mg 1-58 1-36 13-7 


The notation C = Cy, C (Ci: —Cyz)/2, B (Cy, +2Cy2)/3, and Cy Ci +Cizg +2C 33 —4Ci3 


has been used. The pressure data for aluminum have been interpreted in terms of LEIGH’s theory for 


the elastic stiffnesses themselves, and the magnesium data in terms of the similar theory of REITz and 
SMITH. Variation of the effective charge density at the boundary of the atomic polyhedron under 
volume strain causes the electrostatic contribution to the shear stiffnesses to vary approximately as 
r~® instead of r~* for both metals. Electron transfer from states overlapping one type of Brillouin- 
zone face to states overlapping another type of face under volume strain contributes appreciably to the 


variation of the Fermi shear-stiffness contribution with pressure. 


1. INTRODUCTION 
CONTRIBUTIONS to the 
nesses of aluminum have been suggested by 
Lercu) in a theoretical calculation which accounts 


fundamental shear stiff- 


for the observed values of the shear stiffnesses in 
that metal. The anisotropy ratio of the electro- 
static contribution to the 
£2C44/(Cu—Ci2)}.;, has a value of 8-9, the same as 


shear _ stiffnesses, 
for face-centered cubic monovalent metals. Be- 
cause of the large separation between ion-cores in 
the crystal, the short-range repulsive interaction 
makes a negligible contribution to the shear stiff- 
nesses. The low value of the anisotropy ratio of the 
observed shear stiffnesses, 1-22, is accounted for 
by the Fermi contribution, which, in fact, has a 
negative anisotropy ratio. 

Company, Atomic 


*Now at Phillips Petroleum 


Energy Division, Idaho Falls, Idaho. 


Reitz and SmitTH®) extended LeIGH’s calcula- 
tion to include crystals of lower symmetry, and 
their results were used to account for the observed 
values of the shear stiffnesses of pure magnesium. 
Contributions to the shear stiffness of magnesium 
arise from changes in the electrostatic and Fermi 
energies of the crystal as a function of strain, in the 
same way as for aluminum. 

It is expected that contributions to the pressure 
derivatives of the elastic stiffnesses would arise 
from the same two sources. The theoretical electro- 
static and Fermi contributions to the shear stiff- 
nesses contain electron parameters which were ad- 
justed in physically plausible ways to account for 
the stiffnesses and for other physical data. These 
contributions, as well as the parameters, must de- 
pend on the volume of the crystal in a plausible 
way. Thus, measurement of the pressure deriva- 
tives of the elastic stiffnesses of aluminum and 
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magnesium enables one to test further the models 
of LeicH and of Reitz and SMITH, and to shed 
further light on the location of the electrons in real 
and crystal momentum space. 

Previous measurements had been made on the 
pressure variation of the elastic stiffnesses of 
aluminum by Lazarus.@) These measurements 
have been repeated, using the ultrasonic pulse- 
echo method with modifications, and arranging to 
measure directly both of the shear stiffnesses of 
theoretical interest, which LAzARus was not able 
to do. The pressure variations of the five elastic 
stiffnesses of magnesium have also been measured, 
again with the experimental arrangement emphas- 
izing the quantities of theoretical interest. 


2. EXPERIMENTAL PROCEDURE 
(a) Aluminum 

The high-pressure system that was used for the 
present experiment was developed by W. B. 
DaniELs of this laboratory.) There have been 
no changes in the system since the previously re- 
ported work. 

The aluminum single crystal on which measure- 
ments have been made was purchased from the 
Virginia Institute for Scientific Research. This 
crystal was 6 in long by 2 in. in diameter and was 
oriented to within 2° of [110]. Specimens of 
desired length were cut by means of a water- 
cooled abrasive wheel, with the crystal held close 
to the point of cut-off in a brass collet chuck. 
Acoustic surfaces were prepared on the specimens 
by means of the lapping technique used previously 
in this laboratory.©-6 Cold work on the acoustic 
surfaces was reduced as much as possible by etch- 
ing. 

The 10-mc quartz transducers used for the 
ultrasonic measurements were cemented to the 
acoustic surface of the aluminum specimens by 
polythylene used in the manner described by 
DaniELs.) An electrode was painted directly on 
the transducer with du Pont 4817 silver conduct- 
ing paint. The differential compressibility between 
the quartz transducer and the crystal specimen is 
small in the case of aluminum. This was confirmed 
experimentally by the fact that the quartz trans- 
ducers did not crack with the application of hydro- 
static pressure as they had done in previous work 
with copper, silver, and gold, where the differ- 
ential compressibility is large. 
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The velocities and their changes with pressure 
were measured for the longitudinal wave and two 
shear waves in aluminum, using the ultrasonic 
pulse-echo method. The ultrasonic gear had been 
modified previously in such a way that the un- 
rectified echo pulses were observed on the oscillo- 
scope. By identifying a particular cycle in the 10- 
mc structure of an echo pulse, as one went from 
one echo to the next, and measuring the time differ- 
ence between these cycles, it was possible to ob- 
tain a transit time for which no end correction was 
necessary. This procedure is not unambiguous, but 
the velocities determined were verified by mea- 
surements on crystals of different length. The mea- 
surements are also in agreement with determina- 
tions made in this laboratory some time ago on 
aluminum in which rectified echo pulses were 
used, for which a transit-time correction was neces- 
sary. (8) 

The method used to take data on the change of 
transit time with pressure was to measure the 
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Fic. 1. Typical data plot showing the difference between 
the time, te, of arrival of one of the maxima of echo No. 7 
of the longitudinal wave in a 3:164-cm-long aluminum 
crystal and a fixed time-marker, tm, as a function of 
pressure-gauge coil resistance, R,. 
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Table 1. Pressure data for the longitudinal wave for two aluminum crystals. The 

echo number is n, and the echo arrival time is Tn. To is the zero pressure 

transit time and Rg the pressure-gauge resistance. Units of (1/nTo)(dTn/dRg) 

are 10-3 ohm-1. Experiment 3’ on crystal A was performed with the same 

cementing of the quartz on the specimen as experiment 3. The same statement 
applies to crystal C for experiments 2, 2’, and 2”. 


Crystal A (length 3-164 cm) 


1 dT, 
Experiment Run he 


No. No 


change in time of arrival of a particular maximum 

10-mc echo structure, relative to a fixed 
time-marker, as the pressure was cycled up and 
A typical data plot is 
showing the difference between 


then down several times 
given in Fig. 1, 
time of arrival of one of the maxima of echo No. 7 
of the a 3-164-cm-long 
aluminum crystal and a fixed time-marker, as a 
function of The 
pressure range of these data is about 6400 bars. 


longitudinal wave in 


pressure-gauge coil resistance. 
Data points were taken about 5 min after each 
pressure change in order that the system be near 
thermal equilibrium. Absence of hysteresis justifies 
the time interval chosen. In some cases the data 
plots showed a slight departure from linearity, the 
departure always being concave upward. How- 
ever, this was not observed consistently for any 


nT, dR, 


Crystal C (length 2-205 


Run 


No. 


Experiment 


No. 


nT, dR, 


4-62 
4-67 
4-60 
4-54 


slope for the full range of 
a least-squares method did 


given wave, and the 
data as computed by 
not show any marked difference from slopes com- 
puted where the data did plot as a straight line. 
The pressure range for an experiment was gener- 
ally about 6500 bars, and the full range of data was 
used in computing a least-squares slope, although, 
strictly speaking, we are interested in this paper 
curves. This 
zero-pressure 
transit time, Zo, enables one to compute the 
quantity (n7o)-! dT;,/dRg, where n is the number 
of the echo under observation, 7, is the observed 
time of arrival of the mth echo, and Rg is the pres- 
sure-gauge coil resistance. Since one can express 
the pressure-gauge coil calibration as dP = kdRg, 
and 7,(P)=nT(P), the quantity (7ok)7} 


only in the initial slope of these 
slope, together with the measured 
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dT,/dRg represents the fractional change of 
transit time with pressure, (To)-! d7/dP. 

A series of data points taken for AP of a given 
sign will be called a run, and four runs, or two 
pressure cycles, constitute an experiment. A 
quartz transducer was generally in place for one 
experiment and then changed for the next. A value 
of (T>)-! dT/dP was computed for each pressure 
run, and the arithmetic mean of such numbers was 
used to obtain a result for the experiment. 

Measurements were made on three aluminum 
crystals of different lengths: A 3-164 cm, B 1-349 
em and C 2-205 cm. Crystals A and B were used in 
measuring the elastic stiffnesses at zero pressure 
and their pressure derivatives. Because of the 
difficulty of obtaining consistent data for the pres- 
sure derivative of the longitudinal wave in crystal 
B, further pressure measurements on the longi- 
tudinal wave were made with crystal C, of inter- 
mediate length, to compare with data taken on 
crystal A. All pressure-run data for the longi- 
tudinal wave in crystal C are compared, in Table 1, 
with similar measurements made on crystal A. The 
average deviation of the quantity (7o)-! d7/dP, 
computed for a given run, from the arithmetic 
mean of the same quantity for all pressure runs on 
the longitudinal wave is 1 per cent for crystal A 
and 1:1 per cent for crystal C. These numbers are 
also representative of the reproducibility for cry- 
stals A and B of pressure data taken for the shear 
stiffnesses. 

For cubic crystals with orientation near [110], 
the elastic stiffnesses Y are given by: 


Bs+4(4—T)C’+41C, 
C+2a,(C’—C), (1) 
C+2a(C’—C). 


Yo refers to the longitudinal wave, while Y4 and 
Y5 refer to the slow shear and fast shear waves, re- 
spectively. The notation C = Cy, C’ = (Cu— 
—Cy2)/2, and Bs = (Cy+2Cj2)/3 has been used, 
Bs being the adiabatic bulk modulus. The orienta- 
tion functions I’, ay, and a2) are independent of 
pressure for cubic crystals. The stiffness Y is ex- 
pressed experimentally as the product of density 
times velocity squared. ‘This enables us to write: 


| @Y 
Y dP 
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where Br is the isothermal bulk modulus and all 
derivatives are to be evaluated at zero pressure. 
The zero pressure values for Y and the results of 
the pressure measurements enable one to compute 
dY/dP for each of the three waves in aluminum. 
These values are then introduced into the pressure 
derivatives of equations (1) to determine the pres- 
sure variation of C, C’, and Bs. For a crystal of 
exactly [110] orientation, C and C’, and their pres- 
sure derivatives, are determined directly, whereas 
Bs is derived from a combination of all three mea- 
surements. 

After all measurements had been made on a 
given crystal, one of the acoustic surfaces was 
etched and a back-reflection Laue X-ray pattern 
taken to determine the orientation of the crystal. 
The alnaminum specimens measured were all 


within 2° of [110]. 


(b) Magnesium 

Magnesium was handled in the same way as 
aluminum though with certain variations, arising 
principally in the lower symmetry. The mag- 
nesium specimens that were measured were grown 
in this laboratory by Mr. T. R. Lone. An acid 
string saw was used to cut the specimens to size 
and length. Because of the agreement of pressure 
data taken on aluminum crystals of different 
lengths, end effects were considered negligible in 
making pressure measurements on magnesium. 
In the case of magnesium there are five elastic 
constants, ®) and hence more than one direction of 
measurement was necessary. One crystal was ori- 
ented for wave propagation along the c-axis of the 
specimen. This crystal was used to determine C3g 
and C4, and their pressure derivatives directly, C33 
from the longitudinal wave velocity and C44 from 
the shear wave. A second magnesium specimen 
was prepared with two pairs of acoustic surfaces. 
One pair of surfaces was oriented for wave pro- 
pagation: perpendicular to the c-axis. In this case 
Ci; and its pressure derivative were measured 
directly with the longitudinal wave, while C’ = 
(Cy; —C}2)/2 was determined by using a shear wave 
with particle vibration in the basal plane. The 
second pair of acoustic faces on this crystal was 
oriented perpendicular to the first pair, with a 
direction of propagation at an angle of 41° to the 
c-axis. A shear wave with particle motion in the 
plane containing the c-axis, for this direction of 
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propagation, provided the fifth independent mea- 
surement. This shear stiffness is denoted by C” 
which is given in terms of the conventional stiffness 


constants by: 
hy (Ci, —2Cig+ C3g)n2x2+ (x? —n?)?C 44. 


The direction cosine for the angle between the c- 
axis and the direction of wave propagation is de- 
noted by , and n°+«* - 

The pressure data for magnesium were inter- 


preted by the general equation: 


l d 
y Pp 2k7(a)—k7(c)+ 
a (4) 
2 aT \ 


+2 sin? 6[k7(c)—kr(a)]— —-—, 
dP 


where k7(c) and kr(a) are the isothermal linear 
compressibilities along the c-axis and directions 
perpendicular to that axis respectively, and the 
direction of wave propagation is at an angle @ to the 
c-axis. The pressure data for C’’ were combined 
with the other pressure data to evaluate the deriva- 
Cy = (CutCiet+ 


Cy corresponds to a strain which 


tive of the shear stiffness 
2C33—4C}3) 
changes the c/a ratio at constant volume, leaving 


the symmetry of the crystal unchanged 


3. RESULTS 
(a) Aluminum 
It is felt that the present re ported values of the 
elastic stiffnesses of aluminum represent the best 
determinations of these constants to date. The only 
previously reported pulse-echo determination for 


aluminum is that of Lazarus,) who was not able 
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to measure separately the Yq or C’ velocity. ‘The 
data given in Table 2 for the elastic stiffnesses C, 
C”, and C’y; were directly determined; Cj; refers 
to the longitudinal stiffness which is given by 
1(Ciy + Ci2+2C44). The adiabatic bulk modulus was 
determined from a combination of the three ex- 
perimental quantities using equations (1), while the 
isothermal bulk modulus was determined by means 
of the equation: 


Bs ~ Br(1+ TVB2Br/Cp) (5) 


where f, the cubical coefficient of thermal expan- 
sion, equals 7-11 x10-5(°C)-! and the specific 
heat is Cp = 5-70 cal (mole deg)-1.4% V is the 
molar volume and 7 is room temperature, taken as 
298°K. The internal agreement of the data for the 
two crystals is excellent, particularly for the directly 
determined stiffnesses. As indicated previously, 
crystals A and B, for which data are reported, are 
considerably different in length. The value 2-699 
g cm~? for the density of aluminum, as calculated 
from the value 4-050 A for the lattice parameter,“ 
has been used to obtain the elastic stiffnesses. 
The average values given in Table 2 were used 
in computing Table 3. The adiabatic compliances, 
Sij, were determined from the adiabatic stiff- 


nesses, C;,;, using the relations: 


(Si:—Sj2) 


(Cu—Ci2)4, | 


C44 1 


S44 


(S114+2}2) 


(6) 
(Ci +2Ci2)71. 


The adiabatic compliances were corrected to iso- 
thermal by means of the thermodynamic relation: 


(/) 


Table 2. Adiabatic elastic stiffnesses and isothermal bulk modulus of aluminum 


at 25°C. ZENER’s notation for the fundamental shear stiffnesses C 


C44 and 


C’ = (Cy,—Cyj2)/2 has been used. C’y, is the longitudinal stiffness given by 
(Cy +Ci2+2C44)/2. Units are 1012 dyne cm-?. 


Length 
(cm) 


00-2832 
0-2831 


3-164 
1-349 


Average 


0-2319 
0-2319 


B, Br 


0-7269 
0°7275 


0-727 


0-7637 
0:7644 


‘764 
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The value of 1, the coefficient of linear expansion, 
is determined from f above. Isothermal stiffnesses 
were then computed from the isothermal compli- 
ances, using the conversion relations (6). 


Table 3. Values at 25°C for pure aluminum of the 
average adiabatic elastic stiffnesses C’, the computed 
adiabatic compliances S*, the isothermal compli- 
ances, S", and the isothermal stiffnesses C? . Units are 
10!2 dyne cm=? for C and 10-12 dyne=! cm? for S. 


Term 

Subscript i Ss S? Cc? 
11 1-073 58 

12 0-609 573 

44 0-283 533 


1-039 
0°575 


0-283 


1-589 
0:°566 
3-533 


Values of the pressure derivatives of the elastic 
stiffnesses of aluminum in Table 4 were obtained 
from the experimental data as described in the 
previous section. The average deviation from the 
mean for all pressure-run data on aluminum was 
1-9 per cent for the longitudinal wave and 1-1 and 
1-2 per cent for the slow shear and fast shear waves, 
respectively. The latter two numbers are felt to 
represent the accuracy of the measurements on the 
shear stiffnesses, whereas the uncertainty of the 
pressure derivative of the bulk modulus is placed at 
4 per cent. 

The average value for dC/dP was used in cal- 
culating dC/d1nr, which is given by the relation: 

dC/d\nr = —3BrdC/dP. (8) 


This relation holds similarly for C’ and Bs. 
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BRIDGMAN’s compressibility data are usually ex- 
pressed as the coefficients a and 4 in the equation: 


AV /Vo = —ap+bp?, (9) 


where a is the reciprocal of the isothermal bulk 
modulus and 3 is related to the pressure derivative 
of the bulk modulus by: 


1 
aa 


b= . are : (10) 


The value of a quoted from the present results was 
determined from the average value of Br as given 
in Table 2. The coefficient b was computed by 
means of equation (10), where the pressure deriva- 
tive of the bulk modulus was first corrected from 
adiabatic to isothermal by means of the exact form 
of equation (5) and standard thermodynamic data. 
The comparison with BRIDGMAN’s(!2-18) coefficient 
ain Table 5 is good, the values differing by 0-5 per 
cent. The 20 per cent difference in the b coefficients 
is outside the statistical uncertainty of the present 
experiments and is in the same direction as the 
differences encountered for copper and silver and 
also, according to a recent analysis“4) of Bripc- 
MAN’s data, for gold. The results of the analysis by 
GILVARRY“!4) on some of BRIDGMAN’s latest data(®) 
for aluminum to 30,000 bars are also given for 
comparison in Table 5. This systematic dis- 
crepancy is not understood, but we feel we must 
stand on the present method. It should be pointed 
out that the value of 56 quoted from the present 
results comes from the slope of a raw-data plot, 
while in BRIDGMAN’s method it comes essentially 
from the curvature. Also it is probably significant 
that the present value of the 6 coefficient is based 
on closely spaced data to the relatively low pressure 


Table 4. Pressure derivatives of the elastic stiffnesses of aluminum. The average 
values given have been weighted according to the amount of data taken on each 
crystal. 


Remarks 








dC/dP 
dC/dP 
dC/dP 
dC/dP 
dC/dinr 
din C/dinr 


Crystal A, 298°K 
Crystal B, 298°K 
Crystal C, 298°K 
Average 

Units of 10? dyne/cm? 
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Comparison of present values of compressibility data for aluminum 


with the BRIDGMAN values. The values are expressed as the constants a and 


— ap+bp?. 


b in the equation AV/Vo 


BRIDGMAN* GILVARRY+ 


13-40 
4-64 


13-58 
4-86 


* See references 12, 1: 


+ See references 14, 15 


of 6500 ba 


rs, whereas the } coefficient of BRIDGMAN 

describes the dependence of volume on pressure 

over a much wider pressure range. Another syste- 

atic difference is that BRIDGMAN’s measurements 

polycrystalline materials. Finally, we do not 

the possibility of an undiscovered syste- 

or in our longitudinal wave-velocity mea- 

mn which the bulk modulus depends 

‘hese velocities are always more difficult 

than the shear velocities with which we 
ncipally concerned here 


lable 6 a comparison is made of the present 


fable 6. Comparison of the pressure derivatives for 


the shear stiffness ( C44 and the longitudinal 


stiffness ( 1(Ci+Cio+2C4q) of aluminum with 
values calculated from WLazarus’s table of data 
7 hleSeé hoth 


stiffnesses were directly measured in 


experiments 


, h] 
Ta if 


C 


Present work Units 


10-7 cm?—kg™ 
10-1? cm*—kg-? 


pressure measurements on aluminum with mea- 
surements made by Lazarus.) Values of the elastic 
stiffnesses at different pressures were calculated 
from the data given in Lazarus’s Table 1, and a 
least-squares slope calculated from these data gave 
the values quoted for the pressure derivatives of 
the longitudinal stiffness c’}; and the shear stiffness 
C. The values for the shear stiffness appear to be 
in good agreement; however, they are not con- 
sistent with the value 7:49 x 10-6 bars-! which 
LAZARUS specifically quotes for (e ln C/é P)r in his 
paper. Comparison of the pressure derivatives of 
the longitudinal stiffness shows a considerable 


difference. For this reason they are the data for 


-_ 


just this stiffness which are illustrated in Fig. 1 and 


given in full in Table 1 


(b) Magnesium 

Measurements made by the present investigators 
on the zero-pressure elastic stiffnesses of mag- 
nesium are in good agreement with the values of 
LonG and Situ, ® which are quoted in Table 7. 
With the exception of Cy, all of the pressure deriv- 
atives of the elastic stiffnesses given in Table 7 
The 


from the mean of all pressure run data, in per cent, 


were directly measured average deviation 


Adiabatic elastic stiffnesses of magnesium and their pressure derivatives at 25°C. The values of the 
stiffnesses are those of LONG and SmitH.) Cy is the shear stiffness (Ci, +Cj2+2C33 


4C'}j3). 


Units 


0-1639 
1-58 
1°63 
9-92 


10'* dyne 


10’? dyne 
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for the different stiffnesses are as follows: Cy,1°3, 
C330-6, C2-7, C’0-6, C’’0-5. By the propagation of 
errors this leads to an uncertainty for the pressure 
derivative of Cy of about 5 per cent. Equation (8) 
was used to calculate dC/d nr for the elastic stiff- 
nesses of magnesium. This relation does not strictly 
apply, since dln V = 2d1n (a)+d In (c)  3dInr. 
However, the approximation dIn V ~ 3dlnr and 
hence dC/dlnr ~ —3BydC/dP is rather good, the 
linear compressibilities in the c- and a-directions 
differing by only 6 per cent. The value of the iso- 
thermal compressibility which was used was com- 
puted from Lonc and Smirtn’s values of the linear 
compressibility. 


4, INTERPRETATION 

(a) Aluminum 

The elastic stiffness of a crystal can be expressed 
as the second derivative of the crystal binding 
energy with respect to the appropriate strain. For 
monovalent metals it is generally assumed that 
there are two important contributions to the elastic 
shear-strain energy of the crystal: (1) a purely 
electrostatic term representing the difference of 
electrostatic energy of the ion-cores in the strained 
and unstrained geometry, and (2) a term arising 
from the change in the short-range repulsive inter- 
action of the ion-cores. The Fermi surface is ap- 
proximately a sphere lying wholly in the first 
Brillouin zone, and movements of the zone bound- 
aries as the metal is sheared have little effect on the 
Fermi energy. For metals of higher valence, how- 
ever, the Fermi energy is affected by shear and 
therefore contributes to the elastic stiffness of the 
crystal. 

LEIGH”) proposed a theory which accounts for 
the observed 
Before speculating about the pressure derivative 


shear stiffnesses in aluminum. 
of the shear stiffnesses, the details of LEIGH’s 
theory will be examined. In aluminum the ion- 
cores are small and the short-range repulsive inter- 
action is negligible. Contributions to the shear- 
strain energy then are the electrostatic and Fermi 
terms. 
For the electrostatic contribution LEIGH modi- 
fied Fucn’s® terms, 
QC’ = 0:1058e?/2a 


OQCr = 0-9479e?/2a per atom, 
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which had been evaluated for monovalent metals, 
to fit the case of trivalent aluminum. Q represents 
the atomic volume and a is the lattice parameter. 
The modified electrostatic terms are 


Cr = Zen( 1-639 x 1011) dyne cm 2 4 
) 


C’g = Z7en(0-183 x 1011) dyne cm, 


where Z,¢ is the effective charge density at the 
boundary of the atomic polyhedron. 
In Fig. 2 is shown the first Brillouin zone for 


: OD 











B 
Pp 
(b) LH 


Fic. 2. (a) The Brillouin zone of aluminum, showing the 

positions of electron overlap. (6) The Brillouin zone of 

magnesium, showing the positions of electron overlap 
and holes. 
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aluminum, a truncated octahedron. The first zone 
has sufficient states for two electrons per atom with 
each state doubly occupied. The remaining electron 
occupies states overlapping the hexagonal and 
square faces. LeiGu divided the Fermi contribu- 
tion into two parts: a contribution from the first or 
filled zone and contributions from overlap elec- 
trons. The full zone contributions to C and C” are 


Z() 1° ah? 


(12) 


and 


ma® 3ma° 


respectively, where x is the reciprocal effective 
mass ratio, and a is the lattice parameter. General 
expressions for the overlap contributions to the 


shear stiffnesses are 


1 /8 


NN} Kk, _ 
3 


16 
NV, En? +2n E; 


2 y 


1 /8 
( -2,. Ey +2nsEs—2N,E;? J, 
QM \3 
r C and C 


rons per atom overlapping a pair of hexagonal or 


respectively. ‘The number of elec- 


square faces is given by mp or ns. Nx and Ns are the 
corresponding contributions to the density of states 
per atom at the Fermi level, and E, and E; are the 
equilibrium-position energies at the centers of the 
Brillouin-zone The 
positive terms in equations (13) arise from the shift 


faces in the second zone. 
of the energy surfaces as a whole with the zone 
faces during shear, and the negative terms result 
from electron transfer between zone faces during 
shear. This latter effect is displayed in Fig. 3 for 
both C and C’”. 

The sum of terms for C or C” in equations (11), 
(12), and (13) gives the total contribution to each 
shear stiffness. In order to assess the relative con- 
tributions of the various terms for C and C’, 
LEIGH made use of four pieces of experimental 
information to fit parameters in his theory: (i) and 
(ii) the observed values of the two shear stiff- 
nesses, (iii) the density of states, N({o), at the 
Fermi level as determined from electronic specific- 
heat data, and (iv) the value of the energy at the 
Fermi level, 0, from the width of the soft X-ray 
emission spectrum. The value of N({o) is used in 
the normalization condition 
4N,+3Ns5 


N(£0); (14) 


CHARLES S. SMITH 
and, assuming that all states in the first Brillouin 
zone are occupied, we have in addition 


4ny,+3n, = 1. 


Fic. 3. Schematic representation of the Brillouin zone 


and overlap electron populations of aluminum in various 

strain states. Electron-overlap populations for the square 

and hexagonal faces are denoted by S and H respectively. 

(a) Unstrained, (b) C’ shear strain, (c) C shear strain, and 
(d) negative volume strain. 


Experimental values of the shear stiffnesses used 
by Leicu were those of Lazarus.) Since one of 
these stiffn C’ had been determined indi- 
rectly and differed from the present reported 
value by 10 per cent, LEIGH’s model was fitted to 
the present values of the shear stiffnesses of alum- 
inum, as given in Table 2. This revision was neces- 
sary before an evaluation of the pressure derivatives 
of the shear stiffnesses was made. Contributions 
to the shear stiffnesses based on LEIGH’s model and 
the present reported values for C and C” are given 
in Table 8. The parameters Ep, Es, and a with 
values of 9-2 eV, 11-2 eV, and 1, respectively, were 
not altered in the present fitting. Parameters for 
which small adjustments have been made and their 
new values are Z 26°75, mp,0-233 per atom, 
ns0-022 per atom, N;,0-134 per eV atom, and 
N;0-026 per eV per atom. 

The pressure derivative of the shear stiffness 
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Table 8. Constitution of the present observed shear stiffnesses of aluminum 
as explained by LEIGH’s model. Units are 1012 dyne cm-?. 


Contribution 





Coulomb (Cz) 

Fermi: Full zone 
Hexagonal overlap 
Square-face overlap 

Net Fermi (Cr) 

Total (observed) (Cz +Cr) 





may be expressed in terms of the quantity 7, which 
is defined by the first equality of 


a= —dI\|nC/dlinr 


where 7, = —dI|n Cp/d|nr,7, d\n Cr/dinr 
and C = Cg+Crp. The quantity 7’ is defined by the 
same relations, where C, Cz, and Cr are replaced 
by C’, Cr’, and Cp’. The electrostatic contributions 
(11) to C and C’ may be written in the form: 


Ce = KZea/r' and Cp! = K’Zea/r4, 11’) 


which according to equation (16) gives7, = 7’; 

4, assuming Z2_ constant. Noting that Cp, the net 
Fermi term, is given by the sum of equations (12) 
and (13), we can assign a value of 5 to the coefh- 
cient 7, where it is assumed that « in equation (12) 
is independent of pressure and that the atomic 
volume, in equation (13) is differentiated as well as 
E, but that Ny, and Ng are treated as constants. 
That is, 


d(QC) 
dC/d\nr -—_—— —3C 
2 dinr 
applies for the differentiation of equation (13), and 
the differentiation of E is assumed to be the same 
as for the free electron case. It is convenient here 
to express N;, and Ns in terms of mp and mg, as it is 
expected that N; = const. Q?/3n,;1/3, Substitution 
of the values 4 and 5 for 7, and 7; in the defining 
equation (16) for 7, where the values of Cg and Cr 
given in Table 8 are used, one obtains values of 1-1 
and 4-5 for z and 7’, respectively, in contrast to the 
observed values of 17-8 and 15-2. 
Examination of the second equality of equation 


(16), 


0-1500 
0-5400 
—0Q-5817 
0-1083 
0-232 


7 am,C, aie 
v t 

in the case of the stiffness C for which Cr is large 
and negative, according to Table 8, shows that there 
are two possibilities of achieving a large value of x. 
One possibility is 7, >a, > Op, the second is 
7, > 0 > ap. Recalling that for C’ both C’g and 
C’r are greater than zero, the condition 7, 

> ap > 0 would give a weighted value for 7’, 
7, > > ap, whereas the second possibility, 
Tt > - 7, would give a smaller value for 7’ and 
would seem less probable. Thus, to have both 7 and 
7’ large implies the condition 7, > 7, > 0. 

The possibility of having a large value for 7, 
does not seem unreasonable, as Z,,, the effective 
charge density at the boundary of the atomic poly- 
hedron, undoubtedly depends on r. In any case, 
recent measurements of the pressure derivative of 
the shear stiffnesses of monovalent sodium,” a 
metal for which the shear stiffness is given almost 
entirely by the electrostatic contribution, have in 
fact suggested a value for 7, of about 7-3 in contrast 
to the value of 4 one might predict from simple 
theory, and we may logically expect a similarly 
large value in aluminum. 

Taking 7, = 5, it is possible to obtain the ob- 
served value of either 7 or 7’ by adjusting 7, but 
not both of them simultaneously. Some adjustment 
of zr, is necessary, and it should be recalled that in 
assigning a value of 5 to 7, for the overlap Fermi 
terms it was assumed that the overlap populations, 
np, and ns, did not change. The large negative con- 
tributions to C and C’ due to electron transfer, as 
exhibited in Table 8, suggest that electron transfer 
under volume strain would make a significant con- 
tribution to the pressure derivative of the shear 
stiffnesses. Such an effect is indicated in Fig. 3(d), 
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Assuming such an effect, the complete contribu- 
tion from overlap electrons to the pressure deriva- 
hear stiffness is given by: 


_ 
tive or the s 


dCp'/dlnr =(0Cpr"U/0 Inr),+ 


(17) 


(0Cr11/0n),(dn/d \nr), 


where Cr'! represents the overlap contribution to 


the Fermi shear stiffness as given by equation (13) 
C’. The first term in equation (17) con- 
72Cr'!, where 7; 5 as was assumed 

previously, and the second term is the effect of 

electron transfer under volume strain. The com- 
plete € xpression for 7 in the case of the shear stiff- 
ness C, where Cr!! as given by equation (13) is in- 


troduced, is given by: 


1 | 17/8 _  16_ 
—nn En — NnEn? ) x 
3 


7 
aé 


. \7z EtmrCr— 
) 


d \n(mp) 
x ——+2nsKs 
dl\nr 


d \n(ns) l 


sim (18 
dinr } 


the relation Nj; = const. 


A similar expression can 


In differentiating Np, 
()2/3n),1/3 has been used. 
be written for z’ and the shear stiffness C’, and 
from equation (15) we obtain the relation: 


dn;/d \nr 


4 
— —dnp/d \nr. (15 


By assuming the values of Cg, Cr, Cr’, and Cp’ 
indicated in Table 8, the observed values of 7 and 


, 


and 7, 5, the two equations (18) for 7 and z 


and equation (15) were solved simultaneously for 


Table 9. Values for aluminum of the contributions ( 
d\n C/d\nr) of the shear stiffnesses C and C’. 
dC;/d\nr)/C arise from the contributions, C; 


to the derivatives ( 
The quantities, ( 
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SMITH 


the variables z,, dnp/d\nr, and dn;/dlnr. Values 
obtained in this way are 7, 8-73, dnp/d In r—0-159, 
and dng/d |n r 0-212 per atom per pair of zone faces. 
Introducing these values back in equation (18) for 
7 and z’ gives the contributions to (—d1n C/d In r) 
shown in Table 9. The value of 8-73 obtained for 
7, is satisfied if Z,, varies with r according to: 


Zo(r ro) 1-73 2, (19) 


where the subscript zero refers to the equilibrium 


Zeft 


values at zero pressure. This dependence of Z.. 
on r is not a very strong one and is therefore not 
unreasonable. The values quoted for dn»/d In r and 
dns/d\nr correspond to approximate fractional 
changes of 0-002 and —0-03 respectively in mp and 
ns for a pressure of 104 bars. As hydrostatic pres- 
sure is applied to the specimen, part of the elec- 
trons in states overlapping the square faces of the 
Brillouin zone transfer to states overlapping the 
hexagonal faces. Such an effect is important for the 
stiffness C’, which is quite sensitive to the amount 
of square-face overlap, but less important for the 
stiffness C, as evidenced in Table 9. 

A recent paper by HEINE“®) suggests that there 
are hole pockets in the first Brillouin zone, at the 
corner points, in addition to the electron overlap 
for the hexagonal and square faces. According to 
LeIGuH, this would have only a small effect on the 
details of the contributions to the shear stiffnesses. 
Adding holes in the first Brillouin zone would 
cause some change in our description of the pres- 
sure derivative of the shear stiffnesses. Equations 
(15’) and (18) would then involve another variable 
of the type dn/d In r giving three equations in terms 


-dC;/d |In r)/C 


which are named. 





Contribution 








Coulomb term 


Net Fermi term assuming n’s constant 


Contributions from electron 
volume strain: 
Hexagonal overlap 
Square-face overlap 


Total (and observed) 


transfer 


with 
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of four unknowns. A solution could then be 
achieved by arbitrarily setting the value of one un- 
known and solving the equations for the other 
three. It is expected that the values of the para- 
meters 7, dnp/dinr, and dns/d|lnr would not 
change significantly by adding holes in the first 
Brillouin zone. 


(b) Magnesium 


Reitz and SmiTH) accounted for the shear 
stiffnesses Cy and C’ in magnesium by using a 
model similar to that of Le1iGH. Magnesium has 
the close-packed hexagonal structure, is divalent, 
and therefore has just enough electrons to fill the 
combined first and second Brillouin zones. Being a 
metal, it must have holes in the second zone and an 
equal number of electron overlaps in higher zones. 
The combined first and second Brillouin zone of 
magnesium is shown in Fig. 2b with the overlap 
and hole positions indicated. 

The details of the shear stiffness C 
given in the paper of Reitz and SMITH, due to the 
difficulty of calculating the full zone contribution 
to the Fermi stiffness. In addition, there is some 
question about the value of the electrostatic con- 
tribution to this stiffness as calculated previ- 


were not 


ously.% In magnesium the atoms are not all at 
lattice points nor are they in a center of symmetry, 
and for the shear stiffness C it does not seem that 
the motion of all the ions under shear strain 
follows the displacements given by that strain. 
With these uncertainties in the contributions to the 
shear stiffness C, it is hardly worthwhile to esti- 


mate what the contributions to .the 
derivative of C might be. 

Electrostatic contributions to the shear stiff- 
nesses Cy and C” for magnesium can be thought of 
in the same way as the electrostatic contributions 
to the shear stiffnesses of aluminum in equation 
(11’), that is: 


pressure 


The electrostatic contributions used by REITz and 
SMITH correspond to a Z2_ value of 1-8, compared 
to the maximum possible value of 4 for divalent 
magnesium. 

Contributions from the Fermi energy to the 
shear stiffnesses were expressed as a full zone con- 
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tribution and contributions from overlaps and 
holes. REITzZ and SMITH assumed overlap at the B 
and P points indicated in Fig. 2, but no overlap at 
points Q. The assumption of B overlaps was 
necessary in order to ensure stability with respect 
to a deformation which changes the c/a ratio at 
constant volume. It should be noted that the net 
Fermi contributions to the shear stiffnesses Cy and 
C” are positive but very small. 

As for aluminum, the separation of the ion-cores 
in magnesium is large enough that the short- 
range repulsive interaction is negligible 

In discussing the pressure derivative of the shear 
stiffnesses of magnesium in terms of the quantity 
T : din C/dinr, the arguments used previ- 
ously for aluminum apply here also. With Cg = 
~ C for both Cy and C’, it is expected that 7, = 
~ 7 for both shear stiffnesses. Thus again 7 is 
bound to turn out large, but it is necessary to in- 
voke some electron transfer in order to account for 
the difference between 7, and 7’. The details of the 
pressure derivative for Cy and C’ were worked out 
by writing the equation, equivalent to equation 
(15’), which applies for magnesium 

dny/d \nr+6dny/d |lnr+6dny/d |Inr = 0, (20) 
and two equations of the form of equation (18), 
one for Cy and one for C’. The parameter 7, was 
allowed to vary in the last two mentioned equa- 
tions, 7, = 5 was assumed, and the terms giving 
the contributions from electron transfer under 
volume strain were evaluated by using equation 
(16) of Reitz and SmirTH and the data from their 
Tables II and III. We have then three equations 
in terms of the four variables: z,, dn,/d\nr, 
dn,,| dinr, and dn,/d\nr. A solution was obtained 
by arbitrarily setting dn,,/d|n r equal to zero and 
solving the three simultaneous equations for the 
other three variables. Values obtained in this way 
are 77°57, dn,/d\|nr 0-347 and dn,/dlnr—0-058 
per atom per spheroid. This solution yields the 
contributions to z for Cy and C” as given in Table 
10. 

Finally, the numerical work has been analyzed 
for the effect that the participation of p electrons in 
the volume transfer mechanism would have. Be- 
cause it is essentially the transfer under pressure of 
B electrons out of the B overlap positions that 
accounts for 7, > 7’, it does not really matter 
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Table 10. Values for magnesium of the contributions 
(—dC;/d\n1r)/C to the derivatives (—d\n C/d\n r) 
of the shear stiffnesses Cy and C’. The quantities 
(—dC;/d\nr)/C arise from the contributions, Ci, 
which are named. The number of overlap electrons for 
the P faces of the Brillouin zone is assumed to be in- 


dependent of pressure. 


Contribution 


Coulomb term 
Net Fermi term assuming n’s constant 
Additional contributions from electron 
transfer with volume strain: 
B overlap 
H holes 
1) 


and observed 


much where they go 


Equation (20) holds and it 


turns out that non-zero dn, /d1n r has little effect. A 
positive value of dn, d\n r would give a lower value 
for 7, than the number quoted in Table 10 and a 


negative value for dn,,/d|lnr would give a larger 


value for z, 


5. SUMMARY 

It has been possible to account for the pressure 
derivative of the shear stiffnesses of both aluminum 
and magnesium in terms of the pressure variation 
of their electrostatic and Fermi contributions. The 
electrostatic contribution to the shear stiffnesses of 
both metals varies approximately as r~*, the same 
as for sodium. The ~ 8 
7, 4 is presumably due to the variation of the 
effective charge density at the boundary of the 
under volume strain. 


value 7; instead of 


atomic polyhedron, Z,,, 


Changes in overlap and hole populations by elec- 


tron transfer under volume strain contribute 
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appreciably to the pressure variation of the Fermi 
shear stiffnesses of these metals. 
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Abstract—The elastic constants of single-crystal lithium have been measured by the ultrasonic 
pulse-echo technique. The results, in units of 10'! dyn cm~, are: 





‘Temperature 


(°K) 


(Ci —Cy2)/2 








where B, is the adiabatic bulk modulus. These results are compared with Fucus’s theoretical cal- 
culation of the Coulomb contribution to the shear stiffness of the alkali metals, which in lithium is the 
only significant contribution. Extrapolation of the experimental values to absolute zero gives values 


for both Cy, and (Cy, 


C\.)/2 which are lower than the corresponding theoretical values. The extra- 


polated anisotropy, C4y4/(Ci,;—Cy)/2, is higher than the value predicted by the theory. 


INTRODUCTION 

Fucus") has calculated theoretical values for the 
shear elastic constants of the alkali metals lithium, 
sodium, and potassium. In these calculations the 
dominant term is the long-range electrostatic, or 
Coulomb, stiffness. Since this same physical term 
occurs as a contribution to the stiffness of all 
metals, it is desirable to verify these calculations 
experimentally to the fullest extent possible. 
Lithium is most suitable for this purpose because 
the electrostatic stiffness is relatively a more im- 
portant contribution in lithium than in any other 
metal; all other contributions to its shear constants 
are small. Other investigators®-*) have measured 
the single-crystal elastic constants of sodium and 
potassium. One of these, BENDER,) attempted to 
produce single crystals of lithium, but the various 
methods he employed were unsuccessful. This 
paper describes a method of growing single crystals 
of lithium, and the results of elastic-constant deter- 
minations at three temperatures by the ultrasonic 
pulse-echo technique. 


H 


EXPERIMENTAL PROCEDURE 


Lithium single crystals were grown from a melt of 
commercial-grade lithium in a crucible of special design 
shown in Fig. 1. The unusual feature of this crucible is 
that the nucleation tip is formed at the top of the melt, 
and solidification proceeds downward from the surface 
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Fic. 1. Crucible used in growing lithium crystals. The 
crucible is heated by a hot plate at the bottom and 
nucleation starts at the top. 


113 





114 HARRY C. NASH 


of the melt 
attempts to produce single crystals with crucibles of the 


This crucible form was developed when 


usual shape were unsuccessful. The usual crucible shape 
has a small-diameter nucleation tip at the apex of a con- 
ical bottom, and is suitable for growing crystals of many 
metals by freezing upward from the bottom. However, 
the high surface tension and low density of lithium do not 
allow it to flow into a bottom nucleation tip when the 
ingot is melted. Also, some of the surface contamination 
got settles to the bottom of the melt, producing 


on the ing 
spurious nucleations. With the crucible of special design, 
impurities which tend to settle are at the end of the melt 


which solidifies last, 


and therefore have no effect on the 
part of the crystal to be used. Impurities which rise to 
the surface are skimmed off before crystal growth begins. 


The « 


atm sp he re 


ntire growing process was Carrie d out in an argon 
The sample and all surfaces touching it were 
coated with petroleum jelly. This coating was 


necessary to control chemical reactions at the 
surface of the sample 

the growing procedure was the following. The 

was melted and cast into a cylindrical 

iin the cup of the growing 


for 1 hr on a hotplate. The 


ee was meltec 
ble and heated at 315°C 
eheated to 315°C, was then lowered into the 


the n 


lithium up through the 


1 


f lithium formed at the 
{ the plunger at this posi- 
lithium with any surface 

Next the cooling fins were 

By manual control, the 


rate of 30 C°/hr 


ucleated at the 
di wn- 
20 


yntinued 
about 

of the con- 

er cooling fins at 
l] ‘The crucible 
for grain 
naining 

ing the 

a suitable 
hing for a few 
s process 
etchant 
hing action 
This opera- 
out in air, the 
of petroleum 
of the air with 
id rinsing in 
technique. 

e in an 
A white crust 
was removed from the 


argon 


nsuccessful 


is crust was not soluble in xylene.) 
boundaries were brought out by the etch- 


If no grain 
ing, the sample was examined by X-ray diffraction tech- 
diffraction method 


niques. The back-reflection Laue 
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used on the heavier metals is not applicable to lithium 
because of the low scattering power of lithium atoms and 
the effects of thermal agitation. However, transmission 
Laue diffraction patterns can be viewed directly on a 
fluorescent screen. These have been observed satis- 
factorily through the 4-cm length of a single-crystal 
specimen. The X-ray examination of the sample was 
performed by placing the sample on a travelling stage 
and translating it through the X-ray beam in such a way 
that the orientation of the sample with respect to the 
X-ray beam did not change. In this way each sample was 
examined throughout its volume. Whenever the K-ray 
beam crossed a grain boundary, easily observable changes 
in the diffraction pattern occurred. 

The crystal-growing method which has been described 
was used until a sufficient stock of single crystals was 1n 
hand. Roughly 50 per cent success was encountered. The 
crystals were free from mosaic structure as judged by 
visual examination of the etched crystals and of the 
Laue patterns. The showed no evidence of 
frozen-out impurities, and spectroscopic analysis of the 


ingots 


crystals showed no major impurities. Soluble magnesium 
in particular analyzed at 0-01 per cent. 

In measuring the elastic constants of a cubic material 
by the ultrasonic pulse-echo technique, it is advantage- 
ous to have the direction of wave propagation along a 
[110] direction.) It is then possible to determine each 
of the elastic shear constants by an independent measure- 
ment. In lithium the anisotropy of the shear constants 1s 
Because of this, the experi- 
both shear constants on one 


large (approximately 9). 


mental measurement of 


single-crystal sample is feasible only for propagation 


directions very close to [110]. 
Each single-crystal sample was cut to produce two 
parallel Taces perpendicular to a [110] direction. To 
accomplish this, the sample was mounted in a two-circle 
goniometer in the X-ray beam, and the angle between 
the sample axis and the nearest [110] direction was mea- 
sured by rotating the sample until a [110] Laue pattern 
rved on the fluorescent screen. A lapping ring 


nade to hold the at this angle. The specimen 
I ng taces by 
; about 2 hr 
-dia. sample 

j 


somewhat irregular, and 


d to le bout 0-05 in. 


of the 


cut was po 
sal ¢ } . ® tae fase . 
il tO De removed Dy lapping. 


sample were finished by lapping them flat and coincident 


e 
TT 
i 


| 
he faces 


with the lapping-ring faces. The lap used consisted of 


: ' ; 
toweling placed on a plate-glass 


paper backing and 
moistened liberally with methanol 

A transmission Laue diffraction photograph taken with 
the sample face perpendicular to the X-ray beam pro- 
vided the orientation of the finished sample. All samples 
were within 2° of [110]. The proper polarization direc- 
tions for the slow and fast shear waves were also noted 
from this film to facilitate positioning of the shear-wave 
transducers. 

The elastic constants were measured by the ultrasonic 
pulse-echo method. The 10-Mc quartz 
transducer was cemented to one end of the single-crystal 


appropriate 
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sample. At 195 and 155°K, petroleum jelly was a suitable 
cement. The transducer was attached to the single- 
crystal sample at room temperature with a thin layer of 
petroleum jelly. The sample was enclosed in an alum- 
inum cartridge and cooled to the measuring tempera- 
ture. When cooled, the cement transmitted both shear 
and longitudinal waves satisfactorily. Attempts to use 
this cement at 78°K were unsuccessful because the 
quartz transducers cracked. A small amount of rubber 
dissolved in the petroleum jelly produced a cement which 
was satisfactory at this temperature if the sample was not 
cooled too rapidly. 

The electronic equipment used to produce the pulses 
and measure the transit times has been described 
previously. () 


RESULTS 
The primary data are the transit-time measure- 
ments. The longitudinal and the two transverse 
acoustic-wave velocities propagated in the [110] 
direction as found from these transit times are 
shown in Table 1 for the lithium crystal designated 


Table 1. Acoustic-wave velocities in the [110] 
direction. Results are expressed in units of 10° cm 
sec~! and are for lithium crystal I 


78 ° . 6:69 
6°50 


6°37 


as “‘T’’ below. To obtain these values, the length of 
the sample was measured at 298°K, and the lengths 
at the measuring temperatures were calculated 
with the aid of PEARSON’s measurements of the 
lattice parameter of lithium at these tempera- 
tures."6) The lattice parameter values used were: 
3-510, 3-494, 3-489, and 3-482 A at 298, 195, 155, 
and 78°K, respectively. 

The single-crystal adiabatic elastic constants of 
lithium were calculated from the. velocity data. 
These constants at 195°K are shown in ‘Table 2, 
where ZENER’s notation for the two shear constants 
C = Cygand C’ = (Cy —Cyy)/2 has been used, and 
B, denotes the adiabatic bulk modulus, (Cy, + 
+2C}2)/3. Table 2 also compares the results for 
three samples of different lengths and slightly 
different orientations as measured at 195°K. The 
agreement of the three specimens is seen to be 
good. Crystal I was considered to be the most 
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Table 2. Comparison of the elastic constants of three 
lithium samples at 195°K. Results are expressed in 
units of 1031 dyne cm-2 


Length 
(cm) 


Sample 


0-960 





0-1086 
0:1054 
0-1064 
0:1068 


reliable of the three for experimental reasons; the 
results for it are quoted in the remainder of the 
paper. 

The lengths of the three crystals are also given 
in Table 2. The range of lengths used is not large, 
but there appears to be no systematic dependence 
of elastic constant on length such as would arise if 
a “transit time error” ®) were present. This error 
would not be expected to be large, since the acous- 
tic mismatch between lithium and the quartz 
transducers is large. Extensive experiments with 
dummy transducers showed no error from this 
source. 

The results for the three measuring tempera- 
tures are given in Table 3. Also shown in this table 


Table 3. Values of the adiabatic elastic constants of 
lithium and of the density. Elastic constants expressed 
in units of 1011 dyne cm-*, and the density in g cm-* 


Temp. (°K) "eg e x p 
0:5454 


0:5421 


00-5398 


1-08 
1-00 
0-96 


0-116 
0-111 
0-109 


are the values of the density which have been used 
in the calculation of the elastic constants. The den- 
from PEARSON’s lattice- 
HUTCHISON’S 


sities were obtained 


parameter measurements®) and 
atomic-weight determination. 
The values shown in Tables 2 and 3 have been 
corrected for the difference between the actual 
direction of propagation of the acoustic waves and 
the [110] direction. This difference was only a few 
degrees in the worst case, and less than }4° for 
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Crystal I. Perturbation corrections” are zero for 
the [110] direction and were found to be negligible 
for the actual orientations. 

Because BARRETT’) has reported that a trans- 
formation cubic to face- 
centred cubic can be induced in lithium at 78°K by 


from body-centred 
plastic deformation, the elastic constants were 
measured at 195°K both after the 
measurements at 78°K. No change in the elastic 


before and 


constants was observed. 
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in the form: 


9 


0m 


é 
C = 0-7422 C’ =0-0997 —, 


a‘ a 


(1) 


where a is the cubic lattice constant and e is the 
electronic charge. The theory can conveniently be 
compared with the experimental values by plotting 
the dimensionless quantity a*C/e? against tempera- 
ture, placing the common theoretical value for all 
alkali metals at 7’ = 0O°K and the experimental 


Table 4. (a) The values for lithium of the measured adiabatic elastic 

stiffnesses C8, and the computed adiabatic compliances S8. (b) Isothermal 

stiffnesses and compliances. Units are 10 dyne cm-? for C and 10-1! cm? 
dyne—| for S 


0-960 


(b) Isothermal 


1-077 
0-997 
0-960 


Table 4 are given the adiabatic stiff- 
the three 


Finally in 
nesses, C;;, and compliances, S,;, for 
temperatures, and then the isothermal stiffnesses 
and compliances. Isothermal quantities have been 
computed from auxiliary data. 9 

DISCUSSION 

This problem was undertaken to test the validity 
of the Fucus theory") of the electrostatic shear 
stiffness. In the one previous case where a com- 
parison can be made, that of sodium, the calculated 
values of C and C” at absolute zero are lower than 
the extrapolated experimental values.2° But since 
the exact form of the extrapolation is somewhat 
uncertain, it is difficult to evaluate the degree of 
disagreement. 

The Fucus theory gives the electrostatic con- 
tribution to the shear constants of the alkali metals 


0-929 
1-003 
1-042 


0-929 
1-003 


2-948 
3-096 
3 


-164 








values of individual metals at the measurement 
temperatures. The reader may then make his own 
extrapolation ‘ 

Fig. 2 presents the experimental findings of this 
work, those of QuimBy and SrEGEL"®) for sodium, 
and a single point for potassium due to BENDER, ) 
together with the theoretical values of Fucus, for 
the two shear constants C and C’. (The lattice 
constant of potassium has been estimated rather 
crudely from the room-temperature values to be 
5-248 A at 78°K.) It is seen that there is rough 
agreement between the experimental values for 
these three alkali metals and those calculated from 
equations (1). 

The experimental values for both C and C” for 
lithium increase as the temperature decreases, but 
the increase is not sufficient to bring the extra- 
polated values up to the predictions of equations 
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(1). On the other hand, the experimental values for 
sodium at 80°K are already higher than the theoret- 
ical values, and extrapolation increases the dis- 
crepancies. The same statement holds for potas- 
sium if a curve similar to those for lithium and 





| 











100 200 

TEMPERATURE, °K 
Fic. 2. The elastic shear constants C and C’, expressed 
in the dimensionless form a‘C/e*, plotted as a function 
of temperature for lithium, sodium, and potassium. The 
crosses at 7’= 0 are the theoretical values of the 
Coulomb contribution. 


sodium is passed through the single point which is 
available. 

The elastic shear constants of lithium, sodium 
and potassium fall in a monotonic sequence in Fig. 
2 which is the same as their sequence in the 
Periodic ‘Table. The number of nodes in the actual 
s wave function for the three metals follows the 
same sequence. In Fucus’s calculations the effect 
of shear strain on the wave function in the region 
of these nodes is neglected, equations (1) being ob- 
tained by considering a constant valence-electron 
charge density. These two facts taken together 
suggest that a more sophisticated treatment of the 
“electrostatic” term may be all that is necessary to 
bring about more detailed agreement between 
theory and experiment for all the alkali metals. 
However, we consider here some other possibili- 
ties. 

As Fucus points out, equations (1) may be 
modified on reasonable grounds by the introduc- 
tion of a common factor f? on the right side of each, 
f being physically the electron density at the 
boundary of the unit polyhedron in the metal. 
Fucus gives the factor f as unity in the case of 
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sodium and potassium. Its value is uncertain for 
lithium. 

Because of the uncertainty in the f value for 
lithium, the theory and experiment can better be 
compared by inspecting the anisotropy, C/C’, in 
the elastic constants, which is independent of the 
value of f. The anisotropies have been plotted in 
Fig. 3. Again there is basic agreement with the 
theoretical values, but detailed disagreement in a 











l ! l 
100 
TEMPERATURE, °K 





Fic. 3. The elastic anisotropy C/C’ plotted as a function 
of temperature for lithium, sodium, and potassium. 
The cross at T = 0 is the theoretical anisotropy. 
monotonic sequence as noted in connection with 
Fig. 2. We note that the small uncertainty in the 
lattice constant of potassium present in Fig. 2 has 
also cancelled out in the anisotropy. It is apparent 
that the differences between experiment and equa- 
tions (1) shown in these two figures cannot be re- 

solved by the simple device of introducing f. 

In addition to the electrostatic contribution to 
the shear constants, Fucus, in his original papers, 
includes a term for the repulsive interaction of the 
closed-shell ion cores and a van der Waals term. 
We regard the theoretical values of these terms as 
exceedingly questionable, but the effect of intro- 
ducing them may be considered in empirical terms. 
For this purpose the van der Waals term may be 
grouped with the repulsive interaction, since both 
are short-range and operate only between nearest- 
neighbor ions. If W(r) is the short-range inter- 
action energy per ion pairs, or ‘““bond”’ (such that 
4W(r) is the energy per atom in these body- 
centred cubic metals), the contribution of W to the 
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shear constants may be written: 


A 8 
ro?>W"' + —-roW’, 
9 


Y 


OCR 


4 
QC R’ oo 3 roW’, (2) 


where Q) is the atomic volume, 79 is the equilibrium 
separation of the nearest neighbors, and differentia- 
tion with respect to r is indicated by a prime. For a 
net repulsive interaction we have W” > 0 and 
W’<0, and for a short-range interaction 
ro°W"'| > |roW’|. Thus these contributions to the 
theoretical values will be positive for C, and nega- 
tive and smaller in magnitude for C’. Inspection of 
Figs. 2 and 3 shows that the agreement of theory 
and experiment for lithium cannot be improved 
for both C and C’ by the introduction of such a 
term alone. The theory and experiment can be 
brought into detailed agreement in the case of 
lithium by assuming reasonable values for Cp, and 
C,,’ and combining these with a suitable value of 
f?, but this process amounts to satisfying two ex- 
perimental numbers by three free parameters and 
we do not feel justified in pursuing the point. 
BARDEEN!) has calculated the bulk modulus of 
lithium at absolute zero. This value is shown in 
Table 5. Experimental and theoretical values of the 
adiabatic bulk modulus of lithium. Results are ex- 
pressed in units of 1011 dyne cm-* 


Source 
BARDEEN?! 


This paper 
This paper 


0 (theoretical) 
78 (experimental) 
155 (experimental) 
This paper 


BRIDGMAN(?? 


303 (¢€ xperin 


Table 5, together with the values determined in the 
present work. The order-of-magnitude agreement 
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is good. Also shown in this table is the room- 
temperature adiabatic bulk modulus obtained from 
BRIDGMAN’s data by the following approximate 
relation: 

9Tx°Br 


B,=~ Br({1i+ 


Y 


/p 


where p = 0-532 gcm-3, and « = 46-6x10-6 
deg"! were taken from Pearson,® C,, = 0-816 
cal gm—! deg=},%) and Bp, = 1-127 x10" dyne 
cm-?,22) The agreement is regarded as satisfactory 
considering the inherent difficulties in BRIDGMAN’s 
method of measuring B,, of lithium. 
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Abstract—Data on the transverse magnetoresistance and Hall effect are given for fixed tempera- 
tures between 50 and 200°K, covering the range from the weak-magnetic-field region to the strong- 
field quantum limit in InSb samples of high mobility and sufficient purity that classical statistics are 
applicable. At weak fields, results are in semiquantitative agreement with the predictions of theory 
based on a simple mixed-scattering mechanism and a spherical conduction band. At the highest 
fields, the transverse-magnetoresistance data approach the H/T behavior expected on the basis of the 
quantum treatment of ArRGyRES and ApAms (Phys. Rev. 104, 900 (1956)), and the result in the 
quantum limit for the purest specimen shows good agreement with the theory for reasonable values 


of the electron effective mass. 


1. INTRODUCTION 

IN recent years, analyses of the magnetic-field 
dependence of galvanomagnetic effects in ger- 
manium and silicon have contributed significantly 
to an understanding of the influence of band struc- 
ture and crystalline imperfections on conduc- 
tivity."-2) This method of investigation can also be 
helpful in studies of many other semiconducting 
materials, 

Indium antimonide is particularly well suited 
for such investigations because of its very small 
electron effective mass and consequent high elec- 
tron mobility. Since galvanomagnetic coefficients 
depend on the dimensionless parameter p°H, 
where ,° is the carrier drift mobility in electro- 
magnetic units and H is the magnetic field inten- 
sity, one can observe in indium antimonide at 
moderate magnetic fields those effects which 
would require much higher fields in other semi- 
conductors. 

FREDERIKSE and Hosier) have made an ex- 
tensive study of galvanomagnetic effects in n-type 
InSb between 1 and 78°K for samples with excess 
donor concentrations in the range 9 x10!4 to 
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7 x10 cm-3, At 78°K, the electron concentration 
for which the Fermi level is 2kT from the edge of 
the conduction band is about 7 x 1014 cm=, so that, 
strictly speaking, galvanomagnetic data on InSb 
with electron concentrations greater than this 
should be analyzed using Fermi—Dirac statistics for 
temperatures as low as that of liquid nitrogen. ‘The 
behavior of the galvanomagnetic coefficients for 
such material may be quite complex, since the 
Fermi energy depends on the magnetic field, and 
the variation can be appreciable at large fields. +4) 
Also, ionized-impurity scattering is probably the 
major scattering mechanism in such material 
below 78°K. In order to simplify analysis, it is 
therefore desirable to obtain data on samples of 
higher purity in a temperature range where classical 
statistics apply and impurity scattering is not pre- 
dominant. 

High-field measurements are of particular in- 
terest in InSb because of the quantum effects in 
strong magnetic fields. As was originally pointed 
out by Lanpau,®) the motion of a conduction 
electron is quantized in a strong magnetic field. 
The effects of this quantization on the galvano- 
magnetic coefficients should be most pronounced 
at low temperatures and high fields, such that 
wt > 1 and hw/kT > 1 (when classical statistics 


apply, and where w is the cyclotron resonance 
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frequency and 7 is the relaxation time), since the 
quantized energy levels will be widely separated 
and the motion of the electrons will be character- 
ized by small quantum numbers. The condition for 
which fiw/kT 


lowest quantum state in the magnetic field, has 


1, so that all carriers are in the 


been called the “quantum limit’? by ARGYREs and 
ADAMs. © 
the motion is characterized by large quantum 


On the other hand, when liw/kT < 1, 


numbers and, by virtue of the correspondence 
principle, a quantum treatment should give the 
same results as the semiclassical treatment, which 
ignores the quantization. 

For high-purity m-type InSb at 77K, the con- 
dition wz > 1 is satisfied for magnetic fields above 
200 G, and the quantity iw/kT, which is approxi- 
mately equivalent to 0-01 H/T, becomes unity at 
8000 G. Thus, ideal 


material for the study of quantum effects. 


about n-type InSb is an 


2. METHOD OF ANALYSIS 
The analysis of the data is carried out using the 
simplest possible model. At low fields, ionized- 
impurity scattering is introduced following the 
treatment by JOHNSON and WHITESELL,”) which 
that the Rutherford and 
acoustical-mode lattice scattering (or, more gener- 


assumes scattering 
ally, a scattering mechanism for the second process 
characterized by a relaxation time proportional to 
e~) are the dominant mechanisms, that the energy 
surfaces are spherical, that quantum effects are 
unimportant, and that classical statistics apply. 

The high-field data are analyzed by means of the 
quantum procedure developed by Arcyres,%) 
which assumes spherical energy surfaces and 
acoustical-mode lattice scattering only. 

The treatment of JOHNSON and WHITESELL 
yields the following expressions for the Hall 


coefficient and transverse magnetoresistance: 


or L ] 
ninicaals 
K°K 
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L(B, y) 


( 


7 
) 


(up°H)2, B 
¢ 


K° = K(B,0) = K(8), »° = w1°K(), 


where R is the Hall coefficient, p is the resistivity, 
,° and p,° are the carrier drift mobilities for the 
respective cases of scattering only by lattice vibra- 
tions and by ionized impurities in the absence of a 
magnetic field. The integrals K(f, y) and L(f, y) 
have recently been evaluated over a wide range of 
values of 8 and y by BEER et al.) 

Analysis of the expressions reveals that the Hall 
coefficient approaches the field-independent value 
1/ne at strong fields regardless of the value of 8, 
and it approaches a f§-dependent value at weak 
fields. The transverse magnetoresistance, Ap/po, is 
proportional to H? at low fields, and becomes field- 
independent at high fields, but is dependent on 8 
at all fields. 

ArGyrESs™) has taken into account the quantiza- 
tion of the electron motion to calculate the strong- 
field magnetoresistance and Hall coefficient of a 
semiconductor with spherical energy surfaces for 
which acoustical-mode lattice scattering is the only 
important His results, 
which apply as long as wr > 1 and fw/kT > 1, 
can be simplified when classical statistics apply 
and when k77 > hi to yield: 


scattering mechanism. 


where 


| h ) | m [LB + ) 
2kTr0(RT) m* kT 3V 7p 

and pz is the Bohr magneton. For high-purity 
InSb at 80°K, [. ~ 10-6, so that the predicted 
strong-field Hall coefficient agrees with the classical 
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value 1/ne to within about 0-1 per cent for this case. 
On the other hand, the behavior of the transverse 
magnetoresistance is quite different, the magneto- 
resistance being roughly proportional to H/T at 
high fields and low temperatures (as long as 
classical statistics apply), instead of saturating as 
the classical theory predicts. 

Several objections to the above model can be 
raised, and it would be well at this point to examine 
the limitations. Kane") has calculated the struc- 
ture of the conduction band in InSb and has 
found that the relation between energy and wave 
number is nonparabolic for sufficiently large 
energies above the bottom of the band. In our 
case, however, this consideration causes no diffi- 
culty because of the small carrier concentrations 
and low temperatures of measurements. Hence, the 
assumption of spherical energy surfaces appears 
quite well justified. It is interesting to note that in 
germanium the warped heavy mass band is re- 
sponsible for a minimum in the magnetic-field 
variation of the Hall coefficient®?) similar to that 
observed in InSb (see Fig. 2). 

Recently EHRENREICH"®) has shown that polar 
scattering is the dominant scattering mechanism 
in InSb above 200°K. Since the Debye tempera- 
ture for the polar modes in InSb is approximately 
290°K, we would expect them to be somewhat less 
important at low temperatures, but a rough extra- 
polation of EHRENREICH’s calculations shows that 


Table 1. 


Hall 
coefficient, Resistivity, 
Friotis p 


(cm?/C) (Q-cm) 


Temper- 
ature 
(°K) 


Sample 


AND HALL 


Mobility, 


(cm?/V-sec) |B 
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the mobility contribution from polar-mode scatter- 
ing still predominates over that from acoustical 
modes at 80°K. In addition, Harrison“) has 
pointed out that piezoelectric scattering should be 
important in InSb at low temperatures. Therefore, 
a truly satisfactory treatment should incorporate 
both of these scattering mechanisms. This would 
be quite complicated, especially in the case of polar 
scattering, inasmuch as one cannot define a re- 
laxation time in the temperature range of interest. 

In view of these complications, it is obvious that 
the analysis adopted here can be expected to give 
only a semiquantitative description of the situation, 
and that any magnitude quoted for lattice mobility 
must be considered as only an approximation to 
the true mobility. However, as will be apparent, the 
treatment presented here does indicate the im- 
portance of considering a mixed scattering mech- 
anism rather than a single process. This conclusion 
is based on the fact that our development appears 
to account better for the experimental data than 
does a treatment where the relaxation time is deter- 
mined only by polar scattering or by Rutherford 
scattering. 


3. EXPERIMENTAL PROCEDURE 
The specimens used in this investigation were high- 
purity single crystals of InSb cut from ingots which had 
been given many zone-refining Ultrasonic 
cutting was used to fabricate “‘bridge’’ samples. Current 
and potential leads and thermocouples were welded 


passes. 


Electric characteristics of n-type InSb samples 


Estimated 
ionized- 
impurity 

concentration, 


N7(est.) 


Excess-donor 
concentration, 


Impurity- 
scattering 
a parameter, 
6(u1°/ ur° 
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to the samples, which were then sealed in Pyrex tubes in 
a helium atmosphere. Voltage measurements were made 
with an L & N K—2 potentiometer and an L & N White 
double potentiometer. 

Measurements of the Hall coefficient were done at 
fixed temperatures for magnetic fields in the range 20- 
20,000 G. Fields of 50 G and below were obtained from 
Helmholtz coils. The constant-temperature baths and 
the associated temperatures were: dry ice and acetone, 
195°K; liquid nitrogen, 77°K; pumping of vapor from 
liquid nitrogen containing oxygen, approximately 55°K. 

In taking the measurements, the sample current and 


h 


field were reversed independently and the 


averaged to eliminate thermomagnetic and 


tric voltages 
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4. RESULTS AND DISCUSSION 

(a) Mobility data and determination of degree of 
impurity scattering 

Table 1 lists the Hall coefficients, resistivities, 
and mobilities of three samples at the fixed tem- 
peratures employed. The mobilities were obtained 
by assuming that |R’,,,;,, = 1/ne, where |R],,,;,, is the 
absolute value of the Hall coefficient measured at 
the magnetic field for which it is minimum (see 
Fig. 1). 

Before the galvanomagnetic data can be interpreted, 
it is necessary to determine the appropriate values of 8, 


— 














B, gauss 


Fic. 1. 


Magnetic-field dependence of the Hall coefficient in n-type InSb 
(Sample 1, Np—Na 


7:8 x 10'3 cm7~), 
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Fic. 2. Comparison of experimental and theoretical magnetic-field dependence of the Hall coefficient 


(Sample 1, Np—Na 


the impurity-scattering parameter. A self-consistent way 
of doing this is as follows: according to the JOHNSON and 
WHITESELL treatment,‘’) which is based on the simplified 
mixed-scattering mechanism previously discussed, the 
mobility at a temperature 7; in the extrinsic region is 


poy? 119K (B1) aT, 3 2K(bT; 3), 


Thus, if 4° is the mobility at another temperature 7 in 
the extrinsic range, then: 


py? (Ti 


3/2 K(bT-3) 
we Ty 


exe ort aN? 

K(bT»-3) 

an equation which may be solved graphically for b when 
the ratios p,°/ 2° and T,/T, are known. Then, 


B(Ny, T) =bT-. 


This procedure, which employs only the ratios of mea- 
sured mobilities at different temperatures, avoids the 
use of absolute magnitudes of total impurity content and 
lattice mobilities required when a direct calculation is 
made of yz/ uz. The method thus eliminates errors due to 
compensation effects and those resulting from measure- 
ments of sample geometry. Results are summarized in 


Table 1. 


= 7°8 x 10'* cm-*). 


In calculating the f values in the intrinsic region, 
hole conduction and electron-hole scattering must 
also be taken into account. Since the effective mass 
of holes in InSb is much greater than that of the 
electrons, electron-hole scattering can, in first ap- 
proximation, be treated like ionized-impurity 
scattering, taking into account the temperature- 
dependence of the hole concentration. ‘Thus, the 
chief effect of electron-hole scattering is to modify 
the temperature-dependence of f in the intrinsic 
region, and this modification has been taken into 
account in the calculation of 8 at 195°K. 

As a consequence of the large mobility ratio in 
InSb, the effect of hole conduction on the con- 
ductivity and on the galvanomagnetic coefficients 
below 1000 G is quite small in the intrinsic region. 
However, the effects of the holes on the strong- 
field galvanomagnetic effects may be significant, 
and these will be discussed. 


(b) The Hall coefficient 
Fig. 1 shows the magnetic-field dependence, at 
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Theoretical curve ~ 





BIN,,7) 


Fic. 3. Dependence of the weak-field Hall coefficient on the 


impurity-scattering parameter /(f 


three fixed temperatures, of the Hall coefficient for 
a typical specimen of high-purity n-type InSb. It 
will be noted that a minimum occurs in the high- 
field region, and the Hall coefficient has been 
arbitrarily normalized to unity at this minimum to 
facilitate comparison. (The values of R at the mini- 
mum are given in Table 1.) Note that there appears 


‘ 


to be little evidence of the oscillatory or “sinuous” 
variation reported for samples with larger con- 
duction-electron concentrations. @ 

In Fig. 2 the experimental data at 55°K are 


compared with calculated values. Although the 


appropriate value of f is 12, a value of 10 was used, 
y) and L(8, y) are tabulated ®) for this 
value. The lattice mobility used in determining y 

1 r : r | > relati 0 — ,,0/K/(R 
was found by applying the relation »,° = p°/K(8) 
to the mobility data on several samples. ‘The agree- 


since Ki B, 


Our") Hr"). 

ment is seen to be fairly good at low fields, but at 
higher fields the data exhibit a fine structure not 
accounted for by the theoretical curve. 

The increase in the absolute value of the ex- 
trinsic Hall coefficient at strong fields seems rather 
difficult to explain. As has already been pointed 
out, the warped heavy-mass valence band in ger- 
manium leads to such a behavior. Although the 
present case is somewhat different due to the ab- 
sence of the band degeneracy, we are not inclined 
to rule out anisotropy as a point for consideration 
before directional effect studies are completed.* 
Another possible cause is the magnetically-induced 


* In this connection, GOLD and RorTuH'!*) have shown 
how anisotropy introduced via combinations of ellipsoidal 
energy surfaces can also lead to minima in Ry as a 
function of magnetic field. 
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Fic. 4. Typical magnetoresistance data for n-type InSb (Sample 3, Np—Na 


impurity banding investigated by Keyes and 
SLADEK. “1?) 

For the measurements at 200°K, an increase in 
Hall coefficient at large fields is to be expected as a 
result of contributions from hole conduction. 

Fig. 3 shows a comparison of a theoretical plot 
of the normalized weak-field Hall coefficient as a 
function of $8, with experimental points for two 
samples. Note that the agreement is quite good, 
although it must be remembered that the data were 
rather arbitrarily normalized. It is significant, 
however, that the minimum occurs in the predicted 
range of § values. 


(c) Weak-field magnetoresistance 

Transverse magnetoresistance data for one 
sample of n-type InSb at three fixed temperatures 
are shown in Fig. 4. The transverse magneto- 
resistance increases with decreasing temperature, 
because of the increased mobility, and it is pro- 
portional to H? at low fields. At high fields, the 
magnetoresistance is proportional to H in the 


1-7 x 10" cm-*). 


extrinsic region, whereas it increases more rapidly 
with H when intrinsic. Fig. 5 shows the data for 
77°K replotted along with the theoretical curve for 
the appropriate value of 8. Although the agreement 
with the simple theory is fairly good at low fields, 
the magnetoresistance begins to deviate when wr 
becomes of the order of unity, and approaches a 
linear dependence on H at high fields, whereas the 
semiclassical theory predicts saturation. This high- 
field behavior is evidently a quantum effect, but 
the initial deviation occurs at a rather small value 
of hw/kT to be attributed to quantization, and may 
result from some other mechanism as, for example, 
a delayed saturation due to polar scattering. 4) 

A plot of the weak-field magnetoresistance 
analogous to that of Fig. 3 for the weak-field Hall 
coefficient is shown in Fig. 6, where the parameter, 


ne 
pHH? | 7-0, 


is plotted as a function of 8. The theoretical varia- 
tion, assuming 
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Quantum limit ———~ 


(m*= 013 m) =) 


Classico 


B: 


dependence, 








of experimental 


\ -SsC¢ 


the theoretical 


Note that 


1gnetoresistance is extré mely sensitive 


comparison 
low-field ma 
to impurity scattering (and electron-hole scatter- 
Lea ralati L. im recictar havwir I > 
1e€ relative Change in resistance navu g peen 
1 two orders of magnitude when pp, = 10, 
The agreement here is not so good as in the case 
of the Hall coefficient, although, in most cases, the 


| 


deviation is less than 50 per cent. Note that there 


seems to be a correlation of the deviation from 


theory with the degree of compensation 


(d) Strong-field magnetoresistance 

Turning now to the strong-field region, the 
quantum treatment suggests a transverse magneto- 
resistance proportional to H at high fields, and the 
predicted high-field behavior is shown by the 


000 
H, gauss 


magnetoresistance with theory. 


broken line in Fig. 5. However, this calculation was 
made for acoustical-mode lattice scattering only 
and for hiw/kT 
has been completely satisfied experimentally. 
that the 
liw/kT for the maximum field of 20,000 G are 
55°K. To investigate the 


1; and neither of these conditions 


It is interesting to note values of 


2-6 at 77°K and 3-5 at 
effects of impurity scattering and to illustrate the 


] 


approach to the quantum limit, the dimensionless 


parameter 


po kT 
po pe 


has been plotted in Fig. 7 as a function of magnetic 
field for three samples at two different tempera- 
tures. The theory predicts that for the acoustic- 
phonon scattering, this parameter should have the 
approximate value 
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6. Dependence ot 


impurity-scattering parameter [(f 


4 m 


—(log I-1—0-577) 


’ 


a 
7 m 


an expression which is relatively independent of 


temperature between 50 and 80°K, and equals 
about 350 for m*/m of 0-013.%°) Note that accord- 
ing to our data this parameter does seem to be ap- 
proaching a constant value for each sample, but the 
value appears to be a function of the total ionized- 
impurity concentration, with the result for the 
purest sample approaching most nearly the 
theoretical value for pure lattice scattering. Un- 
fortunately, it is not possible at this time to con- 
tinue the analysis further, because the quantum 
treatment has not been extended to encompass the 
case of mixed scattering. 


5. SUMMARY 
The experimental data tend to support the 
hypothesis of nearly spherical energy surfaces in 
the conduction band of InSb, and to confirm the 


the weak-field magnetoresistance on the 


Our”) /) 


predicted influence of impurity scattering and 
electron-hole scattering on the Hall coefficient 
and magnetoresistance. ‘The existence of quantum 
effects for nondegenerate material in strong mag- 
netic fields has been verified, and the data show 
that the strong-field magnetoresistance and Hall 
coefficient are in semiquantitative agreement with 
the quantum treatment. 
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Note added in proof: Experiments are now being 
carried out on specimens taken from pulled crystals. 
Although this material is slightly less pure than that cut 
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Abstract—The mobility, thermoelectric power, Hall coefficient, and far infrared reflectivity of InSb 
are calculated, taking account of the non-parabolic conduction band as well as the correct wave 
functions of the electrons. Lattice scattering by polar modes and electron-hole scattering, previously 
shown to be the dominant mechanisms between 200 and 700°K, are properly combined in a vari- 
ational transport calculation. Screening effects of the intrinsic carriers on the electron-phonon 
interaction are considered explicitly. A modified form of KOHLER’s variational principle is introduced, 
and the sensitivity of the calculated transport properties to several choices of trial functions is in- 
vestigated. The Hall coefficient for weak magnetic fields is obtained from a new variational principle, 
the results being used to correct the experimental Hall mobility. The calculated mobility and thermo- 
electric power for the effective ionic charge determined from optical experiments agree well with ex- 
periment. The theory in its present form contains no adjustable parameters. Finally, the Boltzmann 
equation for high-frequency conduction is solved by means of a perturbation technique. The re- 
flectivity minimum of InSb in the far infrared is calculated and found to agree well with experiment. 


1. INTRODUCTION 

IN a previous paper“) the problem of determin- 
ing the important scattering mechanisms in in- 
trinsic InSb was considered. It was shown that 
polar scattering is the dominant mechanism in the 
temperature range between 200 and 500°K and 
that electron-hole scattering becomes comparably 
important at 500°K and dominates at higher tem- 
peratures. Deformation potential scattering was 
seen to be small over this entire temperature 
range. The calculations were based on the 0°K 
conduction-band structure calculations of KANE, () 
which showed an appreciable deviation from the 
parabolic relationship between energy and wave 
number, E = h?k?/2m*, that is found in simple 
bands. These calculations were extended heuristic- 
ally by the use of results from pressure experi- 
ments®) to give the conduction-band curvature at 
finite temperatures as well. The transport cal- 
culations were then formulated to be applicable to 
non-parabolic bands. The final results thus re- 
flected in a quantitative way the actual conduction- 
band structure of InSb. 


+ A preliminary account of this work has been pre- 
sented at the meeting of the American Physical Society in 
Boulder, Colorado (Bull. Amer. Phys. Soc. 2, 313 (1957). 

t To be denoted as I throughout. 
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There were, however, several aspects of the 
problem that were not given detailed considera- 
tion in I. The first deals with the neglect of con- 
duction-electron screening of the interaction 
between an electron and the vibrating polar lattice. 
This point will be discussed briefly in Section 2 
and taken into account in the subsequent cal- 
culations. The second aspect deals with the elec- 
tron wave function which has pure s-symmetry at 
the band edge but acquires an increasing amount 
of p-function admixture as one moves away from 
the band edge. This admixture was neglected in I 
and will be considered quantitatively in Section 3 
of the present paper. It will be seen to alter the 
angular dependence of the scattering cross- 
sections. Further, both screening and the p- 
function admixture will be shown to decrease the 
scattering probabilities and hence to increase the 
mobility. 

Since the relaxation-time approximation fails 
for polar scattering, the transport calculations 
must be performed with the aid of a variational 
principle due to KOHLER.) A third aspect not con- 
sidered in I concerns this variational principle, in 
particular the sensitivity of the various transport 
properties to the choice of the trial function, as well 
as the problem of combining different scattering 
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A modified form of KOHLER’s vari- 
Section 
known 


mechanisms. 


will be introduced in 


6 determining the corrections to some 


ational principle 
g 
h 


function whic 
a good approximation to the solution of the pro- 


= 


by itself should already represent 


blem. This procedure is most useful when the 
solution of the Boltzmann equation is known over 
some energy range, or alternatively when a scatter- 
ing process for which the relaxation-time approxi- 
mation applies dominates the polar scattering. The 

ational 


proce dure is so formulated as to permit 


ration of the combined effect of two scatter- 
, a generalization which is neces- 
this technique to InSb, since 


scattering are im- 


y in applying 
both polar and electron-hole 
of the temperature range of 


} 


t here. A fourth unsatisfactory aspect of I 


was the treatment of the effective ionic charge e* 


} tal 


as an adjustable parameter. As a result of the modi- 


fications introduced by the present theory, we find 


the experimental Hall 


r conversion 


to good with the calculated mobility 
between 700°K for the effective ionic 


0-13 computed from the experi- 
(6) Although this 


value of e* may not be completely accurate be- 


1 data of SprTzER and Fan 


of its dependence on the small diffe rence 

between the static and dynamic dielectric con- 

> removes from the theory all adjust- 

The thermoelectric power is also 

seen to agree closely with experiment™ over the 
range oI temperatures 

proper interpretation of the Hall 

btain the carrier concentration and 

the drift mobility is important in a quantitative 


coefficient to « 
calculation, we present a variational technique for 
in the limit of weak magnetic fields 


its calculation i k 
in Section 7 and apply it to InSb. Between 200 and 
700°K we find that 1 (nec)Ry < 3n/8. 
Section 8 considers the closely related problem 
of conduction in rapidly oscillating electric fields 
for the case of polar scattering. It is seen that the 
Boltzmann equation has the same form as in the 
presence of a magnetic field. However, in the 
present case we consider a limit corresponding to 
the condition wz > 1 arising in simple theories 
where a relaxation time 7 is valid. The Boltzmann 


equation can now be solved by a perturbation tech- 
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nique. The classical solution is valid for incident 
light waves provided that the photon energy is 
considerably smaller than KT. The results are 
applied to the far infrared reflectivity minimum 
observed by YosHINAGA and OeTjeEN.‘) The cal- 
culated position of the minimum is seen to coin- 
cide with the experimentally observed minimum at 
the two temperatures (JT = 298 and 313°K) con- 
sidered. The results depend most sensitively on the 
band structure, and toa considerably lesser degree 
on the scattering mechanism. They therefore pro- 
vide a good confirmation of the non-parabolic 
conduction-band structure®) used in these cal- 
culations. 

As an aid to the reader, an appendix defining the 
principal symbols used in the equations to follow 


has been included. 


2. SCREENED POLAR INTERACTION 

As already pointed out in I, when the density of 
conduction electrons is appreciable, the interaction 
between a given electron and the vibrating polar 
lattice must be modified. An approximate method 
for taking these effects into account was outlined in 
the earlier paper (cf. Section 4). In the simple case 
of Boltzmann statistics and parabolic bands, the 
Fourier components V+ and vg* of the electron- 
phonon interaction energy in the presence and 
absence of screening electrons, respectively, are 
related by the equation: 

V gt ={1+(grn)2}1vg (1) 
where A, is the Debye length. The + signs refer 
to right and left traveling waves. 

In evaluating vg*, a continuum approximation is 
ordinarily made. It can be shown, however, that it 
is legitimate to neglect the effects of the atomic 
structure provided that the phonon wavelength is 
much larger than the interatomic spacing. This 
condition is ordinarily satisfied for the phonons i1n- 
volved in scattering processes with electrons in 
semiconductors. Accordingly, we may use the 
result previously derived by FrROHLICH™) and 
CALLEN(9°) which was also used in I: 

Ug* = F(4niee*/Givq)(h/2Moy)'qag™, (2) 
where G* is the number of unit cells in volume V, 
v, is the volume of the unit cell, M is the reduced 
mass of the atoms in the unit cell, w; is the longi- 
tudinal optical frequency assumed independent of 
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q, and aq, a_* respectively are the annihilation and 
creation operators for phonons. The symbol a, 
is to be understood as dg for the upper sign and 
a,* for the lower sign. The effective ionic charge 
e* appearing in equation (2) is defined and dis- 
cussed in Section 4 of I. 

In the present calculations we shall for the most 
part introduce the screening effects via equation 
(1) with the Debye length modified as in equation 
(I, 52) to take into account the InSb band struc- 
ture as well as Fermi statistics. However, this re- 
sult is not general. It fails to take into account two 
classes of effects that may be categorized as ‘time- 
dependent’ and ‘quantum-mechanical’ respec- 
tively. The time-dependent effects are most pro- 
nounced for lattice waves having small wave 
numbers g. The screening of such lattice waves 
which have a phase velocity larger than the typical 
electron velocity, corresponding to an energy KT 
in the case of Boltzmann statistics, is somewhat 
reduced from that obtained by use of equation (1). 
In this case the distance travelled by the electron 
during one period of the lattice vibration in ques- 
tion is smaller than its wavelength and the electron 
experiences a time-dependent field. Quantum- 
mechanical effects become important when q is 
larger than the typical electron wave number. The 
Uncertainty Principle then does not permit the 
electron to be as localized as is required by classical 
considerations. The Debye length is therefore in- 
creased and the screening effect reduced. 

These results are obtained from a self-consistent 
treatment of the quantum-mechanical Liouville 
and Poisson equations. A generalization of equa- 
tion (1) that is valid for phonons having wave 
numbers which influence the transport properties 
most significantly can be shown to be: 


Vg? =— {1 +A q'(qAs)-?} lug > (3) 


where A,‘*) is a function of the wave number gq, 
and the index s indicates the type of statistics. For 
parabolic bands, As is the Debye length in the case 
of Boltzmann statistics and the ‘Thomas—Fermi 
length for Fermi statistics. 

A detailed discussion of equation (3) will be 
given in a later publication.2) Since Ag is a very 
complicated function of g for the band structure 
and statistics under consideration here, we shall be 
content to estimate the effect on our results when 
Ag ~ 1 by considering the classical limit with Ag 
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evaluated at q = (2m,KT)!/2/h but assumed con- 
stant. This assumption is equivalent to a re- 
definition of the screening length. Table 1, to be 
discussed below, presents some typical values of 
this parameter. 

Unless otherwise indicated, we shall set Ag = 1 
in the present calculations. A brief discussion of the 
more general case just described is given at the 
conclusion of Section 6. 


3. ELECTRON-PHONON SCATTERING 

In this section we shall give the results for the 
scattering functions, proportional to the probabil- 
ity per unit time that an electron emits or absorbs 
a phonon, which will be required to evaluate the 
collision term of the Boltzmann equation. The 
conduction-band wave functions for InSb given 
by Kane®) will be used. These wave functions 
have pure s-symmetry at the band edge, and ac- 
quire some p-function admixture as one moves 
away from k = 0 into the band. This admixture 
was neglected in I. It was shown in Section 6 of I, 
however, that this approximation is not really 
justified at temperatures greater than about 400°K. 
We shall find that when the p-function admixture 
is included, the probability of scattering an elec- 
tron from a state Rk to k’ no longer depends on the 
angle of scattering alone, but in addition on the 
direction of the initial state. In order to obtain 
tractable results we shall consider the scattering 
from an initial state k taken along one of the prin- 
cipal cubic axes of the crystal to some other state k’ 
as typical of the scattering from initial states k 
along other directions as well. The approximation 
that the energy A, associated with spin-orbit 
splitting, which is of the order of 1 eV, is much 
greater than the band gap Fy, and kP will also be 
made. The matrix element P is defined by equa- 
tion (3) of I. This approximation is valid for elec- 
trons in the conduction band having energies 
E< Ey. 

In addition to the effects of the p-function ad- 
mixture on the scattering probabilities, we shall 
also include the screening effects considered in the 
preceding section. 

In order to evaluate the matrix elements for 
scattering, let 


Prey = Gy, et * (4) 


be one of the doubly degenerate cell-periodic wave 
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function of an electron in the conduction band hav- 
ing wave number k. The degeneracy, expressed by 
the index p = 1, 2, is due to spin. For phonon 
emission and absorption, respectively, one finds 


> Ww 7 +ptigq. p ‘ 
= ] Pie y, n J a etd ry ky, nar 


q 


h 
ae) 


+ al 
al ¥®\, 
\4 n+1} 


1! Xp-wXpyd3r (5) 
“- 


x {1+ Ag'*(grs)-2} 


where ’ is a product of electron and phonon wave 
functions, V g* is given by equation (3), and mis the 
number of phonons of wave number q in the field. 
The integral in equation (5) extends over a single 
unit cell. The square of the matrix element is pro- 
portional to the transition probability per unit 
time. Since the collision term of the Boltzmann 
equation does not distinguish between the de- 
generate states ,, we sum over the degenerate final 
states and average over the initial states. In terms 
of notation that will prove useful later on, we 
obtain for a transition from a state k to ki = 
= k(E+hw)): 
» sumed © Veer sae ce 
His, =|) | F(as)9s(8) (6) 
n+] 


where 


H = F(4rice* /vq)(h/2MG30)tk 


| 2 


F (q+) = (k gz)*{1+A (girs) 2} 


z ,* - a 1 
Xe-wXpud?r|2, 
#9 


The quantity F(q) represents the dependence of 
H,,;,\" on the phonon wave number 


gs. = {kx2+hk?—2kk cos 8} (8) 


where 8 is the angle between k and k... The quant- 
ity 9Y.(f8) contains the angular dependence of 
scattering due to the p-function admixture in the 
wave function. Y(f) is unity for s-functions alone. 
This value was assumed in I. We note again the 
fact that in general Ys depends on the direction of 
k in addition to 8, and that we circumvent this 
difficulty here simply by calculating it for an initial 
state taken along one of the principal axes of the 
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crystal, assuming subsequently that this result 
holds for all other initial directions as well. 


To calculate 9:(8), we use KANe’s") results for the 
cell-periodic part of the conduction-band wave functions 
as given by equation (5) of I. Here: 


o,"(, ) =1A,) 
yr 1(0, ) = —(6)#(Bi, +7B2,)Ao, +(2 3)*B3, Ai, 
m,,°(9, ?) — (6)*(B1,—1B2,) Ai, +(2, 3)*B3,Aa,, (9) 


and the matrices |{A,, || and ||B, || are the ones given in 
KANE’s equation (6) and (7), respectively. The angles 
6, ¢ are the same polar angles as those used by KANE, the 
z-axis of the crystal being the polar axis to which k is re- 
ferred. The assumption that the initial state lies along the 
z-axis implies that the polar angle 9’, corresponding to 
the final state k’, equals 8. The azimuthal angle ¢’ drops 
out of the calculation. Using the conventional orthogon- 
ality relations for the basis functions S, X,, «,, we find 
that 


G (8) = g;*—(1— cosf){go+* +(1+ cos B)g3*} (10) 


where 
(11) 


signs refer to final states having wave numbers 


The 


kx. In addition 
where s4 s(€s), & sj", m,,/my in the 


notation of I. One obtains ¢e from equation (12) simply by 
subscripts. It can be shown that 


and pL 


deleting all 


0< G.(B) <1. (13) 
Since we recall that 91(8) = 1 in the absence of p- 
function admixture, it follows that the scattering proba- 
bility is reduced by this admixture. 

Equation (7) shows that the scattering probability is 
also reduced by the screening effect. It is seen that the 
large scattering probability for small g associated with 
the q~* dependence of | Hx’x|? in the simple case is greatly 
reduced by screening. The resultant effect on the mobil- 
ity is, however, not as great as it might seem, since 
scattering in the forward direction does not alter ap- 
preciably the motion of the electrons with respect to the 


direction of the electric field. 


It will be helpful to show the effects of the p- 
function admixture and screening on the absolute 
square of the matrix element for scattering as a 
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function of angle for a particular case. We con- 
sider an electron in the conduction band of InSb 
having wave number & associated with an energy 
KT, T = 400°K, absorbing or emitting a phonon 
having energy KO. For InSb, © = 290°K. The 
results are shown in Fig. 1. We have decomposed 
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posite result (corresponding to curve (3)) for the 
emission process. It is to be noted that the non- 
parabolic nature of the conduction band is used 
here, since k and k’ are related to KT by equations 
(10) and (11) of I. 

Comparing curves (1) and (2), we see that the 
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Fic. 1. Absolute square of the matrix element for phonon absorption 

(arbitrary units) versus scattering angle for an electron having energy KT 

(T = 400°K) in the conduction band of InSb. For further explanation, 
see text. 


the results for the absorption process, represented 
by solid lines, into three cases. The curve labeled 
(1) corresponds to the unscreened interaction and 
assumes that the wave function has pure s-sym- 
metry. The curve labeled (2) results from includ- 
ing screening effects, while maintaining the 
assumption of s-symmetric wave functions. Curve 
(3) combines the effects of screening and p-func- 
tion admixture. The dashed curve shows the com- 


scattering in the forward direction is considerably 
reduced by the screening effects. For scattering 
larger than about 60°, on the other hand, the 
screening effect is rather small. Curve (3) illustrates 
the conclusion of equation (13), that the p-function 
admixture reduces the scattering through ll 
angles. Moreover, it is seen that the scattering in the 
backward direction is principally affected. Such 
scattering anisotropies have the most sensitive 
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effect on the mobility. It should be emphasized 
that the effect of the p-function admixture be- 
comes considerably larger at higher temperatures. 


4. ELECTRON-HOLE SCATTERING 
Since electron-hole scattering is an important 
temperature range of interest in 


mechanism in the 


these calculations, we shall have to incorporate this 

hanism in the collision term of the 

ann equation. Here we shall also have to 

into account the effect of the p-function ad- 
mixture on the scattering 

The matr1 

I ¥ 


x element is given by equation (51) 


In calculating the absolute square of the 
the degenerate spin states are 
same manner as in the preceding 


4 1 1 . . 7S 5 - 
ne resuit Can be expressed in a torm 


yous to equation (0): 
Aye ».|2 = H2,F (\kR—k 


(B) (14) 


Wt = 


(72 4ARAV \(4are “/€E)}* 


F (|k—k'|) = {2k?/(a2+|k—hk'|?)}2 
d by deleting the + superscripts in 


quations (10). Since electron-hole scattering is 


lastic, the the electron in the initial and 
nal states is the same in our approximation, which 
assumes the hole mass to be infinitely larger than 
the electron mass. As in the preceding section, 
1, The effect of the p-function ad- 

mixture is therefore such as to reduce the probabil- 
ty of electron-hole scattering. For forward scatter- 


ng G0) 1. This result follows directly from 


+} ¢ thar . : j — 
he tact that wave functions used here are 


the 


normalized to unity. 


5. BOLTZMANN EQUATIONS 
here are three types of external fields that we 
wish to consider in the present calculations. The 
first type consists of a uniform electric field and/or 


thermal 


gradient, the second type of crossed uni- 


lectric and magnetic fields, and the third 
’ uniform electric field oscillating in time. 
The first type gives rise to a Boltzmann equation 
the 


whose solution will enable calculation of 


screening 
treatments of 


are quantum-mechanical 


effects that are ordinarily neglected in 


Coulomb scattering. ‘This is entirely justified at tempera- 


tures greater than about 20°K. 


mobility and thermoelectric power, the second 
type permits calculation of the Hall coefficient, and 
the third of the far-infrared optical reflectivity. 

In this section the Boltzmann equations corres- 
ponding to these three situations will be set up. The 
following sections will be devoted to calculating 
and discussing the physical quantities just men- 
tioned for intrinsic InSb. 

We shall write the Boltzmann equation in the 
form: 


(of/ot (f/Ct)cou+(Of/Ct)p. (16) 


The term depending explicitly on the time will 
contribute only in case (3). 

The postulated solutions of the Boltzmann 
and the will be 


similar for the three cases just described. We 


equation collision terms very 


postulate 


fk) =fo—k: c(E)f'o (17) 


for cases (1) and (2) and 


f(R) (18) 


for case (3). Here fo dfo dE, w is the frequency 
of the applied electric field, and @ is the angle 
between k and the electric field. 

The collision term of equation (16) contains two 


fo—ke(E)f oe wt cos @ 


contributions: a part arising from lattice scattering 


(to be denoted A) and another due to 


electron-hole scattering (process B). The term due 


pre CESS 


to lattice scattering is: 

- A ’ - ery 7 , 

(Of /Ct)con = —(42my?2Vs/rh?d)f oL a(R- c/k) 

— [4n(e*e)?mnf ‘o/h? MvgwAsE,*\L 4(R* c/k) (19) 
in cases (1) and (2). The operator L4(c) is defined 
by (1, 30). However, since we here take into ac- 
count screening and the p-function admixture, the 
definitions of the quantities Ri and S. which ap- 
pear in that equation must be modified to read: 


me | 
* =l 


F +(q)Gs(B)dx, (20) 


where x = cos f and A, defined by (I, 8), is pro- 
portional to the conduction-band density of states. 
These integrals are readily evaluated provided that 
Ag) is taken to be constant. When screening and 
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the p-function admixture are neglected, equations 
(19) and (20) reduce to (I, 29) and (I, 31). 

For case (3) we simply multiply equation (19) 
or (I, 29) by eft. 

The collision term due to electron-hole scatter- 
ing is obtained from equations (I, 53), (I, 54), and 
(14). Since the effect of the p-function admixture 
must also be included in the treatment of electron— 
hole scattering, equation (I, 54) becomes: 


102 = 32 dx(1—x)F (\k—k'|) (6) 


HAS|N)2S (21) 


Using equation (I, 53), we find the collision term 
in question to be 


(f|at)cou = (rre4n|he2Eg*sd)f’oS(R* C(E)/k). (22) 


The total collision term will be written in the form 


(19), with L4(k - c/k) replaced by 
= La(k+ c/k)\—nS(e*—1) 
(LatLp)(k “<€ R), 


L(k+ c/k): IKT(k* 


where 
n = (hMvqguyn/4mne2 KT )(e/e*)?(e® — 1). 
? = @/T. (24) 
The field term of the Boltzmann equation in 
case (1) is given by equation (I, 32). For case (2) it 
may be written in the form 
(Of/0t)p = ef o[€ —(he) 1H x c(E)]-v 


where v = V,E/h. 
case (3) will be assumed of the form & 
The field term in this case is 


(25) 


The external electric field in 


6 pet, 


(26) 


The Boltzmann equations to be solved in the 
following sections may now be written down. It 
will be convenient to introduce the dimensionless 


(Of /8t)p = (f’o cos 0/h)(dE/dh)e& yet. 


variables 
-(®—1)(KTYAL 
x3 = —SEy*t/(KT)? = —s3/B*, 
The variable c(£) will also be replaced by a dimen- 


sionless quantity (£). Its definition, however, will 
vary in the three cases under consideration. 
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In case (1) we separate the Boltzmann equation 
in the same manner as (I, 33). Writing k - c/k - 


c(E) cos@ and 


cn) — (KT)"-4(e9—1)ym (28) 


in place of the c() introduced in equation (I, 34), 
we obtain the equations (I, 35) now written in the 
form: 


— x3 


—x3(y—2), 
where «= C/KT, y = E/KT. 
equation (29) by a variational technique used in 
I will be discussed in Section 6. 

In case (2) we assume the magnetic and electric 
fields involved to be given by $f = (0, 0, Jf) and 
& = (61, &2, 0). It follows that c(E) can then be 
represented by the vector c = (cM, c@), 0). We 
now separate the Boltzmann equation obtained by 
using equations (19) (with L.4 replaced by L) and 
(25) into x and y components. Further we intro- 


Ly (1) 
(29) 


The solutions of 


duce the dimensionless variables defined by equa- 
7) and also 


6= 63/641, 
c™) — (afic(e*—1) Ht \Ony™, 


tion (2 


where 
0 = MvghonI(KT)*|(2mn)tree*®c. 
The resulting equations are 
2 
—_— 


—x3, (32) 


Ly) + (eo — 1) x80) . 
Ly) —(é 


: 1)x391 ory'l) : 


These are generalizations of the equations given by 
Lewis and SONDHEIMER“) in that they apply to 
non-parabolic bands and hold for arbitrary 
effective ionic charges e*. In Section 7 we shall 
solve these to lowest order in Jf by a variational 
technique to obtain the zero-field Hall coefficient. 

Equations (32) may be written in a more compact 
form which is of interest because of its analogy to 
the Boltzmann equation for high-frequency con- 
duction (case (3)) which we shall discuss below. 


+t The different definitions of y 
no confusion, since the = cases under discussion here 
. The advantage of the nota- 


used here should cause 


will be considered separate] 
tion will be recognized hic it is seen that some of the 
equations arising in different cases have great similarity. 
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We introduce the complex form: 
y =(0- LAL) +62 + i(y )—»/{2)) 


and find after some elementary manipulations that 
the equation 


(33) 


[1—i(e®—1)-1(x3x) AL] 7 


= 1(8-+0-) /a(e®—1) (34) 


is equivalent to the coupled set (32). In the re- 
laxation-time approximation Y is no longer an 
operator. When the band is parabolic, we then 
find: 


(e8§—1) (x80) AL mycleHr 


/ 


(wo7)7}, (35) 


where wo is the cyclotron frequency and 7 is the 
relaxation time. For large magnetic fields or small 
collision cross-sections, the term in equation (34) 
involving the collision operator ¥ will therefore be 
small. 

We turn next to case (3). The explicitly time- 
varying term of equation (16) must now be con- 
sidered. Using equations (18), (19), (26), and (27) 
and introducing the dimensionless quantities y 
and 6 defined as: 


c(E) = [h? Mug o( KT )*(e®—1)/(2mn)*x 
‘= 2?rmn*(e*e PAT hMvqowEk,**s*(e 


*? 

“ely 

S—1), 
(36) 

we find a Boltzmann equation having the form 

(37) 


—16x°2, 


(1 +15S)y : 
In the relaxation-time approximation 


§.f = (wr). 
We observe that equations (34) and (37) have the 
same form and that the collision terms given by 
equations (35) and (38) are also similar. As one 
would expect, the cyclotron frequency wo appear- 
ing in the magnetic-field problem is replaced by 
the frequency of the oscillating electric field in the 
case of high-frequency conduction. When the 
frequency is large and the scattering small, the 
term 6Y is much smaller than unity and a solution 
of equation (37) by the perturbation theory is 
possible. These conditions are well satisfied 
InSb around room temperature when w corres- 
ponds to frequencies in the far infrared. The solu- 
tion of equation (37) will be discussed in Section 8. 
In the magnetic-field case when (e’—1)-} 
(x%x)-1Y <1, the Boltzmann equation (34) may 


not be valid, since it is no longer legitimate to think 
of free carriers in the effective mass approximation. 
Instead, the carriers must be considered to be in 
harmonic oscillator states. This qualification does 
not apply to equation (37) when 6% < 1, since the 
strength of the perturbing field is determined by 
& which can be small even though w is large. 


6. MOBILITY AND THERMOELECTRIC POWER 

This section is devoted to a discussion of equa- 
tions (29), whose solution leads directly to the 
mobility and thermoelectric power. The treatment 
presented in this section will apply when both 
processes A and B are operative. In addition, the 
scattering mechanisms will be properly combined. 
Process B has, in the preceding discussion, been 
associated exclusively with electron-hole scatter- 
ing, since this is the process of interest for the tem- 
perature range considered here. It should be 
recognized, however, that this treatment is im- 
mediately applicable to ionized-impurity scatter- 
ing, since it has been assumed that the hole mass 
is much larger than the electron mass. It is only 
necessary to replace the number z of holes by the 
number of impurities. 

We begin with the simple observation that when 
process B acts alone, these equations can be solved 
immediately : 


(39) 


/ 
This is possible because the relaxation-time ap- 
proximation obtains in the case of electron-hole 
scattering. Further we observe that for process A 
the asymptotic solutions X 4) and X 4) of equation 
(36) for large temperatures (T > @) are especially 
simple since in that limit 

L4~ —P*(e®+1)(S—R). 


we must use 


(40) 


In general, however, KOHLER’S 
variational principle“) as discussed in I. Since this 
principle has not been applied previously to a 
material where the band structure is known at 
least for a portion of k-space, some care must be 
taken in its application. In particular, we must 
make sure that the integrals D;;, defined in (I, 46), 
do not have appreciable contributions in a region 
of the band where the band structure is uncertain. 





+ See, for example, P. N. Arcyres.'*) 
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In the case of InSb, the known region of the con- 
duction band lies between the band edge and an 
energy equal to the band gap. 

A second point, not previously investigated, 
which has to be considered in a quantitative trans- 
port calculation, is the sensitivity of the calculated 
physical quantities, such as the mobility and 
thermoelectric power, to the choice of the trial 
function. It follows from the statement of the 
variational principle that the current, and hence 
the mobility, is stationary, but that the thermo- 
electric power is not. One would therefore expect 
the mobility to be relatively insensitive to the 
choice of the trial function. No such a priori state- 
ment can be made about the thermoelectric power. 

In order to investigate these points, a number of 
different trial functions y) will be considered. We 
shall write 


y(n) — x(n) 4. Ain) (41) 


where y™) is a known function and A™ is a trial 
function to be used in a variational principle, des- 
cribed below, which is very similar to KOHLER’s 
form. We might, for example, let y represent 
the asymptotic solution (40) when process A alone 
is operative. Alternatively, when process B pre- 
dominates, as for instance at low temperatures 
when ionized impurity scattering is the most im- 
portant mechanism, we would choose y‘”) to be 
given by equation (39). 
It is convenient to introduce auxiliary quantities 

vy, A, and x defined by the equations: 

A® = AO— 2A 

v2) = 90) — gall) 
x2 = (y—2)xD = yO 2x, 


The equations to be solved, which replace equa- 
tions (29), are then 


SAV — —B— Py): - 1,(X) 
PAO = —yi— yO ; = Io(X). 


We also define* 


<b, L4>=| pL4(dfoldy) dy 
“0 


(44) 
mee) 
<p, ly = | l(dfo/dy) dy. 
0 


notation here differs from that used in I. 
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These functions satisfy the relations <4, 74) = 
<¢, Hb» and <%, H4> > 0 for the operator 
defined by equation (27). These are the conditions 
needed to prove the variational principle for A‘). 

In brief, the principle states that the solution of 
equations (43) is the function A™ that maximizes 
<A, LA™ » subject to the subsidiary condition 
KAM, ZAM» = <A, 1,>. Formally this prin- 
ciple is the same as that stated more precisely in I. 
In the present case, however, we can consider A™ 
to be a correction to the function » which may 
already by itself represent a good approximation to 
the true solution. It is easy to show that the Boltz- 
mann equations (43) are obtained upon perform- 
ing the variation with respect to A™, taking 
account of the subsidiary condition by the tech- 
nique of Lagrange multipliers. 


We introduce a complete set of functions y¥,'") and 
write: 


co 
Atm) — > Ap (45) 


i=0 


where A;‘”") are numbers to be determined by the varia- 
tional method. The possibility that the set ¥,'") may be 
different for the equations (43) corresponding to n = 0 
and 1 is contained in equation (45). Application of the 
variational principle yields the algebraic equations: 


2 AM Lb™, Lb) = <bj™, Ind (46) 


i=0 


which determine A,'"). The steps leading to expressions 
for the conductivity o and thermoelectric power Q are 
analogous to those given in I and earlier references. We 
shall give only the results. Both o and QO can be expressed 
in terms of integrals: 
Gn _ 


ful 3° 
— ‘oln), x3" 4 


(47) 
Thus 


o = (2/3m2)(Mugv/h2e*2)(KT)2(e®—1)G, (48) 


Q = —(K/e)[(Go/Gi)—2]. (49) 


From equation (54) and the subsidiary condition one can 


show that 
a ras 3. / S.(1)\ 
G a m2 <x, x3» ai x, Ly)" + 


+ <A, SAD, (50) 


Therefore the conductivity is stationary, since 





is stationary. We find: 


Am, ZAM 
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: ™ {( 2; In),-1™}* 


dg, Lig ’ ya (FL) FL),_1 n) 
{=2 


(n) 4 | (n) 


/, 
Ym1'"s © Ym-l 


(mn) SY, | 7) 
wo n M F bm_o™ 


/ ’ } I, (n) , 
Ym-1 Ym—2 Ym-1"'s Ln 


We note that G, could have been written in this form, but 


without assurance that successive corrections obtained by 


considering more terms in the series in equation (53) are 


all positive. Further comment on this point will be 


made later. 

The choice of the trial functions x"), %,{") must now be 
considered. In earlier applications of this variational 
principle to polar semiconductors, the choice 7,‘ 


yp) yt, xi" 0 was made. In the present paper we 


[ev-2-+-e-9] “1 +e-¥-2)]} 1x 


{mR fu, in hj n +5; (n a fn |. 


shall consider three trial functions and compare the re- 


sults retained. They are: 


(54.1) 


In the first trial function, y.'") corresponds to the asymp- 


totic solution obtained by properly combining ya" 
i - 4 


and xs"’ 
xA™yB™ /|(xyAM+yB™). (55) 


The functions ¥,{") must then be chosen so that for large 
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v, 2") + 0. Accordingly we shall choose: 


pb == e~*Yyt 


. (56) 
pO -@ ayytt1, 

The extra factor y in %,(°) is introduced because of the 
appearance of a corresponding factor on the right-hand 
side of the second of equation (43). This choice of trial 
function takes advantage of the known asymptotic 
solutions, and tends to confine the principle contribution 
of the integrals in equations (51) and (53) to a region near 
the band edge where the band structure is known. How- 
ever, the form of yo") still depends on the band struc- 
ture at larger energies. 

For the second trial function (54.2) we choose x'") = 0 
and 


f{0) yt, (57) 


Except for the extra factor y in ¢,(), this trial function 
corresponds to that used in earlier treatments. The ab- 
sence of the damping factor e~*¥ tends to shift the con- 
tribution of the transport integrals to larger energies. In 
the third trial function (54.3) we put x'") = 0, but re- 
tain the damping factor. For a sufficiently large value of « 
this solution will therefore make use of only the known 


yw; Oo 


portion of the band. 

Some comments concerning the choice of « are in 
order. It is of course most desirable to let « differ for the 
two functions (56), by putting « “,, and to determine 
the values variationally. A general treatment is difficult, 
but it is possible to achieve a limited variational deter- 
mination fairly simply. As a trial function we take 
x”) Yoo!™) and A@) pe *1Y s Al) 
p, and «, are to be determined. As a result of the present 
form of the variational principle, one finds «, from the 


YV poe “oY, where 


equation 


(L, In) = 0. (58) 
The quantity on the left-hand side is a determinant ap- 
pearing in equations (51) and (53) with ¥;'") given by 
equation (56) but with «, replacing «. Thus if we assume 
the value of «, given by equation (58) and use the trial 
function (54.1), carrying through the variational pro- 
cedure as before, we obtain the results (51) and (53) with 
the term corresponding to 1 = 2 in the 
‘The maximum of the variational function used to deter- 


series missing. 


mine «, is not very sharp. For the temperature range of 
interest here, «», 1. In view of the difficulty associated 
with solving equation (58), it is therefore simplest to 
choose a value of «,, that is reasonably close to the maxi- 
mum which will still damp out the integrands discussed 
earlier in the desired way. We have chosen «, = 0-988* 
(n 0, 1). 

One can consider several limiting cases for Gy and G. 
It is easily seen that equations (51) and (53) reduce 
properly when processes A and B act alone. In the latter 





* There is no reason worth stating why 0-988 was 
chosen in preference to unity. 
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case one obtains a result which corresponds to setting 
y(") = xp(™ in equation (39). For large temperatures 
the proper asymptotic form, with y(") = x”) as given by 
equation (55), is obtained. 

The low-temperature case, where we associate process 
B with ionized-impurity scattering, deserves more de- 
tailed comment. In this temperature region process A is 
less important than B. It is desirable to choose a trial 
function which will give the correct result for process B 
acting alone as J —0O in a simple manner. This is 
accomplished by setting x") = 0 in equations (50), 
(51), and (53) and choosing 7, xB yt, £6 
xp)yit!, G, is then given by equation (51), the first 
term reducing to the correct low-temperature solution, 
and subsequent terms providing small corrections. These 
latter terms all vanish in the limit 74 < &z, since then 
(fH, la)—™) 0. For Go, the first term of equation (53) 
vanishes and the second gives the limiting value. This 
procedure provides a simple and accurate way of com- 
bining polar lattice scattering and ionized-impurity 
scattering when the latter is the more important. Alter- 
natively one can use a perturbation expansion like that 
described in Section 8. One writes, for example, the first 


of equations (29) in the form: 

SL pli —(L4/L pn) yy? = +2°. 
f p, is then given by: 
(59) 
where the right-hand side must be interpreted as an 


operator expansion. A detailed treatment of the low- 
temperature case is beyond the scope of the present 


The formal solution, when #4 


-—[14+(La/L 2) AL 51x, 


np) 
} 


paper. 


We turn now to a discussion of the results. In 
the calculations of the Gz, it was possible to con- 


sider only a finite number of terms of the infinite 
series contained in these expressions. In general 
we shall denote G,) as the approximation when 


just N terms of the infinite series }}% 
tained. It should be recognized that this statement 
can be made independently of the trial function 


are re- 


under consideration. Some of the results of the 
numerical calculations for combined polar and 
electron-hole scattering are presented in Table 1 
for the G, obtained with the use of the three trial 
functions (54). It should be emphasized that these 
results contain parameters peculiar to InSb and are 
applicable only in that case. The results for G,™ 
correspond to the lowest reliable approximation. 
This approximation was used in I for a trial func- 
tion similar to y)’, and also by HowarTH and 
SONDHEIMER(!4) for most of their results. The 
columns labeled G,) show the cumulative effect 
of adding two more correction terms, In the case 
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Table 1 


Gyr”) 


0-01171 
0-2381 
0:-7972 
1-369 
2:288 


0-02262 
0:6931 
2:779 


5-308 


Gey’) Go(y’’) 


Gy’) 
0:01146 
00-2369 
0:7960 
1-368 


2°287 


G,)(y, Og) 


0-40 0-01146 


0-90 


Gy’) 


0:7584 


2-154 


Go)(y, %q) 


0-02257 


700 10-20 10-10 6-984 10-17 


of Gj, it is seen that the result for y is always a 
little larger than that obtained from the other trial 
functions. Hence y) is the best of the three choices. 
Nevertheless, the difference between the results 
for y™ and y)’ is sufficiently small that, as can 
now be seen, there is no particular advantage in 
using the more complicated form of G, that is 
associated with the trial function (54.1). Were one, 
however, to obtain by some other means an ex- 
pression for y), by itself already a good approxi- 
mation to the true solution over the entire energy 
range, the form (54.1) would possess definite ad- 
vantages. In addition we observe that the values of 
G, obtained from (54.1) and (54.2) are already 
quite reliable. The largest corrections occur for 
T = 200°K. This is not the case for Gj)(y’’). The 
agreement, however, improves markedly upon con- 
sidering G))(y’’). Thus if one insists upon con- 
fining the principal contributions of the integrals 
in G, to a region around the band edge. one is 
forced to consider more terms in the series Gy“) 
in order to obtain reliable results. 

Similar comments concerning Gp can be made. 
Even though it is not a stationary quantity, Go 
appears to be little more sensitive to the choice of 
trial function than was G . Successive corrections 
in this case are not required to be positive. It is 
interesting that these corrections are positive for 
Go(y’) and negative for Go(yv). The series for both 
cases appear, at each approximation, to represent 


lower and upper bounds, respectively. It is, how- 


10-16 0-94 


ever, difficult to make a general statement con- 
cerning this point. 

The last three columns of Table 1 attempt to 
correct the screening constant for time-dependent 
but not quantum-mechanical effects, as discussed 
in Section 2. As mentioned in Section 2, we assume 
A, constant and take its value from the typical 
scattering process corresponding to qd = 
(2m,KT)\/2/h. The correction is seen to be 
largest in the temperature region where screening 
is unimportant and to be small in the region where 
screening contributes significantly. The total effect 
on the mobility and thermoelectric power is there- 
fore small. The quantum-mechanical effect, 
which becomes more pronounced with increasing 
temperature, tends to reduce Ag further. A crude 
estimate shows the values of G; and Gp to be 
affected by at most 10 per cent if this effect is 
taken into account. 

We turn now to a discussion of the mobility in 
the temperature range extending from 200 to 
700°K. In I, where no attempt was made to com- 
bine scattering mechanisms, we determined a 
value of the effective ionic charge by requiring the 
magnitudes of the theoretical and experimental 
mobilities to agree, assuming polar scattering as 
the dominant mechanism. The justification of this 
procedure depends on the fact that e**, according 
to equation (I, 23) is proportional to e9—€o. 
Since eg7—en < €9 and €w, it follows that a small 
error in the determination of either dielectric 
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constant will produce a large change in e*. Specific- 
ally, an error of only 5 per cent in the experimen- 
tal reflectivities obtained by Spitzer and Fan 
would lead to a value of e* consistent with the 
value used in I, rather than the value e* = 0-13 
which one calculates from their data. 

Since it was our purpose in I simply to establish 
the order of importance of the various scattering 
mechanisms in InSb, we did not correct the mo- 
bility determined by Hrostowski et al.) for the 
fact that deformation potential scattering is not the 
dominant mechanism. They used the relationship 
pe = (8/37)Ryo instead of = Rya/b, where b 
should be calculated for the correct scattering 
mechanisms.+ The proper determination of 6 is 
discussed in the following section and results are 
presented in Fig. 5. Using these results, it was 
possible to calculate better values of the drift 
mobility. These values are represented by the 
dashed curve, labeled ‘“‘experiment”’, in Fig. 2. 

We also show, in the same figure, the results of 
the present calculation. The curves given are 
determined using the experimental effective ionic 
charge e* = 0-13 for polar scattering alone as well 
as for properly combined polar and electron-hole 
scattering. In addition, a curve for e* = 0-20 and 
combined scattering is shown. It is seen that the 
temperature-dependence of the mobility deter- 
mined from polar scattering alone is in considerably 
greater disagreement with experiment than the 
results presented in I. This disagreement results 
from the fact that we have here considered the 
effects of screening and the p-function admixture 
in the wave function, both of which decrease the 
scattering probability at higher temperatures. ‘The 
combination of scattering mechanisms, however, 
leads to results that are in good agreement with ex- 
periment except at the two ends of the temperature 
range under consideration. It should be emphas- 
ized that the results shown correspond to an 
absolute determination of the mobility, there being 
no adjustable parameters in the theory. 

The disagreement at 200°K arises at least in part 
because charged-impurity scattering has been 
neglected. The modified experimental data shown 
in Fig. 2 derive from an n-type sample having an 
impurity concentration ™ ~ 7-7 xX 1014. ‘The num- 


+ This point has also been made by C. HILsumM 


(private communication). 


141 


ber of intrinsic holes present at 200°K can be 
shown to be mp, ~ 4X1014. It is seen from the 
effect of electron-hole scattering on the mobility 
at this temperature that the contribution from 
scattering by charged-impurity centers may lower 


6 
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/VOLT — sec 


MOBILITY cm? 


COMBINED 


s 








10° 

TEMPERATURE °K 
Fic. 2. Electron mobility temperature for 
screened polar scattering and for combined screened 
polar and electron-hole scattering. e* = 0-13 and 0-20. 
The dashed line refers to Hall mobility data of HRostow- 
SKI et al.°) adjusted according to the results of Section 7. 


versus 


the curve for combined scattering to a value ap- 
proximating 2 x 105 cm2/Vsec. At higher tempera- 
tures, mp, > m, so that the impurities may be 
neglected. 

The lack of agreement at 700°K may be associ- 
ated principally with three features that are in- 
adequately treated by the present calculations. The 
most serious of these is the neglect of electron- 
electron scattering. This mechanism will have the 
most pronounced influence when electron-hole 
scattering becomes dominant, as it practically does 
at 700°K. The calculations of Spitzer and 
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yf the remaining dis- 
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over most Ol he temperature range, can be 
1 for by the small contributions arising 
deformation potential and piezoelectric 
over-estimate of screening effects, 
electron scattering. 

he thermoelectric power are 
Tl ey are seen to be quite in- 

» the choice of e*. This is to be expected, 
polar scattering the ratio Go/G; is 
ndent of the effective ionic charge. 
both e* 0-13 and 0-20, taking 

into account combined scattering, 
data of Weiss‘8) within experimental error. The 
results for polar scattering alone agree less well. 


Again electron-electron scattering will affect the 
5 


agree with the 


results at high temperatures. As pointed out by 
HERRING,” the transport term for pure electron— 
hole scattering in the non-degenerate limit is 
reduced from 4-0 to 3-2. The correction introduced 
at lower temperatures will be considerably smaller 
for the reasons mentioned earlier. However, at 
700°K the effect is probably significant and in a 
direction to improve the agreement between theory 
and experiment. The kink in the data at 500°K is 
not explained by the present theory. 


7. HALL EFFECT 

As has been stressed repeatedly in this and the 
preceding paper, the factor 5 in the conventional 
expression for the Hall coefficient, Ry b/nec, 
must be correctly evaluated in order to be useful in 
a quantitative theory. This problem is not simple 
in the case of polar scattering. Lewis and Sonp- 
HEIMER!?) have given a theory which is an exten- 
sion of the earlier work of HOWARTH and SOND- 
HEIMER.(!4) As they point out, however, their treat- 
ment is not a complete variational one, and only 
reduces to a variational calculation in the limit of 
vanishing magnetic field. In this section we shall 
give a variational treatment of the Hall coefficient 
in the limit of small (but not vanishing) magnetic 
fields. This will be sufficient for the interpretation 
of experimental values of Ry that are ordinarily 
used to obtain the carrier concentration and Hal] 
mobility 

We wish, then, to find the variational solution of 


equations (32) to lowest order in the magnetic field 


}(. The equations may be simplified in this ap- 
proximation. Introducing a new quantity y®), de- 


fined by the equation 


2) — D+ (e9—1)x9-1y), (60) 


we find that equations (32) may be approximately 
replaced by 
Lyf) = —x3 


Ly?) 


(61.1) 


e3of\l), (61.2) 
Equation (61.1) describes the transport in the 
direction of the applied electric field. This equa- 
tion is the same as the first of equation (29) which 
holds when the only applied field is &. Equation 
(61.2) describes the transport in the direction of 
the Hall field. It is independent of ‘/f only because 
we have made the substitution (60). 
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Our variational solution of equations (61) 
depends on the fact that (61.1) may be solved in- 
dependently of (61.2). This has, in fact, been al- 
ready done in Section 6. It is therefore only neces- 
sary to find a variational principle whose solution 
will give equation (61.2). If one is willing to assume 
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= ¢i = y'. The results of the more general treat- 
ment will be discussed briefly. 

One comment concerning the preceding variational 
principle is in order. A variational calculation does not 
necessarily determine the solution y) accurately. Only 
integrals involving y") which are at the same time 


SCREENED POL 


COMBINED 
e* = 0-20 


1000/T (°K) 


Fic. 3. Thermoelectric power versus reciprocal temperature for 
screened polar scattering and for combined screened polar and 
electron-hole scattering. e* 0-13 and 0-20. The 
curve is independent of e*. The dashed curve corres- 


“‘screened 
polar’’ 
ponds to the experimental data of WErss.‘”) 


vy) exactly determined by the solution of equation 
(61.1) already given, then a variational principle 
having the required properties is the following: 
the solution of (61.2) is the function that maxi- 
mizes <y®), fy) >, subject to the subsidiary con- 
dition ¢y®), Ay y® > = <y®), x3,() >, This principle 
has the same form as that used in Section 6. The 
conditions required for its validity are, of course, 
also satisfied. In view of the complications in nota- 
tion, we shall not introduce the function y®) in the 
present treatment. The trial function to be used 


here will then take the form (54.2) with 4; = 


stationary quantities are guaranteed to have some quanti- 
tative significance. We have seen, however, in the treat- 
ment of the thermoelectric power of the last section that 
even nonstationary quantities appear to be rather stable 
to changes in the trial function. In view of this fact one 
might hope that quantities of the type ¢y'”, x°y’> are 
also stable. This expectation is fulfilled rather well for 
the calculation to be described. 

It can be easily shown that the Hall coefficient in the 


present case is given by: 
Ry = —(nec)-1(3/2)®(G3/G12), 


where G; is defined by equation (47) for the values 7 in- 
volved in equation (62). The factor ® depends on the 


(62) 
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statistics. For InSb it corresponds to the term in square 
brackets in equation (I, 13). In the case of parabolic 
bands and Fermi statistics, ® = F,,/.(z). Equation (62) 
is obtained in the usual way from the longitudinal and 
transverse currents, which, because of equation (30), are 
here given by: 
j; = (uc/3n?Jt)(e®—1)(e& ;)(2mnKT/h?)'G; 

(63) 
Because of the great similarity of the present variational 
principle with that discussed in Section 6, it is evident 


that the detailed steps in computing a formal expression 
for G; are the same as those used in finding Gy and G;. 
3 1 


¢=j, 2. 


Fic. 4. 
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SS (FL, x30), (MP, x3), 
Ly (PWD) 


(64) 
This is very similar to the expression for Gp given by 
equation (53). 


In the present application to InSb, we have 
taken M = 2 and N = 1. The results are shown 
in Fig. 4. We have plotted (—nec)Ry as a function 
of temperature for polar scattering alone as well as 
for combined scattering. It is evident from equa- 





700 


necRy versus temperature for screened polar scattering and 


combined screened polar and electron-hole scattering. The open circles 


correspond to results for e* 


0-13; 


the line to results for e* = 0-20. 


The ‘screened polar’’ curve is independent of e*. 


One finds that G,; involves integrals (¢;, x°y@)> which 
are themselves infinite series of the same type as, say, Gj. 


1 
1 


It is possible only to include a finite number of terms in 


a feasible calculation. The degree of approximation may 
be represented in the way discussed in Section 6 by 


Yas 


b;, x) SM), 


The final approximate result is :t 
/ 2 1] 2 
. dbo, x3) SM bo, x8 
G3 N,M + 
do, £ ho 

+ It is to be noted that the superscript (V/) here refers 
to the degree of approximation in contrast to the super- 
script (m) used in earlier equations, such as (51), which 

dentifies the trial function. 


tion (62) that in the former case Ry is independent 
of e*. However, just as in the case of the thermo- 
electric power, the result will depend on e* once 
scattering mechanisms are combined. It is interest- 
ing that the curves representing combined scatter- 
ing for e* = 0-13 and 0-20 practically coincide. 
Both G3 and G, vary appreciably when the effec- 
tive ionic charge is altered, but the ratio G3/G,? 
remains practically constant. We also show on Fig. 
4 the straight line corresponding to (—nec)Ry = 
37/8 obtained in the case of simple lattice scattering 
by acoustical modes, parabolic bands, and Boltz- 
mann statistics. It is seen that for intrinsic InSb 
1 < —(nec)Ry < 3/8. The minimum in the 
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curves at } = 1 is similar to that obtained by 
Lewis and SONDHEIMER 2) (cf. Fig. 1) for the 
simpler situation of parabolic bands and Boltzmann 
statistics. 

The present discussion has referred only to re- 
sults obtained by use of the trial function (54.2). 
Values of G3 have also been calculated for the trial 
functions (54.1) and (54.3). In the temperature 
range 400-700°K, G3%2)(y@) and G3-2)(~@)’) 
agree to better than 1 per cent. G3(1-2)(7)’), how- 
ever, is smaller by about 15 per cent for combined 
scattering. This is not unexpected when one recalls 
the results of Section 6 for the corresponding ap- 
proximation. At lower temperatures the agreement 
between G31-2)(y@)) and G3-2)(y@)’) is not as 
good. At 300°K the two values differ by 5 per cent 
and at 200°K by almost 40 per cent. This indicates 
that G34) must be calculated to a higher ap- 
proximation at this temperature. In view of the 
amount of numerical work required, higher ap- 
proximations have not been investigated. 


8. HIGH-FREQUENCY CONDUCTION 

This section will be devoted to a discussion of 
the conductivity and susceptibility of electrons 
under the influence of an oscillating but uniform 
electric field. These quantities will be used to cal- 
culate the reflectivity of InSb in the far infrared, 
the results being compared with the experiments of 
YOSHINAGA and OkETjEN.) The calculation under 
consideration is a classical one, for we shall use the 
Boltzmann equation (37) that has already been 
briefly discussed. The modifications introduced by 
quantum-mechanical effects will be mentioned. 

We have already pointed out that it is possible 
to use a perturbation technique to solve equation 
(37) when €Y <1. The magnitude of 6Y for InSb 
for the temperature and frequency range con- 
sidered by YOsHINAGA and OETJEN may be esti- 
mated roughly from equation (38) and the relation- 
ship p = e7/mn, where p is the experimental 
mobility at that temperature. One finds |5.7| ~ 0-1. 
The expectation is therefore that the perturbation 
method should yield reasonable results for InSb 
in the wavelength range 50-150 » and for tem- 
peratures around 300°K. 

The y involved in equation (37) is clearly com- 
plex. We accordingly introduce real and imaginary 
parts: 

y= Yi, (65) 
K 
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The formal solution of equation (37) is easily ob- 
tained. We find: 
7? = [1+(6.L)?]}-(—dx") 


yl = § Py (66) 


where the quantity 


N+8L)P}7 = 11+ 0L)(8F)}+4 


is to be interpreted as an operator expansion. From 
equations (66) we may in principle calculate the 
conductivity o and the susceptibility «. Introduc- 
ing the Gy defined by equation (47), we find: 
% = (2/32?)(Mugv/h?e*?)(KT)2(e®—1)w-1G_ (67) 
and o as given by equation (48). It is to be emphas- 
ized that the y™ appearing in Gy are now those 
defined by equation (65). 

The susceptibility (67) is that due to free carriers 
alone; the susceptibility due to the lattice is not 
included. Using (47) and (67), we can find the real 
and imaginary parts of the dielectric constant 


€1+7e2 from the relationships 
ey = €+-470 
ian (68) 
€2 = 4ro, G@. 


Here « is the dielectric constant of the crystal. This 
permits calculation of the reflectivity. For light at 
normal incidence the reflectivity is given by: 
R=[(N—1)?+ K?]/[(N+1)?+K2], (69) 
where 
N2= d[ert+(e127+€2)#] 
K? = 3[—e1+(e1? + €2?)]. 


For light at oblique incidence, the expression for 
R is more complicated. The general form is given 
by Konic. (8) 


(70) 


The preceding discussion forms an outline of the cal- 
culation that needs to be done. In practice, of course, it is 
necessary to approximate the expressions for G,. ‘These 
will involve an infinite sum arising from the expansion of 
the operator [1+(8)?]— as well as an integration over 
energies. We shall avoid problems associated with inter- 
changing the summation and integration in the usual 
manner by truncating the series for y") and y ?) before 
integrating. In the present case, since |8.%| <1, we 
shall use only the lowest terms in the operator expansion. 
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From equations (66) it is then found immediately that: 


si (71) 


(1) gS ¢ 2 
fl ~~ —§ Lx, 


In this limit the expression for the susceptibility becomes 


0 
a == —(2?/32)(myte2E,*t/h8w?) | (s4/A)fo(1—fo)dy. 


7 (72) 


it was not thought worthwhile to complicate the pre- 
sentation by considering this more general treatment. 


The calculated reflectivity as a function of wave- 
length, as well as the experimental data of 
YosHINAGA and OETJEN, are shown on Fig. 5. We 
have considered only two temperatures, J’ = 298 
and 316°K, since at higher temperatures the in- 
trinsic carrier concentration becomes so large that 
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which is given 
’ an expression analogous to (52 

perturl 


1 to the integral A), L(s/A 


ation treatment can be im- 


proved somew by introducing explicitly the asymp- 
totic solution in the manner of Section 6. The results to 
be presented make use of this fact. The effect on the 


results, however, turned out to be sufficiently small that 


the minimum in the reflectivity shown in the figure 
shifts into a wavelength region where its position 
and shape are appreciably perturbed by the rest- 
strahlen peak occurring at 54. 

The minimum just mentioned is due to free 
carriers. When wz > 1 and the absorption is small 
one can neglect K in equation (69). It is then clear 
that R will have a minimum when N = 1. For 
parabolic bands the position of the minimum will 
then depend only on the effective mass and the 
number of carriers. Since the latter can be deter- 
mined from the Hall coefficient, one can use the 
position of the minimum to estimate the effective 
mass. This idea, proposed by Spitzer and Fan, 9) 
has been shown by them to yield very useful ex- 
perimental information concerning effective masses. 
When o and hence K can be neglected, the 
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expression for R, as we have just seen, is the same 
regardless of whether the relaxation-time approxi- 
mation applies or not. It is clear from equation 
(72), however, that the non-parabolic nature of the 
bands can affect the position of the minimum con- 
siderably. In the present calculations the position 
of the minimum turns out to be rather insensitive 
to the value of K, as isevidenced bythe curves shown 
in Fig. 5 corresponding to e* = 0-18 and 0-21 for 
T = 298°K. The value of R, however, depends 
fairly sensitively on K. 

It should be emphasized that the calculated 
curves shown in Fig. 5 take into account the non- 
parabolic conduction band of InSb as well as the 
fact that Fermi statistics must be used for the tem- 
peratures under consideration. Only the screened 
polar interaction together with the p-function ad- 
mixture is included, electron-hole scattering hav- 
ing been neglected. The viewpoint toward the 
scattering mechanism that we take here is therefore 
that used in I, namely that at 300°K polar scatter- 
ing with e* = 0-18 gives an adequate description 
of the transport properties. Since the results do 
not depend very sensitively on the scattering mech- 
anism, it was not thought worthwhile to introduce 
the more complicated description used in Section 
6. The agreement with experiment obtained can be 
regarded as another confirmation of the correctness 
of the conduction-band structure) used in the 
present calculations. One should note further that 
these results apply only to intrinsic InSb, no ac- 
count having been taken of the fact that the sample 
used in the present experimental data had an 
extrinsic electron concentration of 6 x 10" carriers. 
Finally, these calculations consider the fact that the 
light in YoOsHINAGA and OETJEN’s experiment was 
not normal to the crystal but incident at an angle 
of 45°. The formula for R used was not equation 
(69) but the generalization given in Ref. (15). It 
turns out, however, that these results do not differ 
significantly from those obtained using equation 
(69) for normal incidence. 

The calculated and observed minima are seen 
from Fig. 5 to occur at practically the same wave- 
length for T = 316°K. The agreement for the 
room-temperature data is not quite as good be- 
cause the extrinsic carrier concentration present in 
the sample was not considered in these calculations. 
Because the number of carriers increases ex- 
ponentially with temperature, the effect of the 
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extrinsic concentration is still noticeable at 298°K, 
when there are 1-8 x 1016 intrinsic carriers, but less 
so at 316°K, when there are 2°8x 1016 intrinsic 
carriers. The effect of these additional carriers is to 
shift the minimum to smaller wavelengths. 

The absolute values of R obtained from the 
present calculations are in fair agreement with ex- 
periment for wavelengths shorter than that at 
which the minimum occurs. For longer wave- 
lengths, however, the agreement is rather poor. 
While this may very well be due to an inadequacy 
of the theory, one should remember that in this 
range there are extremely difficult experimental 
problems associated with the production of a 
monochromatic beam and the elimination of 
scattered light. 

As already pointed out, the calculation just des- 
cribed is a classical one. In this picture all the 
electrons are accelerated by the electric field and 
the entire distribution function is altered. On the 
other hand, according to the quantum-mechanical 
view, a single electron absorbs the incident photon, 
leaving the remaining distribution unaltered. 
BARDEEN®9) has shown that in this case one ob- 
tains formulas similar to the classical one in the 
relaxation-time approximation except that the 
relaxation time is replaced by an average value 
corresponding to the excited electron. Since in the 
present case the photon energy is smaller than KT, 
one would expect the classical approximation to be 
fairly adequate. In fact, as the wavelength increases 
the classical limit is approached. This effect there- 
fore is probably unable to explain the discrepancy 
just described. 

The present calculation has also ignored the 
effect of intrinsic holes. The holes do not produce 
another reflectivity minimum, but simply shift the 
minimum that corresponds to the electrons alone 
For the simple theory that yields equation (73) for 
the susceptibility, the effect of the holes is to re- 
place m,-! by my*+m,-1, where mM, is the hole 
mass, Since m, >> my for InSb, the intrinsic holes 
clearly will not affect the minimum appreciably. 

Finally, it should be clear that for carrier con- 
centrations of the order of 1016 encountered here, 
problems associated with the anomalous skin effect 
are of no significance. An estimate for the condt- 
tions encountered here shows that the electron 
mean free path is several orders of magnitude 
smaller than the skin depth. 
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GLOSSARY OF SYMBOLS 


Because there are a number of separate problems 
treated in this paper, each involving mathematical nota- 
tion, it has occasionally been necessary to use the same 
symbol in different contexts. The following list, includ- 
ing the more important quantities that occur in the paper, 
should prove helpful. The numbers in parentheses refer 
to equations where the symbols are defined. Those pre- 
ceded by I refer to equations in ref. (1). 

a(I, 52) reciprocal screening length; ag, ag* phonon 
annihilation and creation operators ; Ag‘*)(3); 6 factor of 
order unity in Hall coefficient; c velocity of light; 
c(E) (17) function proportional to perturbing part of 


= 


distribution function; e* (1, 23) effective ionic charge; E 
electron energy; E, band gap; E,* (1, Section 2) effective 
mass band gap; @ electric field; &9 amplitude of oscillat- 
ing electric field; ¢,, &, longitudinal and transverse 
electric field (Hall effect); f(k) perturbed distribution 
function; fp unperturbed distribution function; fo’ 
df,/dE; F (q+) (7) for polar scattering; F(|k—k’|) (15) for 
electron-hole scattering. 

g;~ (11); G* number of unit cells in volume V; 
G,,(47) transport integrals; 9+(8) (7), (10); Hey’, xu (5) 
matrix elements for phonon scattering; ‘ff (21) matrix 
element for electron-hole scattering; ‘ff magnetic field; 
H# (7) for polar scattering; (15) for electron-hole 
scattering; j,(z 1, 2) (63); Relectron wave number; K 
Boltzmann constant; /,, (43); La (I, 30) and Le (23) 
collision operators for polar and electron-hole scattering; 
L (23) total collision term; 74,42, # (27) dimensionless 
collision operators. 

m,, electron effective mass; M/Z reduced mass of atoms 
in unit cell; m number of phonons g in field; 7 number of 
electrons or holes; N index of refraction; P (1, 3) matrix 
element; g phonon wave number; Q (49) thermoelectric 
power; R (69) reflectivity; Rs (20); Ry Hall coefficient; 
s(€) (I, 11) quantity proportional to k; $i(20); A (21); T 


temperature; vq volume of unit cell; vg* (2); V volume 


of crystal; Vg* (1); x°(27); y E/KT; z = ¢/KT. 

a (31) magnetic field problem; « (56) parameter in 
trial function; « (67) electric susceptibility; f-angle 
between k and ki; B* = KT/E,*; y dimensionless 
quantity related to c(F); 

y(™) (28) for uniform electric field and/or temperature 
gradient; (30) for crossed uniform electric and magnetic 


fields; (36), (65) for oscillating electric field; y'™), y(™’, 
y(™)’” (54) trial functions used to calculate mobility and 
thermoelectric power; y (33); y!°) (42); y® (60); 8 (36); 
A spin-orbit splitting; A(”) (41) trial function; A‘ (42); 
A,'™) (45) expansion coefficients determined by varia- 
tional method; e dielectric constant; €9, €c static and 
dynamic dielectric constants; €,, € (68) real and imagin- 
ary part of dielectric constant; €+ (12); ¢ Fermi level; 
n (24); 8 (30); @ angle between k and ¢; © = hw,/K; 
D = 0/T (24); A (1, 8) proportional to conduction-band 
density of states; Ap Debye length; A, general screening 
length; » mobility; » = m,/mo; pw spin index; v = 
wilh; € = E/E,* (1, 9); &: Es/E,*; ma“ (0, $) (9); 
p; parameter in trial function; o (48) conductivity; 
o,#(0, 4) (9); 7 relaxation time; ¢,'") (54.2); ® (62); 
x'™ (41); x (42); Xeu(4); Yeu(4) Bloch function; 
wb” (45); Cb, Ld» (44); Cd, 1> (44); Pau, n(5) total 
wave function for electron-phonon system; w frequency 
of oscillating electric field; 9 cyclotron frequency; wy, 
longitudinal optical frequency. 
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ENERGY TRANSFER IN ZnS:Cu:In PHOSPHORS 
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Abstract—Transport of energy between luminescence centers has been observed in ZnS:Cu:In 
phosphors at room temperature and at 77°K. The results support a photoconductive transfer 
mechanism. Energy transfer at low temperatures can be interpreted as resulting from a process in 
which a given wavelength is capable of putting an electron into an impurity level from the valence 
band, as well as exciting it from the same impurity level to the conduction band. 


1. INTRODUCTION 

IN a recent paper™) dealing with energy transfer in 
ZnS:Cu:Cl phosphors, we observed that, from 
300° to 4°K, irradiation into the excitation band of 
the blue emitting centers resulted in an emission 
from the green luminescence centers. We inferred 
that excitation energy was transported from blue 
centers to green centers, and came to the opinion 
that the most likely mechanism of transfer was 
photoconductive. 

An important feature in a photoconductive 
transfer process was the assumption that optically 
induced transitions can take place between an im- 
purity level and either band. It was thought pos- 
sible to test this assumption, as well as several other 
possible transfer mechanisms which could not be 
entirely eliminated, by observing the transport of 
energy in phosphors similar in composition to 
ZnS:Cu:Cl, but in which the chlorine is replaced 
by a different coactivator. Indium was chosen 
because glow-curve data indicate that, of the 
known coactivators, it forms the deepest level and 
therefore differs most in this respect from the 
chlorine it replaces. 


2. EXPERIMENTAL RESULTS 

The phosphors were prepared from lumines- 
cence-grade zinc sulfide and were fired 1 hr at 
950° in HS. The impurities were added as copper 
acetate and indium sulfide. Emission and excita- 
tion spectra were obtained in a manner described 
for ZnS:Cu:Cl.® 

Fig. 1 shows the emission spectrum of a sample 


of ZnS:Cu:In. The blue emission band, attri- 
buted to zinc vacancies, lies at about 4600 A. The 
green copper band is at 5200 A, and the orange 
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Fic. 1. Emission spectrum of ZnS:Cull0-*):In at 

298°, 116°, and 77°K. Because of their large half-widths, 

the individual blue, green, and red emission bands are 
not clearly distinguishable. 
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emission band of indium has its peak at 5850 A. 
lhe positions of the emission bands agree with the 
jata obtained by KROGER and Dikuorr.®? The pre- 
sence of a blue emission in ZnS:Cu:In suggests 
that indium, like chlorine, can give rise to zinc 
vacancies at low copper concentrations, apart from 


its role as charge compensator for copper. 
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Fic. 2. Excitation spectra for the blue, green, and red 
emissions of ZnS:Cu(10-*):In at 298° and 77°K. 


Fig. 2 shows the excitation spectra for the blue, 
green, and orange emissions of ZnS:Cu (0-0001 
per cent):In at room temperature and at 77°K. For 
comparison the excitation spectra 


purposes of 
shown in 


of ZnS:Cu(0-0001 
Fig. 3. . 
Considering first the excitation bands of 
ZnS:Cu:Cl, we find an excitation band for the 
blue emission at 3450 A, which we believe corres- 
ponds to the absorption band for blue centers. We 
find two excitation bands for the green emission, 
at 3850 and 3450 A. The 3850 A excitation band 
corresponds to the absorption band of the green 
centers; the 3450 A excitation band arises from the 


per cent): ‘l are 
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absorption of radiation at blue centers with a sub- 
sequent transfer of energy to green centers, ") 

In ZnS:Cu:In, the excitation bands are most 
numerous, due in part to the greater number of 
emission bands. The orange emission of indium is 
excited in three bands: at 4250, 3850, and 3450 A. 
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, and 4°K. 


Fic. 
sions of ZnS:Cu(10-°):Cl at 298°, 77 


The 4250 A band we attribute to the absorption 
band of indium. The two bands at shorter wave- 
lengths we believe result from a transfer of energy 
from green and from blue centers to orange centers. 
The blue and emissions of ZnS:Cu:In 
show excitation bands similar to those found in 
ZnS:Cu:Cl, with, however, several additional ex- 
citation bands which are not present in ZnS:Cu:Cl. 
For the blue emission, these additional bands lie at 
3850 and 4250 A. 

The appearance of two new excitation bands for 
the blue emission in ZnS:Cu:In has significance 
towards establishing the mechanism of energy 
transfer in ZnS. These bands, lying at 3850 and 


green 
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4250 A, coincide with what we believe are the ex- 
citation peaks for direct absorption in copper and 
indium. They indicate that in the ZnS:Cu:In 
phosphor a transfer of energy takes place from the 
copper and indium centers to the zinc vacancies. 

In Fig. 4 is shown an energy-level diagram for 
ZnS:Cu:In, which we deduce from our optical 
measurements. 
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Fic. 4. Energy-level diagram for the ZnS:Cu:In 
phosphor deduced from measurements of excitation and 
emission spectra. The excitation spectra for transitions 
(b) and (d) are assumed to extend from the near-infrared 
through the visible to the near-ultraviolet region. 


3. DISCUSSION 

There is evidence in various phosphors that 
energy can be transported from one luminescence 
center to another by three mechanisms: by re- 
sonance, by cascade, or by a photoconductivity 
process. The presence of the 3850 and 4250 A ex- 
citation bands for the blue emission in ZnS:Cu:In 
strongly supports a photoconductive transfer 
mechanism. Both resonance transfer and cascade 
transfer require that the emission band of the ab- 
sorbing center (or sensitizer) overlaps the absorp- 
tion band of the emittirg center.%) Since the 
emission bands of both copper and indium lie too 
far to the long-waveler.gth side of the 3450 A blue 
excitation band for overlap to occur, it is not likely 
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that either a resonance or a cascade process can 
play an important role in the transfer from red or 
green centers to blue. 

To account for a photoconductive transfer which 
results from excitation with energy of less than the 
band gap, two processes have been proposed.) In 
the first process, an electron is excited from the 
valence band into an unoccupied donor, leaving a 
free hole (for example, transition a, in Fig. 4). In 
addition, an electron is excited into the conduction 
band from an occupied acceptor level (¢ in Fig. 
4). Energy transfer results from the recombination 
of the electron and the free hole at a third center. 
Such a process requires an overlap in the excitation 
spectra of a particular set of donor and acceptor 
impurity levels; it predicts an eventual depletion 
of one or both of these levels, with a consequent 
diminution of transfer. Because we have not been 
able to observe any evidence of exhaustion, we do 
not think this process, taken by itself, is the major 
cause of transfer. 

As an alternative process we proposed one which 
is more general, and of which the first process may 
be regarded as a special case. In this, the more 
general process, optical transitions can take place 
between an impurity level and either band. In 
particular, the same radiation which can fill vacant 
indium levels from the valence band, can also 
excite electrons from occupied indium levels to the 
conduction band (transitions a and 8, Fig. 4) or, by 
analogy, radiation which excites electrons from 
occupied copper levels to the conduction band can 
also partially fill vacant copper centers from the 
valence bar.d (transitions ¢c and d). Such a process 
leads to a photoconductive transfer which requires 
no overlap in the excitation spectra of donors and 
acceptors, predicts no depletion of impurity 
centers, ar.d can occur to a significant extent at low 
temperatures, 

We believe the more general photoconductive 
process to be the explanation for the energy transfer 
in ZnS. It is consistent with our observation that 
no reduction in transfer occurs with time. It is 
further supported by evidence which indicates 
that electron traps can be emptied by near- 
ultraviolet radiation. The emptyirg of traps by 
short-waveler gth radiation had been previously 
proposed by ANTONOV—ROMANOVSKII and SHUKEN 
to explain the increased absorption at 4500A 
which results from excitation in ZnS:Cu:Co,) by 
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SMITH and TURKEVICH to account for the emptying 
of traps in copper activated ZnS by visible and 
near-ultraviolet radiation®) and by HooGEN- 
STRAATEN and KLasENs to explain the intensity- 
dependence of the light sum of ZnS:Cu:Co under 
3650 A excitation. ®) Transitions such as (b) and (d) 
also can be used to explain the increase in absorp- 
tion throughout the entire visible range that has 
been observed in a number of other sulfide 
phosphors during excitation. 

The proposed photoconductive mechanism 
further suggests that transfer can occur from any 
one center to any other. That this indeed appears 
to be the case is seen in the excitation spectrum for 
the orange emission. This consists of three excita- 
tion bands: the long-wavelength band, resulting 
from direct excitation of orange centers, and two at 
shorter wavelengths which correspond respectively 
to the excitation bands for the green centers and 
for the blue centers, and result from a transfer of 
energy from these to the indium centers. The 
green emission in ZnS:Cu:In is also seen to include 
an excitation band at 4250 A which is not present 
in ZnS:Cu:Cl and which suggests that a transfer of 
nergy takes place from indium to copper. The 
presence of these kinds of multiple-transfer pro- 
cesses favors a photoconductive mechanism. 

In discussing the energy in 
ZnS :Cu:Cl,) several possible complications were 
described. We considered the presence within the 


transfer of 


blue excitation band, of either an exciton band or of 
state for the copper 
excited states or excitons exist, it is not likely they 


an excited emission. If 


would contribute to the long-wavelength excitation 
bands in ZnS:Cu:In. A further complication was 


the possibility that dissimilar centers associate. If 


this were the case, one might assume that in 
ZnS:Cu:In all three centers are mutually associ- 


ated. While such a situation could result, for ex- 


ample, from segregation at grain boundaries or at 
stacking faults, there appears to be no direct 
evidence at present that association of this kind 
takes place. 


4. CONCLUSIONS 

The results obtained on ZnS:Cu:In indicate 
that a photoconductive energy transfer takes place 
in ZnS, which can account for the transfer observed 
at low temperatures and for low impurity con- 
centrations. The detailed process appears to be one 
in which particular wavelengths are capable of 
both filling and emptying impurity levels. We 
believe such processes occur quite generally in 
sulfide phosphors. They will be most in evidence 
at low temperatures, where the available thermal 
energy is insufficient to supply the additional 
energy needed to empty traps, and at low con- 
centrations, where competing processes and added 
complications are least likely to occur. 
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SPIN FLUCTUATION SCATTERING OF NEUTRONS 


IN 


MAGNETITE* 
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Abstract—Observations on the peak widths and intensities of inelastically scattered neutrons from 
Fe,O, are found to agree with spin-wave theory over a wide range of temperatures. The quadratic 
dispersion relation for ferrimagnetic spin waves is verified, and the value of Jag — 2 x 10-* eV is in 
agreement with an earlier result by BRocKHOUSE (Phys. Rev. 106, 859 (1957)). The statistical be- 
haviour of spin waves (magnons) is found to be well described by Bose-Einstein statistics. The 
maximum temperature for the validity of the spin-wave approximation is seen to be a function of the 
magnon energy. At higher temperatures fluctuations are also found to exist in the z-component of the 


spins. 


1. INTRODUCTION 

A RECENT paper by BrockHousE")? on the spin- 
wave scattering of neutrons in magnetite (FegO4) 
has led us to take up and extend some work one of 
us had done earlier on this substance.®) The aim 
of the work has been to see if this observed in- 
elastic scattering can be interpreted in terms of 
spin-wave theory and if the results obtained could 
determine the proper dispersion law for spin waves 
in ferrites. 

In Section 2 we review the theory of spin-wave 
scattering of neutrons and the possibilities of ex- 
perimental verification. We also mention the exist- 
ing theories of spin waves in ferrites. In Sections 
3 and 4 we give our experimental methods and 
results. In Section 5 we compare experiments and 
theory. 


2. THEORY 
If a neutron with mass mo undergoes inelastic 
scatterir g by quantized waves in a crystal whereby 
its energy is charged by an amount fw and its 


* A part of this work has been presented earlier as 
JENER Report No. 53 (1957). 

t On leave from the Institute of Nuclear Research, 
Warsaw, Poland; now back there. 

t On leave from the Institute of Nuclear Research, 
Krakow, Poland; now back there. 


momentum by A(2z7(t)+q), the following equa- 
tions must be satisfied: 


he 


—(k’ 


2mo 


k?) = +ho(q) (1a) 


(1b) 


Here k and k’ denote the incoming and outgoing 
wave vectors of the neutron and f is a reciprocal 
lattice vector with magnitude 1/d, where d is the 


k—k’+2nt+q =0. 


interplanar spacing. The quantum which gives rise 
to the inelastic scattering has wave vector q and 
angular frequency w; w(qg) denotes the dispersion 
relation or the connection between the frequency 
and the wave vector. The above equations define a 
scatterir g surface in reciprocal space on which the 
end point of k’ must lie. SEEGER and TELLER®) have 
shown that in the case of scattering of slower-than- 
sound neutrons by waves which have the disper- 
sion relation: 


© = cq (2) 


where c¢ is a constant, the scattering surfaces are 
ellipsoids. In the case of scattering by lattice waves, 
c is the velocity of sound, and in the case of scatter- 
ing by antiferromagnetic spin waves, ¢ is the 
velocity of propagation of the spin disturbance. 
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Ferromagnetic spin waves have the dispersion 


relation: 
G) al h 2mo)q" (3) 


x is a constant. Mooruouse™) and ELLIOTT 
have shown that in this case the 


where 
LOWDE® 


scattering surfaces are close to being spheres. 


and 


The most direct experimental method of in- 
vestigating the dispersion relation is the one which 
has been applied by BrockHouseE,™?) in which he 
the energy the 


neutrons as a function ol q Such an experiment 


analyses spectrum of scattered 
requires a high-flux reactor. 

Another method of establishing the proper dis- 
persion relation, not limited to a high-flux reactor, 
has been discussed by Mooruouse, *) ELLIOTT and 
Lowpe,®) and Pererts.) The method consists of 
measuring the width of successive peaks arising 
from inelastic scattering as the crystal is rotated 
away from the position for Bragg reflection. 
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Fic. 1. Atwo-dimensional geometrical representation of 
>qu I The construc 


tering surface on which k’ ends 


tion is for energy absorption 
by the neutron. The scat 


is here drawn for the case of ferromagnetic spin-waves. 


have given the geometrical re- 


If we introduce: 


In Fig. 1 we 


presentation of equation (1b). 





k; = k’'—4, (4) 
then equation (1a) can be written 


2mo 
k'? — 24 —“clk’ — ke (5) 
hi 


in the case where equation (2) applies and 


k’2 = k24-a(k’ —ky)? (6) 
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in the case where equation (3) is valid. The graph- 
ical solution of equations (5) and (6) is represented 
in Fig. 2. The left-hand side of the equations gives 
the parabola a and the right-hand sides of (5) and 
(6) give the cone b and the parabola c respectively. 


Q 








Fic. 2. A construction giving the graphical solution of 
equations (5) and (6), as explained in the text. 


The length of OA is k; and the length of AB is k?. 
The curve a should be regarded as the section 
through a paraboloid with rotational axis OZ and b 
and ¢ as surfaces of revolution with axis along AB. 
The curve of intersection of the paraboloid a with 
the surfaces 6 and c, when projected down on the 
(x~y) plane, gives possible values of the end point of 
k’. One of the possible vectors is denoted by OP. 
The maximum value of the angle AOP is the 
angular width of the diffuse peak associated with 
the scattering surface. It is seen that if ky; increases 
the width of the diffuse peak will also increase. Fig. 
1 shows that the increase of kj is obtained by in- 
creasing (8g —@) with the relationship: 


63) cos Oz (7) 


The sharpness of the peaks of different values of 
(6 —6z) measures the width of the dispersion curve 
in Fig. 2 at different heights. The ways in which 
the peak width increases with (@—@g) are, how- 
ever, quite different for the linear and the quadratic 
dispersion laws. The analytical expressions given 
by ELLiott and Lowpe®) (E. and L.) for the total 
semi-angle 7 of the peaks versus missetting (@ —6@,) 
are 


k—k, ~277(6 


1) |@—Op| sin 20, (8) 
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(v is the neutron velocity) for a linear dispersion 
law and 


} = sin“l{a-1[1 —(1+-€x)(1—k2k1-*)]*#} (9) 
for a quadratic dispersion law. « = +1 for magnon 
emission and —1 for magnon absorption. 

¢. and L. also show that there is a marked 
difference between the total cross-sections as a 
function of (9 —@,) in the two cases. In the former 
case the cross-section remains constant as (6 —@,) 
is varied, whereas in the latter case the cross- 
section attains a peak as the Bragg setting is ap- 
proached. 

When v<c, Lowpe") gives the following 
formula for the vibrational scattering cross- 
section, integrated over the whole scattering sur- 
face: 


i kp ' v 
oy= (=) cea" 2T tanh 1(-| (10) 
C/ 


\ 2mnc? 


kp is the Boltzmann factor, m, the mass of the 
nucleus, C the coherent scattering cross-section, 
e~2W the Debye-Waller factor, and T the tempera- 
ture of the crystal. The equivalent cross-section 
for scattering by ferromagnetic spin waves, as 
given by E. and L. is (for the main branch) 


1 e2 _ 
+5+5| | = dig . 
x [1+(ex)?]+ cos h-1[(a |@—Og| sin 202) 1+1] 
(11) 


S is the spin per magnetic atom, N(q) is the statist- 
ical factor for the spin wave, e2/mc? is the classical 
electron radius, y the magnetic moment of the 
neutron, fthe magnetic form factor, e the scattering 
vector, and x is a unit vector in the direction of the 
magnetic moments. 

*, The formulae (10) and (11) are for lattices with 
one particle per cell. For more complicated lattices 
a structure factor has to be added. The relevant 
factor to be inserted in (11) in the case of ferri- 
magnetic substances will be given below. Formula 
(10) is here given for nuclear vibrational scattering. 
E. and L. have also introduced the term “‘magneto- 
vibrational scatterirg’”’. This is the scattering con- 
nected with the thermal vibration of spins which 
retain their orientation in the domain. The total 
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cross-section corresponding to equation (10) is ob- 
tained by replacing C by the magnetic scattering 
cross-section. In addition one has to add the factors 


9 


(12) 


[1—(ex)2] ( | 


since the scattering is magnetically elastic. Here 
I, is the magnetization of the domain at tempera- 
ture T and Jp the same quantity at absolute zero 
temperature. 

Formulae (9) and (11) are for the region where 
exchange effects predominate. E. and L. have also 
considered the influence of magnetic dipole forces. 
The effect is to make peak widths and intensities 
more asymmetric around the Bragg setting; 
addition the dipole term gives a response to an 
external field more like [1 —(ex)?]. The influence of 
non-exchange forces is, however, restricted to 
settings very close to the Bragg position. 

It has generally been assumed that spin-wave 
quanta (magnons) obey Bose-Einstein statistics. 
Thus E. and L. put 


and made the approximation 


' kpT 
N(q) +1 ~N(q) ~——2m 
hag? 


(14) 
in order to simplify the scattering formulae. In 
some recent papers by FRANK®) and by Meyer, 
the validity of equation (13) has been questioned. 
In the case S = } they find that magnons obey 
Fermi-Dirac statistics. Although the case of 
arbitrary S has not been rigorously, 
MEYER indicates that the magnons should be ex- 
pected to follow intermediate forms of statistics 
with maximum occupation number 2S per energy 
State. 

Recently the problem of neutron scattering by 
ferromagnons has also been treated by Maueev. 2) 
In the case of « ~ 100, as is the case for iron and 
FegOu4, his formula for the peak width is identical to 
equation (9). His cross-section formula is given 
without the approximation (14), but shows the 
additional difference that the cross-section for 
magnon emission increases with |6 —@ 3|. 


treated 
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It has generally been assumed that the spin- 
wave theory is valid only for temperatures up to 
~ 0-17,; at higher temperatures the spin-waves 
start to interact and the picture breaks down. 
Dyson") has shown, however, that the importance 
of these interactions is less than had been assumed 
and that the picture is also valid for higher tem- 
peratures. In the same temperature region 
multiple-quantum-scattering processes will occur. 
In our experiments the influence of these processes 
is small, because neutrons scattered in this way 
give much more diffuse peaks“*) and these merge 
into the background. 

The behaviour of the scattering at general tem- 
peratures was first discussed by vaAN Hove, “*) who 
introduced the correlation function between spin 
directions in the scattering formulae. Spin-waves 
describe the time-dependent correlations or the 
coherent motions of the x- and y-components of 
the spins, i.e. the components normal to the mag- 
netization. His theory for the critical region, 1.e. 
for T ~ T,, where the spin-wave approximation is 
no longer valid, has been worked out in more detail 
by Extiorr and Marsuatt"4) and by DE 
Gennes."15) They show that fluctuations in the 
(x, y) components generally respond to a magnetic 
field the formula [1+(e- x)?], 
whereas fluctuations in the z-components respond 
according to [1—(e-x)?]. The latter kind of 
fluctuations are expected to occur only in the 


according to 


critical region. 

Neutron-diffraction studies by SHULL ef al."6) 
have revealed the magnetic structure of magnetite. 
The magnetic ions are found on tetrahedral (A) 
sites and octahedral (B) sites. On the A sites there 
are 8 Fe*+ ions in each unit cell, whereas on the B 
sites there are 8 Fe3+ and 8 Fe?+ ions in disordered 
arrangement. Within each of the sub-lattices A and 
B the spi:s are aligned parallel and the spins on A 
are aligned anti-parallel to those on B. The three 
different magnetic interactions are expressed by 
the exchange integrals J44, Jez, and Jag. It is 
usually assumed that Jaz is the dominant one of 
these and that Jgg is very small, but when the 
NEEL theory of ferrimagnetism is applied to the 
data on susceptibility and magnetization curves, it 
gives Jaa only slightly smaller than J4p.9” A 
fairly complete list of values of Jag is given by 
BROCKHOUSE. ") 

It is to be expected that the spin-wave theory is 
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applicable to ionic solids like magnetite. The 
quantitative treatment is, however, difficult be- 
cause of the complex crystallographic and mag- 
netic structure, and the results differ. H. 
KapLan, 8) using the semi-classical theory of spin 
waves, obtained a quadratic dispersion law. The 
energy of the main branch is 


| JapS4Spt+JaaSa+2JepSp| . 
ites jedi civccsstih 
4|S4+2Sp] : 





(15) 


hw —- 


where S4 and Sz are the ionic spins on A and B 
sites and a is the lattice constant. From this ex- 
pression one sees that, even if NEEL’s values of the 
exchange integrals are correct, the dominating term 
in the dispersion relation is the one containing J, z. 
KaPLaN’s formula is obtained after averaging the 
values of the spins on the B sites. KouveL™9 has 
studied the effect of ordering of the spins on the B 
sites and found that the effect is to make the con- 
stant-energy surfaces ellipsoidal. In the case of 
magnetite, however, the difference in the spin 
values of the iron ions is so small that the surface is 
close to being a sphere. Furthermore the spins on 
the B sites in magnetite are disordered for JT > 
> 120°K. The quadratic dispersion relation for 
ferrimagnetic spin-waves has also been found by 
KonporskiI et al.°°) and by vAN KRANENDONK 
and vAN VLEcCK.1) A conflicting result has been 
obtained by VONSOVSKII Serpov, 22) who 
found an essentially linear dispersion relation. 


and 


T. A. Kapian®?) has discovered an error in their 
calculation, however, and verified the quadratic 
law. In another paper®*) he discusses the relative 
structure factor to be inserted in equation (11). 
For acoustic modes and small enough values of q, 
he finds that S should be replaced by 


x|S4 py exp 2m tr4+Sp >» exp 2nt tr p\?, (16) 
where r4 and rz are the position vectors in the unit 
cell of the A and B ions. Here, as in (15), Sz is 
negative. 


3. EXPERIMENTAL METHODS 
In this work we have used an experimental 
method developed by Lowne.") The complete 
spectrum of neutrons from the reactor is incident 
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upon an Fe3Qq crystal which is mounted with the 
[110] axis vertical. The crystal and the counter are 
set to give neutrons of \ = 1-52 A by Bragg or 
Laue reflection. Neutrons of other wavelengths 
being inelastically scattered by the same set of 
planes will then develop a diffuse ridge of intensity 
along the equatorial plane. If neighbouring peaks 
are similar, the profile of a diffuse peak of a single 
wavelength can be studied by moving the counter 
in the vertical direction at a constant angle of 
longitude. Thus we shall obtain the width in 
degrees latitude of the counter angle. If we wish, 
for example, to follow the peak of neutrons of 
\ = 1-52 A from the (111) reflection for a specific 
values of (9 —@z) (see Fig. 1), we leave the counter 
at 18° longitude and take the vertical contour for 
the proper crystal setting. If the peaks are suffi- 
ciently narrow, the area under such a curve re- 
presents the integrated intensity over the whole 
scattering surface, because the spectrum of the pile 
neutrons is broad in comparison. When the cross- 
section reaches a peak on approaching the Bragg 
setting, the above statement is not strictly true, 
but we will assume that the error is small. 

To obtain the true width of the diffuse peaks, we 
have to correct for instrumental broadening. The 
instrumental width is obtained by surveying the 
Bragg peak. In our case the collimation was such as 
to give a Bragg peak with a Gaussian contour and 
full width at half maximum (or half-width) of 1-7°. 
From the shape of the elastic peak, it was found 
that the elastic component was negligible for 


|@—Op| > 1°. 


The crystals used were cut from a natural geological 
specimen of Fe,O,. The crystal used for observation on 
peak widths was a cylinder of 8 mm diameter, the axis 
being the [110] crystallographic direction. To establish 
the cross-section on an absolute scale, the intensity of a 
diffuse peak was compared with that of a Bragg peak for 
a crystal of only 2mm thickness to reduce extinction 
effects. In the cases where a magnetic field was applied, a 
parallel-epipedic sample was used to get a homogeneous 
field along the scattering vector. 

The spectrometer is built for automatic recording in 
the vertical plane. The counter with its heavy shield 
climbs in steps along a toothed arc. The arc is part of a 
circle with centre at the crystal. The angular steps are 
0-3° and the recording time is adjustable up to 15 min. 

The first series of experiments was performed at room 
temperature. In the second series the crystal was 
mounted in a quartz furnace with electrical-heating 
windings. The temperature uncertainty due to gradients 
and drifting was measured and found to be less than 5° 
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at T;. When a magnetic field was applied, the intensity 
was recorded for field both on and off in each point 
before moving the counter, to avoid any greater un- 
certainty due to drifting of the temperature and the pile 
level. Instead of using a monitor, which is difficult in the 
white-beam method, the intensity in the Bragg peak was 
checked at regular time intervals. 

The magnetic field applied in the first series of the 
experiments had a maximum strength of 4500 Oe. In 
the second series, where the crystal was mounted in a 
furnace, the field strength was 2000 Oe. 
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Fic. 3. Typical experimental curves obtained at room 

temperature when the background is subtracted. All 

three curves are for 1:52 A neutrons incident on (111) in 
Fe,O,. 


4. EXPERIMENTAL RESULTS 

The measurements were made mostly on the 
(111) reflection, which is known"®) to give a Bragg 
peak of almost pure magnetic origin. Fig. 3 shows 
room-temperature curves for three different angles. 
Within experimental accuracy these curves are all 
Gaussian, and the true widths of the diffuse peaks 
are easily obtained within the same accuracy from 
the widths of the experimental and instrumental 
curves, 

The data on (111), together with a few values for 
(222) and (220), which are also strongly magnetic, 
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are given in Fig. 4. The abscissa represents the 
angle of missetting for the (111) reflection; the data 
on the other two reflections are brought to the 
same scale by means of equation (7). Each point 


half-width of the diffuse peaks when 


corrected for instrumental broadening. The abscissa is 
for (111), the data on (220) and (222) being brought to 


the same scale by means of equation (7). 


plotted in the figure represents the average of 
usually three experimental points. The errors in- 
dicated are the standard errors of the arithmetic 
mean. ‘The experimental points in Fig. 4 definitely 
support the variation of peak width with missetting 
given by equation (9), and this indicates that the 
quadratic dispersion relation is correct. The ex- 
=9x10-% eV on 


the dispersion curve. The theoretical curve indic- 


I 


perimental points extend to fiw 


ated in the figure is calculated from equation (9), 
putting « = 80. For refinement of this value, how- 
ever, see below 

Fig. 5 shows a similar curve for the (440) re- 
flection, which is of almost pure nuclear origin. 
The linear curve is in contrast to the parabola of 
Fig. 4 and confirms the behaviour predicted by 
equation (8) 

From equations (10) and (11) we find that the 
vibrational component, which is mainly of mag- 
netic origin, should be more than an order of mag- 
nitude smaller than the spin-wave component. It is 
therefore to be expected that an external field 
oriented along the scattering vector (i.e. H|\e) will 
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Fic. 5. The half-width of the diffuse peaks connected 
with the nuclear (440) reflection as a function of the 
crystal setting. 


increase the intensity by 50 per cent. Fig. 6 shows, 
however, that the field has no effect on the diffuse 
peak at 0—6z = 3°, even though it reduces the 
elastic peak in the way expected. Additional data 
were at first taken at other temperatures and angles 
with a high slit to integrate the peak intensity, but 
with the same negative result. The reason these 
experiments showed no effect is explained by Fig. 
7, which is taken with a narrow slit in the same way 
as Fig. 6, but at a greater missetting and higher 


Fic. 6. The effect of magnetizing the crystal along the 
scattering vector. In (a) the elastic Bragg peak is seen to 
decrease violently. In (6) the diffuse peak at 3° misset of 
the crystal is seen to be unaffected by the same field 
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temperature. We now see that the central part of 
the peak is clearly enhanced on applying the field; 
the slight change in the peak shape and the back- 
ground make the changes in the integrated cross- 
section hard to observe, however, unless the back- 
ground is measured very carefully. If the vibra- 
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Fic. 7. A test of the field effect as in Fig. 6b, but now the 
missetting has been increased to 4° and the temperature 
to 466°C. 


tional components are negligible, we should expect 
an increase of 50 per cent if the field is strong 
enough and has an ideal geometry so as to make 
ex = 1. By extrapolating the intensity of the Bragg 
peaks at 7 > T, down to room temperature and 
comparing the values with the residual elastic in- 
tensity when the field is applied at room tempera- 
ture, we find that 90 per cent, of the magnetic 
intensity is effectively removed by the field. For 
pure spin-wave peaks we can therefore expect a 
maximum increase of 42-5 per cent when applying 
the same field. The intensity at any angle of ob- 
servation in Fig. 7 is now easily broken down into 
the spin-wave and the magnetovibrational com- 
ponents. We then find that the magnetovibrational 
part is higher than estimated above (see Fig. 10). 


The lack of influence by an external field at small mis- 
settings and room temperature, as seen in Fig. 6b, must 
be due to an accidental cancellation of opposite effects. 
In the discussion of this question which follows, we 
quote some experimental results which are not shown 
in any of the present curves. 

One can expect the following different components to 
contribute to the scattered intensity at settings close to 
the Bragg angle: 

(a) spin wave (exchange-type), 

(b) magnetovibrational (and a much weaker nuclear 

vibrational), 


(c) elastic contaminant, 

(d) spin-wave connected with dipole forces, 

(e) some kind of fluctuations due to the spin disorder 
on the B sites. 


If we label the corresponding intensities by the same 
letters, theory predicts (a) to follow the factor [1+ 
+(e%)*?] and (b), (c), (d) to follow [1—(ex)?]. Brocx- 
HOUSE'*) has checked our observations at 9—@3 = 3° 
and found the same null effect. By analysing the energy 
of the scattered beam, he finds that there is a small but 
definite shift of the energy. He also adds a different 
mechanism which can make the field effect disappear. 
When the field is applied, the spin-wave energy is 
raised and thus the population factor will be lower. This 
could be an important mechanism for low-energy spin- 
waves. We have found that the cross-section for |@— 
—O@p| < 4° exceeds the theoretical spin-wave value by a 
large amount; there is also a pronounced asymmetry 
around the Bragg setting both in peak widths and 
intensities. This would seem to indicate that anisotropy 
forces affect the scattering for |@—@z| < 4°, in which 
case the intensity and the peak width would also have to 
depend upon the direction of propagation of the spin- 
waves. To check this point, another crystal with the 
shape of a circular disc, the face being (111), was rotated 
around the [111] axis. It was then found that both peak 
width and intensity remained constant. In addition we 
have found that the intensity at these small missettings 
does not show the same temperature variation as at 
higher |@ —@ | values. Instead it either remains constant 
or decreases with increasing temperature. This would 
then support (c), though it seems improbable that in- 
dependent experiments should have the same elastic 
contamination. To find out whether (e) is effective, one 
would have to cool the crystal below the ordering tem- 
perature of 120°K for the B ions. 


In iron, the magnetovibrational and spin-wave 
components are such that the magnetic-field effect 
nearly cancels out, yet the first demonstration of 
the effect was given by LowbE®®) on iron. Simult- 
aneously with our experiments, BROCKHOUSE™®) 
has also given a clear demonstration of the effect 
in FegQOq. 

As was apparent from Fig. 7, at higher tempera- 
tures the peak shape is better defined, and by ap- 
plying a magnetic field the spin-wave peaks could 
be studied in isolation. The preliminary value of 
a given above was obtained by a straightforward 
application of equation (9), putting the half-width 
equal to the total semi-angle. A more accurate 
value of « is obtained in the following way: In the 
appendix of reference (26), Lowve has calculated 
the theoretical shape of the spin-wave peaks for the 
experimental technique used here. For |@—@3| = 
10°, our peaks should have the shape shown by 
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ARBITRARY UNITS 





Fic. 8. Curve a is the theoretical shape of a spin-wave peak with the white-beam 


technique. The curve is drawn for (111) of FesO, and |@—@3] 


= 10°. The width is 


determined by « and the sign of (9 —@8). Curve b is the instrumental function or the 
observed shape of a Bragg peak. The curves c and d are obtained by folding curves 
such as a and 6. Experimental points are denoted in the figures. 


curve a of Fig. 8, when observed with infinitely 
good resolution. The width of the curve is deter- 
mined by «. Curve 6 shows our experimental func- 
tion (the Bragg peak) and curves ¢ and d are ob- 
tained by folding (convolution) of curves such as 
a and b. The folding was performed by using 
Beevers and Lipson strips. It is seen that each of 
the experimental curves determines « within sur- 
prisingly narrow limits. The asymmetry of the 
width around the Bragg setting is not quite 
verified, but the average value of « = 225 is in 
excellent agreement with the value given by 
BrockHovsE.%) This value is used in the calcula- 
tion of the cross-section below and also gives 
Jap =2x10-%eV. Kovuvet®?) has obtained the 
value 4-5 x 10-4 from specific-heat measurements. 

The same method of analysis has been applied 
to the vibrational peaks of Fig. 5. It gives c = 
7-7 x 105 cm sec1, which is higher than the value 
of 4-9 x 10cm sec! derived from a Debye tem- 
perature of 670°K. This temperature is derived 
from the specific-heat data‘®) at half the Dulong- 
Petit value. 


After correction for 15 per cent magneto- 
vibrational scattering, the room-temperature data 
gave the crosses on the cross-section curve of Fig. 





10 Fe,Qalily 
h= 152A 

milliborns T=20°C 
Fe atom 
axx | st series 
ooo 2nd series 











20° & 

1O-0 
Fic. 9. Experimental points and theoretical curve for the 
total spin-wave cross-section at different crystal settings. 


9. A few more accurate data are given by the solid 
circles, derived from curves such as those in Fig. 
10. The errors indicated are mostly due to the 
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200 ' 

TEMPERATURE ° 
Fic. 10. Temperature variation of the total cross-section at 9—0z = 4°. The 
upper curve is obtained without applying an external field. The curve marked 
o,y is obtained by making eX = 1; the linear part of the curve represents 
the spin-wave scattering. oz is critical scattering due to fluctuations in the 
z-components of the spins. o,zy is magnetovibrational scattering which 
continues as the solid curve below 400°C. The cross-section scale is not 
strictly valid in the critical region. 


uncertainty in reducing the data to an absolute 
scale.* The theoretical curve is calculated from the 
formulae (11), (14), and (16). The agreement 1s 
seen to be quite good, in contrast to the differential 
BROCKHOUSE, which are 


cross-section data of 


lower than the theoretical value by a factor of 


five4) when using equation (16). 

Optical modes in the spin-wave spectrum have 
been calculated by T. A. Kaptan.) He finds that 
the energy of these modes is ~ 10-2 eV, which 
means that they are only weakly excited at room 
temperature. Our room-temperature data of the 
intensity of the diffuse peaks from (222) (not in- 
cluded here) give good agreement with a calcula- 
tion of the cross-section based on acoustic modes 
only, as was also the case for (111), thus supporting 
the theoretical predictions. We feel, however, that 
this point should be checked by using mono- 
chromatic neutrons, since in the Laue technique 
the problem of second-order reflections is more 
acute. 


* An error in the ordinate of the corresponding curve 
in JENER Report No. 53 (1957) has been corrected for. 


L 


The temperature variation of the cross-section 
when broken down into its various components by 
means of an external field is shown in Figs. 10 and 
11. The oz, data have been reduced to the case 
(ex)? = 4. The oz, curve represents the spin-wave 
scattering and the critical scattering in the x- and 


y-components of the spins. The experimental 


points are given in each figure; the lower curve is 
obtained by subtracting the upper two. It has 
exactly the temperature variation predicted for 
magnetovibrational scattering, and the curve is 
extended to 7’, by means of the theoretical for- 
mula. ‘The width of these peaks corresponds to 
c = 6-6 x10°cm sec~!, thus being about 15 per 
cent lower than indicated by the (440) peaks. We 
feel, however, that the data are not good enough to 
indicate whether the magnetic electrons vibrate 
differently from the nuclei. The magnitude of 
Oy 1s higher than predicted and c would have to 
be as low as 2-5 x 10° to give agreement. Compar- 
ing Figs. 10 and 11, we see that oy, is higher at 4° 
than at 10°, although according to equation (10) 
it should be constant with the angle of misset. The 
difference is greater than could be explained by any 
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10, but with 6—6, 


10°. The circular points represent 


spin-wave scattering for @—@p 10°. 


elastic contaminant scattering allowed by the tem- 
erature Variation and is probably connected with 


| 
the anomalously strong diffuse components at 
] 


ower missettings discussed above. 

Up to T ~ 400°C the temperature variation of 
Copp is well explained by formula (13) or (14). At 
higher temperatures the cross-sections start to in- 
crease sharply. This is due to the onset of the 
critical scattering, which will be discussed in a 
forthcoming paper. The energy changes corres- 
4° and 10° are 18-5 and 40°K, 


respectively, and the curves show that an eventual 


ponding to 6—@p 


Fermi temperature would have to be much lower 
than these temperatures. ¢¢,,- is high enough that 
N(q) > 2S, and the statistical behaviour observed 
therefore contradicts the calculations by FRANK 
ard by MEYER quoted above and strongly supports 
the validity of equation (13). According to (11), 
the cross-section at 0—6@p, 10° should be 
~ 90 per cent of that at 6—6; 10°, if equation 
(13) is valid. In Fig. 11 the open ¢ ircles derote Osw 

G—Op 10° and the figure of 90 per cent is 


to be roughly correct. From the cross-section 


formulae given by MALeEv,"°) this ratio should be 
only 50 per cent; furthermore his prediction for the 
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magnetized and #@—8@; 


Experimental peaks when the crystal is un- 
9°. The extra peak in the lower 
to elastic scattering from a misoriented 


curve is due 


crystallite and disappears at higher temperatures. 
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magnon emission mentioned in 
Section 2 is in marke 
present data. 

The peaks at higher temperatures are very clear 
and well defined, as shown in Fig. 12. When cor- 
rected for instrumental broadening, the half-width 


cross-section 
d disagreement with the 
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Fic. 13. Temperature variation of the peak width of 
curves such as those in Fig. 12. Instrumental broadening 
has been corrected for by assuming Gaussian profiles. 


The temperature 7, gives the maximum temperature of 


the spin-wave approximation. 


has the temperature variation shown in Fig. 13. At 
a well-defined temperature (7), the width in- 
creases suddenly and it is at this point that the 
critical scatterir g sets in. Observations at other 
missettings revealed the same behaviour, though 
with 7) changing regularly with the missetting. 


Fic. 14. Shows the temperature 7; of the previous figure 
as a function of the angle of misset. The ordinate also 
gives the mean energy of the magnons which are active. 


Fig. 14 shows the connection observed between 7; 
and @—@g. In addition to the angle of misset, we 
have shown the temperature corresponding to the 
energy of the magnons scattered at this angle. The 
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curve shows the temperature range for the validity 
of the spin-wave approximation, as determined 
from neutron scattering. 


5. CONCLUSION 

From the experimental results presented here 
one can conclude that the magnetic inelastic 
scattering of neutrons from FegQy4 is well described 
by spin-wave theory over a wide temperature 
range. The relevant formulae to use are those ob- 
tained by ELLIoTT and Lowpe,) supplemented by 
the structure factor calculated by T. A. Kapian. 24? 

Earlier experiments”) failed to show any char ges 
in the inelastic intensities when an external field 
was applied. This led us to use a physical picture 
where the ‘“‘wrong”’ spins are released from the 
influence of the spontaneous magnetization ard 
form sub-domain regions of fluctuating spins. This 
picture has also been used by WILKINSON and 
SHULL"9) as a result of similar observations on 
iron. The picture is invalidated by the present ex- 
periments, which also show why our earlier experi- 
ments were unsuccessful. The response to a mag- 
netic field is in agreemer.t with the established idea 
that spin waves describe the fluctuation in the x- 
and y-components of the same spins that con- 
tribute to the spontaneous magnetization and give 
rise to the elastic reflection of neutrons. 

The maximum temperature for the validity of 
the spin-wave approximation is defined surpris- 
ingly sharply by the temperature variation of the 
peak width. Above this temperature there are in 
addition fluctuations in the z-components. For 
T > T; the spin-wave theory is not able to des- 
cribe the fluctuations in any of the three com- 
ponents; a closer analysis of the neutron scatterirg 
(the critical scatterirg) will be given in another 
publication. The spin-wave approximation breaks 
down when the waves start to interact. Our ob- 
servation that 7} is highest for low-energy magnons 
is in agreement with the finding by Dyson"! that 
the interaction is weaker at longer wavelengths. 
Our data at 9—@z = 4° show that the fluctuations 
of very low erergies [(E/kz) ~ 20°K] have the 
spin-wave character up to 7; = 0-97,. The pro- 
portionality with temperature of the cross-section 
for these low-energy magrons demonstrates the 
validity of Bose-Einstein statistics. 

In Section 4 we have mentioned that the mag- 
does not remain 


retovibrational cross-section 
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stant with the crystal setting as it should. This 
crepancy is most likely due to the presence of 
er diffuse components at the smallest mis- 
All that one is able to say at this point 
m the present experiments is that the magnetic 


electrons do not vibrate radically differently from 


the 


nuclei 


The validity of the quadratic dispersion law for 


clearly demonstrated by Fig. 4. When 


ing the formula for peak width directly to this 
. the exchange integral was seen to come out 


1 


large systematic error. This does not alter 
7 


lusion about the quadratic law, however, 
relevant value of ]4z is found by the pro- 
Fig. 8. The 


correct, since it agrees with the 


demonstrated in value we 
must be 


direct measurement by BROCKHOUS! 
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Abstract—From measurements of resistivity, activation energy, and Seebeck effect, an energy-level 
scheme is derived by which the semi-conducting properties of CoFe,O, can be described. These 
properties differ considerably from those of normal semiconductors, as the charge carriers are not 
free to move through the crystal lattice but jump from ion to ion. 


1. INTRODUCTION 

As a result of the increasing importance of the 
microwave properties of ferrites, it has proved 
necessary to improve the dielectric properties of 
these materials. It has been found that the value of 
the electrical resistivity is one of the main quality 
factors in this respect. In a number of papers VAN 
UiTerT") has described a method for obtaining 
very high resistivities in spinel ferrites by the in- 
corporation of small amounts of manganese or 
cobalt oxide and of copper ferrite. According to 
his explanation the presence of small amounts of 
ions with differing valency (Fe!!, Ni!!!) which give 
rise to the semiconductivity, is suppressed by the 
different valency states of manganese or cobalt: 


Fell +Mnl!!! —> Felll4 Mnl! 


Niill+Mnl Nill +Mnlll, 


Copper ferrite, on the other hand, acts as a flux, so 
that dense products can be obtained at fairly low 
temperatures. 

From a theoretical point of view, it is an aston- 
ishing result that the resistivity of a pure compound 
should be increased by the addition of impurities. 
For this reason we started a more general investiga- 
tion of a number of two- and three-component 
oxide systems containing phases with a spinel 
structure in order to study the valency equilibria 
of the ions of the iron group of transition elements. 
In general one would expect ferrites with a simple 
composition MeFe204, where Me represents a 


165 


small divalent ion, to show a high resistivity which 
can be lowered by the formation of solid solutions 
with excess iron oxide in the form of FegOq or with 
excess Me oxide in the form of Me3QOq. 

However, we encountered this simple behaviour 
only in the case of cobalt ferrite, and for this reason 
we have studied first the system iron oxide- 
cobalt oxide more extensively. Although the pre- 


sent paper deals only with the results of this in- 
vestigation, it is interesting to mention here that 
the maximum resistivity found in this system near 
the composition CoFegO4 cannot be increased by 
addition of manganese oxide. 

We have investigated the semiconducting pro- 
perties of a series of mixed crystals Cog_zFe,O4 


near the composition CoFe2Qq. For values of x > 2 


such mixed crystals can be considered as consisting 
of (3—x) molecules CoMFegl!0O,4 and (x—2) 
molecules Fe! Feg!104; thus x —2 represents the 
Fell content per molecule. For values of x < 2, 
the compositions can be split into (« —1) molecules 
CoUFesl0,4 and (2—x) molecules ColCol!l 
FelllQ, and now (2 
content per molecule. 
In this way we can introduce electrons (Fe!) or 
electron holes (Co!) and obtain n- or p-type semi- 
conductivity. This gives double the amount of in- 
formation about the energy-level picture as com- 
pared with the investigations of Morin®) on the 
properties of « —FegO3 and NiO and the investiga- 
tions of Herkes") on the influence of LigO on the 


—x) represents the Col!! 


properties of divalent metal oxides. By an analysis 
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of the resistivities, the activation energies, and the 
Seebeck effect of the mixed-crystal series, we can 


describe the semiconducting properties by a fairly 


2. EXPERIMENTAL 
\ number of samples with compositions between 
Cop.99Fe2.1904 and Co}.39Fe1.79O4 were prepared 
from FesO3 and CoCQOs. The 


materials were ball-milled, fired first at 1000°C in air, 


mixtures of these 
lled again, and fired for a second time in the form 
f rods 5 cm long at various temperatures between 
1300 and 1400°C in air or in pure oxygen. Two 
similar series of rods were prepared containing | 


per cent MnO and 5 per cent CuO, respectively. A 


number of samples were ar alyzed for the Co!!! or 
Fel! content 


As shown in Table 1, the results of 


were 1n remarkably good agreement 
th the stoichiometric ratio of metal to oxygen 


IONS 


Table 1. Chemical analysis of samples Cogz_7Fex,O4 
Positive values of active oxygen represent the oxida- 
tion capacity of the sample s and thus the Coll 

t, which must be equal to 2 —x; negative values 
represent the reduction capacity and thus the Fe™ 
which 


content, must be equal 10 3 2 (see text) 


mol! 
] xperimental 
0-050 0-048 
0-022 
0-012 
0-003 
0-012 


170 0-073 


0-020 
0-O0O8 
0-002 


0-010 


[his means that the valencies of the metal iors 


the present system are determined by the 
iendency to form an ideal spinel structure with a 
and that 


probably the numbers of lattice vacancies are small 


1atio of metal to oxvgen iors of 3 : 4, 


enough to be neglected in the theoretical considera- 
tion. This is rot the case with other binary ferrite 
(Ni, Fe)gO4 ard (Mn, Fe)gQ04, where 
the stoichiometric metal : 


systems, e.g. 
it is difficult to obtai 
oxygen ratios of 3 : 4 

From a microscopic examiration of polished 
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surfaces of the rods, we found that in a series fired 
at 1350°C in oxygen single-phase spinel com- 
pounds were formed in samples with compositions 
between Cop.99Fe2.1904 and Co}.19Fe1.9904. These 
results are in fairly good agreement with those of 
SMILTENS.4) Only the rods having these composi- 
tions were used for the physical investigations. 
The surface layer of the rods was ground off and 
the resultirg rods, about 45 mm long and about 
3 mm thick, were used for the physical measure- 
ments. These dimensions were chosen in order to 
minimize the influence of electrode resistances. 
According to VAN Urrert,") indium—mercury and 
graphite form the best electrodes on ferrites. For 
our measurements we simply coated the ends of 
the rods with graphite by rubbing with a pencil and 
then pressed metal contacts against the ends. We 
applied a high d.c. voltage to the electrodes (up to 
1800 V in the case of the high resistivities), mea- 
sured the current, and calculated the values of the 
resistivity. Some of the measurements were com- 
pared with the results obtained by a four-electrode 
method ar.d others with measurements on rods of 
different lengths. In general the differences were 
negligible. The effect of temperature on the re- 
sistivity was measured by immersing the rods in an 
heating to between 


and 


oil bath 
room temperature ard 160°C. From the plots of 


te mpe¢ ratures 


the activation energies q were 
Q/kT 


log p agairst 1/7, 
calculated by the formula p = poe 
For 


mechanism, the Seebeck effect was measured. One 


a better understanding of the conduction 


end of the rods was immersed in an oilbath at 70 
100°C and the other end kept in air at room tem- 
perature. The emf between copper wires pressed 
against the electrodes was measured with the aid of 
a Philips p,, measuring apparatus in which the 
emf is transformed into an a.c. current by a vibrat- 
ing plate condenser. With this apparatus rods 
havirg a resistance as high as 104.Q could be mea- 

For the sign of the Seebeck effect, we have 
used the sign of the cold electrode, as the charge 
carriers diffuse from the hot to the cold part of the 


sured 


rods 

Fig. 1 shows the room-temperature values of the 
d.c. resistivities of a series of (Co, Fe)gO4 mixed 
crystals fired at 1350°C in oxygen. Near the com- 
position CoFegO, a relatively high and sharp peak 
appears in the resistivity. The series contain g 
MnO or CuO gave similar results. 
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Most of the compositions showed a simple ex- 
ponential temperature-dependence of the re- 
sistivity. The activation energies calculated from 























































































































Fic. 1. Room-temperature values of the log resistivity 
for a series of mixed crystals of Co;-,Fe,O, near the 
composition CoFe,Q,. 


these measurements are given in Fig. 2. For 
samples with compositions near CoFe2QO4, the 
temperature-dependence was more complex, and 
for them values of the activation energy at a higher 
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2. Activation energies of the conductivity of mixed 
crystals Co,-,Fe,Oy,. 


FIG 


temperature (150°C) are plotted. This quantity 
also is hardly influenced by manganese oxide or 
copper oxide. 

In Fig. 3 the results of Seebeck-effect measure- 
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ments are given. As might be expected, the sign 
of the Seebeck effect is positive for samples with 
excess cobalt and negative for samples with excess 
iron, a sharp transition being found near the com- 
position CoFe2O4. From the sharpness of this 


transition and also from the sharpness of the peak 
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3. Thermoelectric or Seebeck effect in mixed 


crystals Co,—,Fe,Oy. 


of the resistivity, it can be concluded that the 
samples were fairly homogeneous in composition, 
at least better than 0-2 per cent. In the positive part 
of the curve it is easy to estimate the maximum 
value of the Seebeck effect. On the negative side, 
however this is difficult as the maximum is very 
sharp. 

In general the values of the Seebeck effect are 
independent of temperature between room temp- 
erature and 160°C. Only samples with composi- 
tions near CoFe2Oq4 show a strong temperature- 
dependence. For two of these latter samples the 
Seebeck effect has been measured up to 800°C. The 
results are shown in Fig. 4. 

Generally speaking, the results of all these mea- 
surements are qualitatively in agreement with the 
expected transition from p-type to m-type con- 
ductivity. There is, however, a very peculiar 
quantitative difference in the values of the physical 
constants in these two regions. 


3. THEORETICAL 


At first sight the (Co, Fe)g04 mixed crystals show 
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Fic. 4. Variation of the Seebeck effect with temperature 


for two samples: (I) 


normal semiconductor behaviour: u- and p-type 
conductiy ity can be related to the presence of Fel 
and Coll! ions respectively. In this respect they 
belong to the group of controlled-valency semi- 
conductors such as have been described by 
VeRWEY et al.) This group is characterized by the 
presence of ions of a given element in different 
valency states on equivalent sites in the crystal 
lattice. Whereas, however, these combinations of 
valencies are usually obtained by the introduction 
into the crystal lattice of foreign ions with a differ- 
ent valency, there is here the possibility of obtain- 
ing this result by preparing mixed crystals between 
CoUFelUO, and FeUFeol4O, or CoMColl 
Felll1Q,, so that no foreign ions are present. 

The mixed crystals studied here crystallize in the 
spinel structure, where two different groups of 
lattice sites are available for metal ions. The simple 
compound CoFe2Q, has the so-called inverse spinel 
structure, with one-half of the iron ions on tetra- 
hedral sites and the rest, together with the cobalt 
ions, on octahedral sites. As Fe!! and Co!!! also 
occupy octahedral sites preferentially, only ions on 
these sites are of interest in the description of the 


CoFe,0,, 


(II) Coy,.9:Fe1.99Og. 


semiconducting properties. In the restricted group 
of mixed crystals described here, the tetrahedral 
sites contain only Fel!!! ions. From the cell con- 
stant of CoFesQ,, a = 8-39 A, it follows that the 
number of both cobalt and iron ions on octahedral 
sites is N = 1-35 x 1022cm-?, 

It is interesting to note that in compounds of 
elements of the transition group the possibility 
exists of changing the valency of a considerable 
fraction of the metal ions and in some cases even of 
doing this completely, e.g. in the mixed-crystal 
series LaMnU!l03, CaMn!VOs, where the whole 
range from 100 per cent Mn!!! to 100 per cent 
Mn!V has been prepared.© In the case of 
CoFe2Oxq, we have restricted ourselves to changing 
the valency of a maximum of 10 per cent of the 
cobalt or iron ions. 

If we proceed now to a closer examination of the 
semiconductor properties, we find a number of 
peculiarities. Assuming the number of electrons 
contributing to the conductivity to be equal to the 
number of Fel! ions, and the number of electron 
holes to be equal to the number of Col!!! ions, we 
calculate from the resistivity data extremely low 
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values of the mobilities, 4; ~ 10-4cm?/Vsec for 
electrons and pe x 10-8 cm?2/Vsec for holes. 
Further, even for samples with a large concentra- 
tion of Fell or Col! ions, we find a fairly strong 
exponential dependence of the resistivity on tem- 
perature. From the ordinary band theory of con- 
duction one would expect metallic behaviour for 
such high concentrations of carriers, i.e. a high 
mobility with only a slight temperature-depend- 
ence. Such behaviour is indeed found in some cases 
e.g. for the ferromagnetic part of the mixed-crystal 
series LaMnO3-SrMnOg and LaCoOs3— 
SrCoOg3. 6-7) In the present compounds the experi- 
mental findings are, as already mentioned, quite 
different, and we believe therefore that, just as in 
the case of NiO and Fe2Qs, the ordinary transport 
theory based on the simple band picture does not 
apply. For the equilibrium lattice there is little 
overlap between the wave functions of ions on ad- 
jacent octahedral sites, with the result that the 
electrons or holes are not free to move through the 
crystal but are fixed at the metal ions. In the 
presence of lattice vibrations, however, the ions 
occasionally come close enough together for trans- 
fer to occur with a high degree of probability. Thus 
the conduction is induced only by the lattice 
vibrations, and in consequence the carrier mobili- 
ties show a temperature-dependence character- 
ized by an activation energy. For such a process of 
jumping electrons and holes, the mobilities p are 
given by: 


ed2v,e-4,/kT 


kT 


(1a) 


‘ee 


ed2v2e Q./kT 


H2 me 
kI 


Here the indices 1 and 2 relate to electrons and 
holes respectively; d represents the jump length for 
which we will take simply the distance between 
neighbour octahedral sites: d = }aV2 = 3-0A; 
vy and ve are the lattice frequencies active in the 
jumping process; and gq and gp are the activation 
energies involved in the required lattice deforma- 
tions. 

In the case of sufficiently small mobility the 
localization of the electrons may be increased by 
additional influences, such as the self-trapping 
effect of Lanpau,®) which consists of polarization 
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of the crystal lattice around the charged particles. 
There may also be an effect of an unknown nature 
from the magnetic interaction between the metal 
ions. An indication of this is the fact that parti- 
cularly antiferromagnetic and ferrimagnetic oxide 
compounds of the transition elements show pro- 
perties similar to those described in this paper 
(JONKER,®) HErKEs9)), These considerations lead 
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Fic. 5. (I) Energy-level scheme for Co3;—,Fe,O,. For 
pure CoFe,O, at low temperature the Fe! level is 
"lions are present, whereas the Co! 





empty and only Fe 
level is filled and only Co! ions are present. F represents 
the Fermi level for a special case where excess electrons 
are introduced. g, and q, are the activation energies 
needed for jumps of electrons or electron holes. The 
distance between the Fe!! and Co! level is 2A. « and 8 
represent extra contributions to the transport levels of 
electrons and holes respectively. 
(II) A metal in contact with the semiconductor I shows 
the same Fermi level which is here also the transport 
level of the electrons. 


to a picture (Fig. 5) of the localized levels be- 
longing to the metal ions such as has been used by 
Morin.®) Following the usual convention, the 
energy levels are denoted by symbols representing 
the valency states of the metal ions in the cases 
where these levels are occupied (Fe!! and Coll). 
The energies needed to remove electrons from 
these levels are determined by the third ionization 
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potentials. In the simplest compound of our series, 

CoFe2O4, we may expect that at 0°K all cobalt ions 

are in the divalent state and all iron ions in the 

trivalent state, in accordance with the difference in 

their third ionization potentials, which are, accord- 

ng to the list given by FINKELNBURG and Hum- 

11) 33-49 and 30-64 eV, respectively. So in a 

f free ions we would expect a fully oc- 

ipied Col! level at a distance 2-85 eV below a 

ly empty Fe!! level, all iron ions being 

In a crystal lattice, however, the influence 

the crystal field and covalent bonds may cause a 

considerable change in the distance between the 
C levels 

the gap width is called 2A and the 

he Fermi level is at a height e above 

the forbidden zone. The activation 

ries needed for the electron jumps are also 

wn. Strictly speaking these activation energies 

belong not to the energy picture of the electrons, 

t to that of the crystal lattice around the sites of 

rons. Further it introduces a simplification 


+t 


place all the localized levels on one line. The 
Coll and Fel!!! ions are randomly distributed, and 


will be 


idual ionic levels 


therefore there a certain spread in the 

lifferent approach would be to consider 
metal ions as traps for electrons and holes and 
introduce other, normal, bands, e.g. those be- 
a small part of 


This 


to oxygen ions, cont 
the charge carriers with normal mobilities 


1 
| 


{ 
so been used by Morin. In this case 


picture has a 
the activation energies g appear as the distances 
between the metal-ion levels and the oxygen bands 
and determine the temperature effect on the num- 
ers of electrons and holes contributing to the con- 
luctivity 
We shall 


simple picture for an analysis of the semiconduct- 


attempt, however, to use the first 
g properties shown by the underlying series of 

samples and shall discuss later the inadequacy of 

the second picture 

(a) Analysis of the conductivit 


[he general expression for the conductivity is 
Nj €41+No2eu2 (2) 


and mg representing the numbers of electrons and 
les, which are taken as equal to the numbers of 
Fell and Col!!! ions per cm*. For small values of 
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n, and nz we can apply the Boltzmann expressions: 


(3a) 
(3b) 


ny = Ne“A-0/kT 


no = Ne“Ate/kT, 


In these formulae N is equal to the total number 
of iron or cobalt ions occupying octahedral sites, 
which can be taken as constant in our restricted 
series of mixed crystals and equal to 1-35 x 10%" 
cm-?. The difference between n ; and ng is given by 
the chemical composition of each sample and is 


thus independent of temperature. Further: 


N2¢-2A /kT (4) 


nyNnNo 


kT. (5) 


N 1 /Ne 


From these relations it can be seen that in com- 
positions with a Fe!! or Co!!! content which is 
appreciably larger than Ne~*/*", the main con- 
tribution to the conductivity is made by only one 
term of expression (2) and that the temperature 
has then only a negligible influence on the value of 
the n appearing in this single term. The activation 
energy found from plots of log p versus 1/T is in 
such cases the activation energy of the mobility py 
or pe. Only in the neighbourhood of the composi- 
tion with intrinsic conductivity also are the changes 
of nm, and ng with temperature of interest. Thus the 
flat parts of the g-c curve (Fig. 2) give at once for 
these compositions with excess iron or cobalt the 
activation energies g; and ge of the mobilities. The 
q values decrease slowly with increasir g excess con- 
centrations, which must correspond with slowly 
increasing mobilities 

A plot of log p against concentration of charge 
carriers (Fig. 1) such as is generally used leads to 
the false impression that the first amounts of charge 
carriers have a much greater influence on the semi- 
conducting properties than further additions. On 
the other hand if we use a c-c plot (Fig. 6) in ac- 
cordance with formula (1), we see that the con- 
ductivity increases in both directions more than 
proportionally with increasing excess concentra- 
tion. This means that the mobilities do in fact 
increase. 

For compositior.s containing excess iron we find 
41 Values increasing from 0-7 to 1-3 x 10-4 cm?; 
Vsec. This is in accordance with the calculated 
variation of the mobility if, in formula (1a), we use 
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Fic. 6. Values of the conductivity calculated from the 
measurements given in Fig. 1. For the hole conductivity 
(excess cobalt) the left ordinate has to be used; for 
electron conductivity (excess iron) the right ordinate. 


the experimental values of g;, which decrease from 
0-205 to 0-175 eV. For compositions with excess 
cobalt, values for the hole mobility uz are found 
which increase from 0-6 to 2-1 x 10-8 cm?2/Vsec, in 
accordance with the gg values, which decrease from 
0-51 to 0-475 eV. 

Using these » and q values in formulae (1), we 
obtain the frequencies vj = 6-5 x10!% sec! and 
vg = 1-0 x10!4 sec~!. As these values are very 
sensitive to the values of g, we can say that the 
correspondence with the expected value of 101% is 
reasonably good. In his study on MeO-LigO solid 
solutions (Me = Mn, Fe, Co, Ni), Hetxes®) 
found frequency values between 10" and 10!%. 

The ratio of the electron to hole mobility which 
is of importance in further calculations is, for 
comparable concentrations of electrons and holes, 
roughly 104 at room temperature. 

From an analysis of equation (2), we find that 
the extreme value of o appears at mj = no2 Or 

kT 1 
In—. 
2 


The minimum value of o is 


Omin 2Ne, 1p2e A kT, (6) 


For a value of ,,;,, = 107-7:6 and with the values of 
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uw for low charge-carrier concentrations, this leads 
to A/kT = 12 at room temperature. As at room 
temperature kT ~ 0-025eV, we find by this 
method that 2A has a value of 0-60 eV. 

Another result is that, because of the large differ- 
ence in mobilities, the maximum resistivity is 
found not at the simple composition CoFe2Oq, but 
at a composition having a slight excess of cobalt. 
(b) Analysis of the activation energies 

One might expect that the activation-energy 
maximum would also give some information about 
the energy-level picture. The activation energy is 
defined as: 

dino 


k , (7) 
d(1/T) 


Combination with (2), (3a) and (3b) leads to 


g = Aqit+ Bq2+2CA, 


NYA} 
11 p41 + No2p2 
N2[2 


N11 + N29 


N\No( 41+ 2) 
(m1p41 + MQ42)(21 +N2) 








Fic. 7. (a) Values of A, B, and C from equation (8) 

gq = Aq+Bq+2CA, calculated function of e. 

(b) Values of the activation energy calculated with the 
corresponding values of A, B, and C. 


as a 
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The easiest way to study this result for room tem- 
perature is by calculating A, B, and C as functions 
of « and using for 1/2 a constant ratio of 104. The 
results can subsequently be expressed in concentra- 
tions of excess iron and cobalt. 

The results are given in Figs. 7 and 8. It is seen 
po the maximum value 
« = 91 +2A, which is 


that in the case where 1 
of the activation energy is g,,, 
quite different from the case where the mobilities 








tivation energy g from Fig. 7 now 
xcess concentrations of cobalt and 
1 sites which correspond roughly 


N and n 


rimental 


N re spectively 


alues 


are equal (g,,,,, = g+A). Unfortunately the theo- 
retical g-c curve has such a sharp peak that it is 
sufficiently homo- 


impossible to prepare samples 


geneous to enable this maximum value to be found 


experimentally. The experimental maximum is 
much lower and has no special significance. The 
general form of the theoretical activation-energy 
curve resembles the experimental one 


(c) Analysis of the thermoelectric 


effect 
The Seebeck effect @ is related to the Peltier 


effect 7 by the following thermodynamic relation: 
OT. 

In Fig. 5 a contact between a semiconductor I and 

a metal II is represented. The energy levels of the 

electrons are drawn for both materials. For the 

semiconductor an example with excess electrons is 


chosen. For the metal only the Fermi level is 


G. H. JONKER 


given, and in a state of equilibrium this is the same 
as that of the semiconductor. If now an electric 
current passes through the contact, we see that this 
current is transported in the semiconductor by 
electrons of the Fel! level, but in the metal by 
electrons near the Fermi level. The energy differ- 
ence of the electrons appears as a heat effect in the 
contact. A heat effect of opposite sign appears in 
the case of a p-type semiconductor in contact with 
a metal. 

In normal semiconductors an additional effect 
occurs, caused by the thermal distribution of the 
electrons and holes on the energy levels of the 
empty and full band. In our case a further effect 
may also occur, owing to the fact that each electron 
jump may be accompanied by a transport of energy 
in excess of the energy indicated by the electron 
levels. Although the value of the frequency v in 
equation (2) confirms the idea that lattice vibra- 
tions are indeed involved in the jumping process, it 
is difficult to predict the contribution of the activa- 
tion energies g to the transport of energy in the 
semiconductor and thus to the Peltier effect. Even 
the sign of this additional effect cannot be pre- 
dicted, as the lattice activation accompanying the 
jumps may occur around either the emitting or the 
receiving ion 

If we assume that parts « and f of the activation 
energies of electrons and holes respectively are 
transported, the Peltier effect is described by 


nypo}(A —e+a%)+mou0(A+e+ 8) 
. 
Ny €{L1 + Neg 
In the case where practically only one type of 
charge carrier is present, this reduces to 


e7r A+e—a« or er =A+e+8. 


If we combine these expressions with equations 
(3a) and (3b), we find the concentration-depend- 
ence of the Peltier and Seebeck effects: 

N 
4—kT In 


nN} 


eT (10a) 


for electrons and 


N 
B+kT In— 


ng 


ex = e0T 


for holes. 
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An analysis of the experimental values of the 
Seebeck effect for samples with excess iron, where 
ny is practically equal to the Fe!! concentration, 
and the use of a value of N = 1-35 x 102 leads toa 
value of « = 0-025 eV at room temperature. As 
further, the Seebeck effect for these samples is 
found to be independent of temperature between 
room temperature and 160°C, it is better to say 
that « = 1k7.. The same analysis for samples con- 
taining larger excess amounts of cobalt leads to 
8 =0-15eV at room temperature, or in general 
B = ORT. 

Thus the result is that « is negligible in compari- 
son with q; and f is only a fraction of qe. 

At this point of our analysis it is easy to show 
that the alternative picture containing normal 
oxygen bands at a distance q; above and gz below 
the Fell and Col! levels respectively is excluded 
by this last result. The small amount of electrons or 
holes present in these bands will have practically 
no influence on the height of the Fermi level. Thus, 
at a certain minimum distance from the intrinsic 
state, the values of the Peltier effect would be 


N 
kT |n 


nj 


q1 


N 
qa+kT In—, 


ng 


where m, and ng again represent the numbers of 


Fell and Coll! ions. The fact that the experi- 
mental values are much lower makes this picture 
useless. 

A refinement of the the 
energies mentioned up till now can be obtained by 
a further analysis of the Seebeck effect in the region 
of mixed electron and hole conduction. By differ- 
entiating equation (9) with respect to e, expressions 
can be derived for the extreme values and for the 
compositions at which these occur. 

The negative maximum is determined by 


values of various 


em = e0;T = —A 


40+ 2a+28—2kT 
kT 





x (14In 
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and the positive maximum by 


. kt 

erg = COoT :- A+8 — 

2 
4A+2a+28 2kT 1 

x (1--ln——_—___— +In—). (12) 
\ kT 2 


In our case only the positive maximum can be 
determined with certainty and this is 0-25 eV. 
Substituting in equation (12) the preliminary 
values of A, «, and f in the logarithmic term and 
the value 104 for 11/2, we find: 


A+B 
From the location of this maximum at 2 per cent 
excess cobalt, a value of A can be found, since the 
location of the maximum is given by: 


0-43 eV or 2A=0-56 eV. 


kT In{ 2 


max 


4A+22+28—2kT 
x | In 

kT 2 
Using again the preliminary values of A, «, and 8 
in the logarithmic term and 104 for ,1;/2, we find 
that 2A = 0-53 eV. 


4. DISCUSSION 
In ‘Table 2 we have chosen a combination of 
values by which the semiconducting properties at 
room temperature of the mixed crystals Co3_, 
Fe,O4 can be described reasonably well. 


Table 2. Values of the various constants needed to 
describe the semiconducting properties of Co3_z 
Fe,( ) i. 


0:55 eV 
= 0-025 eV 1kT 
= 0:15eV = 6kT 
0-205 —0-175 eV 
» = 0°51—0-475 eV 
= 0-7 —1-3 x 10-*cm?/Vsec 
fH, = 0-6—2:-1 x 10-8cm?/Vsec 
6°5 x 10!sec™ 
¥%, = 1:0x 10'4sec™ 
#y/ He = 10° 
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123456789 
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e9T calculated with the values of 


a function of excess concentration of cobalt 


and iron. 


experimental values 


these values the Seebeck effect for the 


With 
whole series of samples has been calculated. As 
appears from Fig. 9, the line follows the experi- 
mental values very closely, only the extreme value 
the m-region being much larger than was ex- 
pected. This value is not found experimentally, 
to the inhomogeneity of the 


in ft 


ne 
bie 


again probably owi 
samples 


tion becomes important, so that all samples charge 


; 
elevated temperatures the intrinsic dissocia- 


] 


ad oO 


4 


properties gradually to those of 
The 


Ir conductil 


Seebeck effect, which is 


dissociation is 


For 


1nsic¢ 
temperatures 
r} 


rHnOOC 


eratures (Fig. 4). 


compositioj S 1n 


this already occurs at lower temp 


? ; | i ose . ‘ 
Because of the different mobilities of electrons and 


} " 4 — 
holes, Seebeck effect becomes nega- 


‘ 
tive for all samples. The intrinsic value reached at 


1 of CoFeeQa, 


high temperatures will be 


Hit pe 

Experimentally, we find for ez at 1000°C a value of 
—(0)-025 eV, which gives, with A = 0-275 eV, 
41/2 decreased to 1-2. This is roughly in accord- 
ance with a difference between ge and q of 0-3 eV, 
as 
q2 q1 

kT> 


G2 
k 


(141/H2)7 
exp 
(141/H2)7, \ RT; 
From our analysis we find a rather simple be- 
haviour for the electron conduction caused by the 
presence of Fe Il ions. The energy-level picture we 
have used is too rough to explain the small extra 
heat effect of 1kT during electron transport. It is in 
accordance with the idea that the activation of the 


jumps is caused by lattice vibration that no, or 
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nearly no, heat effect occurs. With the conduction 
by holes in the case of excess cobalt ions, more 
difficulties arise, as the activation energy is very 
high ard the heat effect also is considerable. These 
effects may be related to the different ionic struc- 
tures of Col! and Co!!!. Whereas Fel!l!, Fell, and 
Co!! all show the normal magnetic moment in 
accordance with Hunds’ rule, Co!!! differs. In 
most compounds Co!!! is diamagnetic, and this is 
also found to be the case in compounds with spinel 
structure by CossgE."!2) One might expect that the 
difference in electronic structure causes an extra 
activation energy which is also found in the extra 
term in the Seebeck effect. The development of the 
crystal-field theory does not yet allow us, however, 
to predict these effects. 
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Abstract 


the rmined 


nese oxides containing varying percentages of Mn 


Lanthanum manganese oxide 


" were prepared 


prepared under pure nitrogen, 


\t room temperature it possessed orthorhombic symmetry and was 


f the series. The orthorhombic-to-rhombohedral transition points for 


been determined, and the shape of the resulting curve interpreted on the 


lar emp 


yared and its crystallographic properties stuc 


oxide were prepared and their X-ray dat 


1. INTRODUCTION 


I reported that several 


it has 


been 


2 


ntaining Mn*3 


rovskite -type oxides co 
her transition metal (LaMn7zM4_,Os3) 
nteresting magnetic and crystallo- 

1 VANSANTEN ) first 
igated compoun M = Mn 
red ferromagnetism in the range of composi- 


of the 


ties. JONKER anc 
ds with + and dis- 
total manganese as 
enetism in com- 

is con ‘r+? in a range 
mpositions about 13 per cent BaT103 and 25 
LaCrO3. GiLtiteo®) has reported ferro- 

in the systems LaCozMn,_,O3 and 

-Og; he found no ferromagnetic region 

WOLD et al.) 


system 


inds containing LaFeOs 
have reported ferromagnetism in the 
LaNizMn;_703,, over the compositional 
-2<x 

GELLER®) has indicated that the 
transition metal perovskites fall into one of two 


Most of them are orthorhombic and be- 


range 


rare earth 


groups 


long to space-group Do,(16)—Pbnm with four dis- 


* The research in this document was supported by the 


Army, Navy, and Air Force under contract with 


US 
the Massachusetts Institute of Technology 


ty orbitals of the Mn* 


teri The system 


lie La,NiO,, LaNiO, 


ions and 


lata are given. 


torted perovskite units in the true crystallographic 
cell, or they are rhombohedral and belong to 
space-group Dsa(5)—R3m with two formula units 
per unit YAKEL ©) WOLLAN and 


KOEHLER) have shown that LaMnQOgs containing 


cell and 


8-9 per cent Mn*4 is orthorhombic, and for con- 


centratl 


tions of tetravalent manganese up to about 


25 per cent, X-ray diffraction patterns indicated 
that an orthorhombic or monoclinic symmetry is 
still present. Samples of LaMnQOg3,. which con- 
tained 35-3 per cent Mn‘? possessed rhombo- 
hedral GELLER) has indicated that 
perovskite oxides containing V+*, Cr+8, Mn*? and 
Fet? are orthorhombic, whereas Cot® and Al*+® 
perovskite oxides are rhombohedral. He has de- 
duced a set of ionic radii for these ions in perov- 
skite lattices. The radii of the former set of ions 
range from 0-61 to 0-63 A, whereas Cot? and Al*# 
have radii of approximately 0-56 A. Thus it is 
implied that the difference in distortion is the 
a difference in size of the transition- 


symmetry. 


result of 
element cation. 

The orthorhombic distortion from cubic sym- 
metry observed for pure LaMnQOs is larger than 
that for the other orthorhombic perovskites. 
GoopENouGH"’8) has indicated that this large 
orthorhombic distortion is due to a particular 
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ordering of the four coplanar, empty orbitals of the 
Mn*8 ions shown in Fig. 1; smaller distortions 
from cubic symmetry result when this ordering is 
destroyed. The introduction of ions such as 
Mn*4, Crt8, Cot8 and Fet® which do not have an 














Fic. 1. Simple-cubic array of transition-element ions in 

perovskite-type lattice, showing the orientations of 

empty dz?-,2 orbitals responsible for orthorhombic 
symmetry. 


unequal occupation of d,2 and d,2_,2 orbitals when 
located in an octahedral oxygen-ion interstice, re- 
duces the number of ions which are available to 
participate in the distortion mechanism. Con- 
sequently, the magnitude of this distortion and the 
temperature of the transition from orthorhombic to 


rhombohedral are expected to decrease with in- 
creasing concentration of foreign ions. At a greater 
concentration than 10-20 atomic per cent, the 
bond ordering which is responsible for these dis- 
tortions is completely destroyed. It is a purpose of 
this paper to investigate the relative magnitude of 
these effects. 

Wo p et al.() have reported the preparation and 
structure of LaNiOg. LaNiOg belongs to space- 
group D3q(5)—R3m with two formula weights per 
unit cell. The dimensions of the rhombohedral 
pseudocell are a = 7-676+0-002 A, « = 90°41’. 
RABENAU and ECKERLIN®®) have prepared LagNiOug, 
which possesses the KgNiFy structure with a= 


3-855 A and c = 12°65 A. 


2. EXPERIMENTAL 

Preparation of pure LaMnO3. 'The samples were 
prepared by reacting lanthanum oxide with man- 
ganese (III) oxide under a pure nitrogen atmos- 
phere at 1300°C for 18 hr. Traces of oxygen were 
removed by first passing the nitrogen through 
heated copper gauze and covering the samples with 
a nickel boat. 
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Preparation of LaMnz**Mny_z*4O3,,. Lan- 
thanum oxide and manganese (III) oxide were 
heated for 72 hr under an oxygen atmosphere at 
1100°C. These samples possessed the maximum 
amount of Mnt4 (30 per cent) obtained in this 
study. The intermediate lanthanum manganese 
oxides were prepared by heating portions of these 
samples under oxygen at various temperatures 
between 1100 and 1514°C, until equilibrium con- 
ditions were obtained. The samples were trans- 
ferred to sealed Vycor capsules and annealed at 
800°C for 72 hr in order to obtain well-crystallized 
products. 

Preparation of LaMn_zNiz,O3+,. These samples 
were prepared by reacting lanthanum oxide with 
varying molar mixtures of nickel (II) oxide and 
manganese (III) oxide in air at 1100°C and an- 
nealing the products at 800°C to improve their 
crystallinity. 

Preparation of LaNiO3z and LazNiO4g. Lan- 
thanum oxide and nickel (II) oxide, in the molar 
ratios 1:1 and 2:1, were heated at 900 and 
1350°C respectively to produce LaNiO3 and 
LagNiQOg. 

Standard analytic techniques were used to deter- 
mine the total oxidation of the product; excess 
oxidizing power of the transition-metal cations was 
attributed to the presence of Mn*4 and a deficiency 
to the presence of Ni*?. 

The lattice symmetry and lattice parameters 
were calculated from spectrometer traces taken 
with a Philips Norelco diffractometer, using 
FeKa and CuKz radiation. The transition tem- 
peratures above room temperature were deter- 
mined by using a furnace mounted on a Norelco 
X-ray diffractometer. The instrument is a modified 
version of that described by Perri et al,“) and 
another in the Geology Department, Columbia 
University. It was adapted for atmospheric control, 
and during measurements of samples with low 
Mn-* content, a nitrogen atmosphere was used. 
Transition temperatures below room temperature 
were obtained by passing nitrogen, cooled with 
liquid nitrogen, over the samples. The instru- 
mentation is a modified version of that described 
by ScHwarvz et al.(2) 


3. DISCUSSION 


Lanthanum manganese oxides. Results of chemical 
and crystallographic analysis are summarized in 
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Table 1. Chemical and crystallographic analysis of lanthanum manganese oxides 
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Conditions Mn*4 Symmetry* Pseudocubic cell dimensions 
(per cent) 

1300°C PURE N, 0-02 O ay az = 7:°961A 
a, =7699A B= 91° 56’ 

1514°C O, 8-7 O a, = as = 7:895A 
ag = 7:744A B= 90° 57 

1465°C  O, 9-6 O ay as 7°888 A 
a2 7:746A B= 90° 54’ 

1281°C O, 12-4 O a, = as = 7°865A 
a, = 7:768 A B= 90° 28’ 

1350 te AIR 19°8 O ay as 7-804 A 
a, = 7:790A B= 90° 20’ 
1100°C _O, 24-0 R a 7:784 A OL 90° 36 
1100°C  _O, 26-6 R a 7-777 A OL 90° 35 
1100°C O, 30-0 R a=7777A «a= 90°35 

*O = Orthorhombic. 


R Rhombohedral. 


Table 1. Pure lanthanum manganese oxide, pre- 
pared under pure nitrogen, contained 0-02 per 
cent Mn* and at room temperature was the most 
distorted member of the series. The maximum 
percentage of Mn*4 (30 per cent) was obtained by 
heating the samples at 1100°C in oxygen for six 
days. In order to illustrate the various distortions 
of the perovskite structure, reported in Table 1, 
the pseudocubic cell dimensions have been given 
for all cases. For the orthorhombic distortion, the 
pseudocubic lattice is monoclinic, and for the 
rhombohedral distortion it is a non-primitive 
rhombohedron. Fig. 2 was plotted using the mono- 
clinic cell dimensions listed in Table 1. It is 
assumed that when the two celledges become equal, 
the transformation to the rhombohedral structure 
occurs. As Fig. 2 shows, at room temperature, 
this transformation takes place when 21 per cent 
Mn** is present in the sample. 

The variation of transition temperature with 
Mn** content for the various lanthanum man- 
ganese oxide samples is plotted in Fig. 3, the 
room-temperature transition point being obtained 
from Fig. 2. 


RHOMB =] 
HEDRAL 








ORTHORHOMBIC 
8.0 








LATTICE 
PARAMETER 
[8] 78 
7.7 
= 1 1 4 L J 
° 5 10 5 20 25 
4+ 
PERCENT Mn —» 
Fic. 2. Room-temperature lattice parameters for 


pseudo-cubic cell of LaMnQs;,, as a function of Mnt*¢4 
concentration. The rhombohedral phase for sample with 
24 per cent Mn** undergoes a martensitic transformation 
through the temperature range 175°C < T < —45°C, 
the low-temperature phase being orthorhombic. At 

160°C, a,/az = 0:963 for pure LaMnOs3. By analogy 
with MnFs, this should correspond to an average axial 

ratio in distorted octahedra of ~ 1:15. 


It should be noted that the curve plotted in Fig. 
3 has an inflection point at about room-tempera- 
ture. The higher-temperature portion of the curve 
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can be explained by the bond-ordering concepts of 
GOODENOUGH. Perovskite oxides containing per- 
centages of Mn*® greater than approximately 75 
will show an orthorhombic distortion because of 
the ordering of four coplanar empty orbitals of the 





6 ool 
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RHOMBOHEDRAL ORTHORHOMBIC 





300) 
TEMPERATURE 
(°C) 








PERCENT mn*? 
Fic. 3. Transition temperature of LaMnO, versus Mnt* 
content. 


Mn*? ions (Fig. 1). This distortion is largest 
(ag/a, = 0-97) for pure LaMnOs. The introduction 
of other ions, e.g. Mn*4, which do not have an un- 
equal occupation of d,2 and d,2_ 
located in an octahedral oxygen-ion interstice, 
reduces the magnitude of the distortions due to 
bond ordering of the Mn*? ions and in concentra- 
tions greater than 10-20 atomic per cent, destroys 
the bond ordering to eliminate lattice distortions 
from this effect. Smaller distortions would, there- 
fore, result. At 21 per cent Mn*4, there are suffi- 
cient foreign ions present to destroy this ordering, 
and the residual distortion is due to some other 
effect. As shown by WickHAM and Crort,‘) a 
similar effect is present in spinel oxides containing 
Mn**, where the critical concentration is about 60 
per cent Mn*3, Below that percentage, the tetragonal 
distortion is not present down to —180°C. The 
magnetic data indicate its probable absence down 
to liquid-helium temperature. The abrupt change 
in transformation temperature with composition at 
a critical composition 1s characteristic of long-range 
bond ordering. 

Fig. 3 also shows that perovskite oxides, con- 
taining less than the critical amount of Mn‘? 
(79 per cent), still transform to the orthorhombic 


y2 orbitals when 
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structure below room temperature. However, 
there is a marked change in the slope of the curve. 
As mentioned previously, it would be expected 
that LaMnOxs would be orthorhombic on the basis 
of its ionic size alone. The presence of considerable 
amounts of the smaller Mn*4 ion should favor the 
formation of the rhombohedral perovskite. The 
change of the slope of the curve in Fig. 3 is due to 
the disappearance of the bond-orienting effect 
leaving the size effect as the predominant one. 
Lanthanum nickel oxides. Lanthanum nickel 
oxide (LaNiOg3) was reported previously by WoLpD 
et al.'8) Samples of LaNiOg are stable up to 900°C. 
Above this temperature, appreciable amounts of 
Ni*? form. At 1300°C, pure LagNiO, can be pre- 
pared and has been reported to possess the 
KeNiF, structure. When LaNiOg is heated to 
1100°C, some Ni*? is formed and appears as NiO. 
The remaining phase cannot be indexed as either 
LaNiOg or LagNiOu, but is apparently a much dis- 
torted perovskite (Table 2). Attempts to prepare 


Table 2. Comparison of unidentified lanthanum 
nickel oxide phase at 1100°C with LaNiOg3 and 
La,NiO, 


LaNiO, 
(Perovskite) 


Unidentified |La,NiO, (K,NiF,) 
Phase 


bho MY bh 


NM DKS bd bY 
bdo 


— 


this phase pure, by heating lanthanum oxide and 
nickel (II) oxide were unsuccessful because of the 
greater stability of the LagNiO, compound which 
formed. Evidently, the perovskite lattice will 
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Table 3. X-ray lattice constants for the system LaMn,_zNizO3 


Sample Mnt4 Ao(A) by (A) Co(A) Vol. (A) 
(per cent) 


5-501 


LaMnO3,, 19-8 


LaMng-sNio-203+, 3: 5-495 


LaMny.;Nig-30: 


LaMno-,Nig-4O3,, 


LaMn,.-Nig--<O 


accommodate a considerable deficiency of nickel 
and persist as a metastable phase. 

The system LaNi,Mny_7O3.,. The system 
LaNi;Mn,_7,O3 consists of a single ortho- 
rhombic phase from 0 < x < 0-5(Table 3). Where 
x > 0-5, two phases appear: an orthorhombic 
phase which resembles LaMno.5Nio.5O3 and the 
metastable lanthanum nickel oxide phase pre- 
viously mentioned. Nickel oxide lines appear in 


increasing intensity as x increases. 
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LETTERS TO THE EDITORS 


Antwort auf die Bemerkung von M. Balkanski 
zu der Arbeit ,,Uber den Mechanismus der 
Energiewanderung in Kadmiumsulfid-Kristallen“ 


(Received 20 September 1958) 


M. BaLKAnskI hat kiirzlich) einige Bemerkungen 
iiber unsere Arbeit ,,Uber den Mechanismus 
der Energiewanderung in Kadmiumsulfid— 
Kristallen“‘2) in dieser Zeitschrift veréffentlicht, 
aus denen hervorgeht, dass er mit der von uns vor- 
geschlagenen Deutung der Ausbreitung von Photo- 
leitung iiber gréssere Entfernungen durch Streu- 
ung und Reabsorption von Lumineszenzlicht bzw. 
von anregendem Licht nicht einverstanden ist. Die 
von ihm angefiihrten Argumente gegen einen 
derartigen Mechanismus der Energieausbreitung 
in Photohalbleitern sind jedoch unserer Meinung 
nach nicht geeignet, eine Revision unserer Vor- 
stellungen herbeizufiihren. Zu den einzelnen 
Punkten bemerkt: 


(1) Der hier von HERRN BALKANSKI behandelte 
Reflexionsmechanismus, tragt in der Tat nur 
wenig zu einer Weiterleitung von Lichtenergie 
bei. Licht, das von aussen in eine planparallele 
Platte eintritt, wird namlich nicht total reflektiert, 
sondern tritt auf der Riickseite wieder aus. Bei dem 
von uns beobachteten Effekt handelt es sich da- 
gegen um Licht, dessen Richtungsverteilung im 
Innern des Kristalles geaindert worden ist, sei es 
— wie bei Anregung mit kurzwelliger Strahlung — 
durch den Prozess der Lumineszenzerzeugung 
oder sei es durch koharente Streuung des durch- 
gehenden Lichtes an idealen oder gestérten 
Gitterpunkten. In diesem Fall ist die Weiterlei- 
tung von Lichtenergie iiber grosse Strecken még- 
lich (vgl. z.B. die Anwendung dieses Effektes bei 
den ,,Lichtleitern‘), da auch bei einer mehrfachen 
Wiederholung der Totalreflexion stirkere Verluste 
nicht auftreten. Die Einbettung der Kristalle in 
Stoffer von hohem Brechungsindexes sollte zwar 
eine Verminderung der gestreuten Lichtenergie 
ergeben, jedoch wirkt sich dies auf den Wert der 
, Diffusionslinge‘‘ erst dann aus, wenn der Wert 
des Brechungsindexes von Kadmiumsulfid nahezu 
erreicht wird. 

(2) Die Idee, dass das gemessene Licht durch 
Zerfall von Exzitonen erst am Ort der Leitfahig- 


keitsmessung entsteht, erscheint im Fall des lang- 
welligen monochromatischen Lichtes wenig sinn- 
voll. Aus unserer Abb. 4@) geht hervor, dass das 
durchgehende Licht keinerlei Struktur in seiner 
Wellenlangenabhingigkeit zeigt, wie dies im Falle 
von Exzitonenanregung der Fall sein sollte. An 
Hand von neueren Messungen®) konnte auch ein- 
wandfrei gezeigt werden, dass keine Veranderung 
der Wellenlinge der monochromatischen Strah- 
lung beim Durchgang durch den Kristall eintritt. 
Erfolgt die Anregung der Leitfahigkeit im lang- 
welligen Gebiet aber durch Lichtstreuung, so 
lisst sich das Ergebnis der Abb. 2 nur dann sinn- 
voll deuten, wenn man annimmt, dass im kurz- 
welligen Gebiet die Anregung der Photoleitung 
durch Reabsorption des durch den Kristall 
gestreuten Lumineszenzlichtes verursacht wird 


(vgl. Diskussion zu Abb. 2 unserer Arbeit). 


(3) Ganz offensichtlich entsteht durch jede Ab- 
weichung von der Planparallelitat (z.B. durch 
Kratzen) fiir das totalreflektierte Licht die Még- 
lichkeit, aus dem Kristall auszutreten, was zu einer 
Verminderung der durch den Kristall gestreuten 
Lichtintensitat und damit zu einer Verkleinerung 
des Wertes der ,,Diffusionslange“ fiihrt. 

(4) Aus unserer Abb. 4 entnimmt man deutlich 
den Grund fiir das Auftreten weiterer Maxima bei 
der Photoleitung. Wir brauchen unseren diesbe- 
ziiglichen Ausfiihrungen in der Arbeit) nichts 
hinzuzufiigen. 

(5) Neuere Messungen haben eindeutig gezeigt, 
dass die Zunahme der durch ,, Diffusion“ erzeugten 
Leitfahigkeit mit abnehmender Temperatur durch 
Verainderungen von Intensitat und Wellenlange des 
Lumineszenzlichtes hervorgerufen wird.) Dabei 
bleibt aber die ,,Diffusionslinge“ selbst praktisch 
unverandert (vgl. BALKANSKI und BRosER™)), was 
deutlich gegen die Existenz einer Exzitonen- 
leitfihigkeit spricht. 

(6) Wir sind weiterhin davon iiberzeugt, dass die 
,, Lransportzeit“ vom Ort der Anregung zum Ort 
der Leitfahigkeitsmessung sehr kurz ist und dass 
sie durch die Lichtgeschwindigkeit im Kristall 
gegeben ist. Dies gilt im besonderen auch fiir den 
Fall v < vg wo lediglich eine Streuung des auff- 
allenden Lichtes erfolgt. Die friiher berechnete 
, Wiffusionskonstante“ fiir Exzitonen wird durch 
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langsame Anklingen der Photoleitung 


besteht 


Meinung nach kein 
berlegungen tiber die Wechselwirkung 


unsere! 


lungsfeld und Exzitonenwellen fiir ein 
Wider- 


Annahme der 


das sich ohne 
viel einfachere 
gestreutem Licht erklaren lasst. 
kiirzlich durchgefiihrte Unter- 
nit zerteilten und wieder gekitteten 
en deutlich, dass die Abnahme der 


Zerbre C he n 


Streulichtintensitat verbunden ist. ©) 


nach dem mit einer 

i bleibt der Zusammenhang zwischen Photo- 

und Lichtstrom am Ort der Leitfahigkeits- 

in quantitativer Weise erhalten. Dies 

spricht eindeutig fiir den Mechanismus der Licht- 
streuung in den von uns untersuchten Kristallen. 
(10) Die hier erwahnten Messungen kénnen 
sinnvoll erst diskutiert werden, wenn auch op- 
tische Messungen in der von uns vorgeschlagenen 
Art durchgefiihrt worden sind. Es erscheint schwer 
verstandlich, Diffusion Exzitonen 
durch die optisch sichtbaren Stérungen (Korn- 
grenzen) der polykristallinen Schicht 


gest6rt werden soll als die Ausbreitung des Lichtes. 


von 


dass die 
weniger 
(11) ‘rage, warum DIEMER und HOOGEN- 
STRAATEN an 


Photostrom 


unseres Erachtens nur auf Grund 


einem Kristall eine Diskrepanz zwi- 


und Lichtstrom gefunden 


weiterer ofaltiser Messungen geklart werden. 
DIEMER und HOOGENSTRAATEN fanden im iibrigen 
untersuchten 


erzeugte 


bei den meisten der von ihnen 


Kristalle ebenfalls, dass der indirekt 
Photostrom durch Reabsorption des gestreuten 


Lumineszenzlichtes erzeugt wird.) 
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Phase coexistence and hysteresis 
(Received 15 September 1958) 


THE strain that arises from the coexistence of two 
phases in the solid state has been used to provide 
explanations of the hysteresis that accompanies 
solid-state transitions. DINICHERT®) assumed that 
strain displaced the ammonium chloride transition 
according to the Clausius—Clapeyron equation. 
However, THOMAS and STAVELEY) showed that 
on the basis of the Turnbull theory of nucleation 
the transition rates would be extremely sensitive to 
temperature, and that the temperatures at which 
the rates become significant are displaced by the 
effects of strain and surface energy on the growing 
nuclei. 

Assuming an equilibrium theory of hysteresis, 
the strain terms can be regarded as perturbations 
on the bulk free energies of the two phases.®) If 
X1 is the value of the strain contribution to the free 
energy of the low-temperature phase and X yz the 
contribution to that of the high-temperature phase, 
then for the I > II transition AX} = X;;—Xy1 will 
determine the displacement of the point of inter- 
section of the free-energy curves. AX,,) is regarded 
as the maximum strain contribution that can be 
attained before mechanical breakdown occurs, 
after which the transition will proceed isotherm- 
ally. Assuming AX,,! is small, 


0G] oGi1 


Arm! =| (55 )-( eT 


AT}, 


p- 


where AT! is the displacement of the transition 
from the temperature at which the bulk phases 
would be in equilibrium. Similar reasoning for the 
II — I transition gives: 

AXm!+ AX m? = AS; *ATh, 
where A\S; is the entropy change associated with 
the transition and AT), is the temperature range of 


the hysteresis. 
Hysteresis can also be obtained by varying the 
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Table 1. The transitions occurring in certain ammonium salts 


(Data taken largely from ref. (2)) 


T:°K) | AT; 


0:35 





242°6 
234-4 0-06 
214°9 0-11 
223-4 1:2 


NH,Cl 
NH,Br 
ND,Br 
(NH,),SO, 


0:12 
0:07 


244-6 
247-9 | 


NH,DC! 
ND,HC! 





* Assuming that these 
ammonium chloride. 


pressure at constant temperature. If this process is 
carried out under similar initial conditions, we 
may assume that the maximum strain will not be 
significantly changed. Therefore 


AXm!+AXm? = AP, AV;, 


where AP», is the range of the pressure hysteresis 
and AV; is the volume change accompanying the 
transition. The extent of the coexistence, and 
hence the hysteresis, will be governed by an equa- 
tion of the Clausius—Clapeyron type: 


AT, AV; 


AP, AS: 


In the case of the gradual transitions which occur 
in ammonium salts, all the factors in the above 
equation have been measured with the exception 
of the range of pressure hysteresis. This is known 
to occur, but no quantitative results have been 
reported. 

Apart from any assumptions made, the calcula- 
tions of the pressure hysteresis are limited by the 
accuracy of the measurements of AZ), and AS;. 
However, they provide an estimate of the range of 
pressure hysteresis to be expected from a theory of 
this type. It seems improbable that these small 
pressure changes will affect the nucleation process 
considered by THomas and Stave.ey.) Thus, ex- 
perimental measurements of AP» will help test the 
validity of the two approaches and provide valu- 
able evidence on the mechanism of phase transi- 
tions in the solid state. 


AV; | 
(cm’/mole) | (cal/mole-deg.) | (atm) calcd. 


AS: AP, 





transitions have the same mechanism as 
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The antiferromagnetic transformations of the alloy 
AuMn 


(Received 29 September 1958) 


ACCORDING to the results of magnetic and electrical 
measurements on a bulk specimen of AuMn re- 
ported from this Institute in 1955, the compound 
undergoes an antiferromagnetic transformat# at 
about 230°C. (2) From magnetic measurements on 
a powder specimen, Morris and Preston‘) later 
reported an antiferromagnetic transformation of 
this alloy at 92°C (but not one at 230°C). In a re- 
cent publication Bacon and StreeT™) give the 
results of measurements on one bulk specimen and 
one powder specimen of the same compound. 
These investigations confirm the results of GIAN- 
SOLDATI“) and of Morris and Preston.) For the 
powder specimen, BACON and Street obtained the 
transformation at 92°C very distinctly. (The trans- 
formation at 230°C also appears on their curves for 
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that specimen, but this fact is not discussed by the 
authors.) For the bulk specimen they obtained the 
antiferromagnetic transformation at about 230°C 
distinctly and a weak indication of a transformation 
at 92 c: 

The bulk specimen investigated in our Institute 
in 1954 (as reported in papers in 1955) was rein- 
vestigated magnetically later after having been 
preserved at room temperature for five months. 
The results of these measurements (which have not 
been reported before) are given in Fig. 1. From the 
figure it is seen that the transformation at the lower 


1. Magnetic molar susceptibility of a bulk AuMn 


Fic. 
specimen showing dependence on temperature and long- 
time ageing at room temperature. 


THE EDITORS 
Néel point (7), = 365°K) proceeds to its full ex- 
tent during long-time ageing at room tempera- 
ture. After renewed heating above the higher Néel 
point, the specimen shows the same properties as 
before the ageing process. (Only the transforma- 
tion at 230°C occurs with “finite” speed.) Ap- 
parently the ‘‘magnetically hard character” of the 
bulk specimen as compared with a powder speci- 
men presents certain difficulties which prevent the 
transformation at the lower Néel point (365°K) 
from occurring with reasonable speed in the tem- 
perature range studied. 
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THE TEMPERATURE-DEPENDENCE OF THE 
FLUORESCENCE OF PHOTOCONDUCTORS 


H. A. KLASENS 
Philips Research Laboratories, N.V. Philips’ Gloeilampenfabrieken, Eindhoven, Netherlands 


(Received 8 August 1958) 


Abstract—In a previous paper (J. Phys. Chem. Solids 7, 175 (1958)), the effects of exciting intensity 
on the behaviour of a fluorescent photoconductor were discussed, using a two-state model with one 
level near the conduction band and occupied by an electron in the dark and one state near the con- 
duction band and not occupied in the dark. In the present paper the effect of temperature in the 
stationary state for such a model is discussed. The iower level is assumed to be an activator level 
giving rise to a fluorescent transition, whereas the other level is attributed to a killer centre. The 
phosphor is excited with long wavelengths bringing electrons from the activator level to the conduc- 
tion band. 

It is shown that the nature of the temperature-dependence curve can be strongly affected by the 
capture cross-sections for electrons and holes of the two centres. A plot of log(I,/ZJ—1) versus T 
will in general not produce straight lines as in the case of non-photoconducting phosphors, and no 
conclusions can be drawn from such a plot regarding the positions of the impurity levels. 

The best way to determine the position of the activator level is to excite the phosphor at high 
intensities. A plot of log{(Io/I)!—(1/I»)*} versus T-! will then have a slope corresponding to the 
thermal-energy difference between the activator level and the top of the highest occupied band. 


1. INTRODUCTION emission to M. A “radiationless” transition to the 

Tue fluorescence of phosphors is usually quenched ground state, e.g. a transition whereby only 
when the temperature is raised at relatively low phonons are produced, may occur, however, via QO. 
temperatures. Mott) and Seitz®) have provided 
a theory for this phenomenon of temperature 
quenching by showing how a fluorescent centre 
can return from an excited state to the ground state 
in two ways. They treat the centre as a vibrator in 
the same way as is usual for diatomic molecules. 
The potential energy of such a vibrator can be 
given as a function of the positions of the con- 
stituent atoms. To simplify matters, the energy is 
shown schematically as a function of one general- ——> rane ——» ann 
ized coordinate. (a) (b) 

Two typical cases are illustrated in Figs. 1(a)and —_Fyg. 1. Schematic drawing showing the potential energy 
1(b). According to the FRANCK—CONDON principle, curves versus a generalized coordinate for a fluorescent 
centre (a) and a killer (b). 


Energy 














optical absorption and emission occur without 
change in configuration. In Fig. 1(a) absorption 
brings the system from M to N. The centre re- In Fig. 1(b) a situation is shown where the return 
arranges itself gradually from N to O as the result to the ground state is not accompanied by photon 
of emission of phonons. From O the centre may emission and all energy is dissipated as heat. Such a 
return on emission of a photon to P (“radiative centre is often called a “killer”. 

transition’) and from there on further phonon Returning to Fig. 1(a), the stationary state, when 
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en H. 
U’ centres are excited per SE cond, is de scribed by: 
pia* + p,a*, (1) 
he number of excited centres and p; 
nt the probabilities per second for an 
ntre to return to the ground state with 
f a photon or without radiation, re- 


efficiency is given by: 


(2 


) 


probability ol inding he excited 


\E above the minimum 


ianal ct 
tional state 


l(a) is proportional to a Boltzmann factor 


[—AE/kT], p, contains the same factor which 


, , 
he observed tempera- 


ly responsible for 1 


ndence because of its rapid change with 


Assuming that p; is not affected by 
he temperature-dependence ot 


intensity J is thus described by: 
[ 


+constant. exp(—AZ/ RT) 


model, both processes, fluorescence 

are proportional to a*, the rate of 

excitation has n ' on the temperature- 
dependence. 

The temperature-dependence of the luminesc- 

ence of many phosphors, such as silicates and 

cerium, 


phosphates activated with manganese, 


lead, and other activators, is adequately described 


by equation (3). However, for other phosphors, in 





Fic. 2. Temperature-dependence of (Znpo.;, Cdo.3;)5—Cu 
at various intensities (in arbitrary units) of the exciting 
3650 A radiation. The wavelength of excitation is just on 
the long-wave side of the fundamental absorption edge 


for this phosphor 
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particular those of the zinc sulphide type, which 
show photoconduction during excitation, this re- 
lation does not hold. 

This is illustrated in Fig. 2, where the tem- 
perature-dependence of the fluorescence intensity 
I is (ZnCd)S 


phosphor with a low cadmium content, commonly 


shown for a copper-activated 


used for long-afterglow screens in radar tubes, at 
various intensities of the exciting 3650 A radiation. 
One notices that the curves shift with increasing 
higher a typical 


intensity U to temperatures 


2 


property of sulphide phosphors.@-°) Furthermore, 


as shown in Fig. 3, no straight lines are obtained 








26 


Curves from Fig. 2 replotted on the basis 


log(/,/7—1)} versus T~?. 


where Ip the maximum 


-0, is plotted against 1/7, as 


log(I9/I—1), 
i tor T 
would be expected from equation (3) 

Empirical formulae including factors containing 


when 


value of 


powers of U have been proposed :”) in order to 
account for the shift with intensity, but they do not 
explain satisfactorily a deviation as shown in Fig. 3 
and moreover do not give an insight into the 
physical nature of the quenching process. 

The nature of the exciting radiation very often 
has a marked effect on the temperature-depend- 
ence. LEVERENz‘8) observed a difference of 100- 
150° in the quenching temperature of sulphide 
phosphors between excitation with ultraviolet 
radiation and that with cathode rays. GARLICK and 
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Gipson) and Kr6GER®) found different tempera- 
ture-dependence curves for different wavelengths 
of the exciting radiation. 

When killers such as cobalt, nickel, and iron are 
added in minute quantities to sulphide phosphors, 
the temperature-dependence curves are generally 
shifted to lower temperatures and the shape of 
the curves undergoes a marked 
change.-919) To explain the effects of intensity 
and_ killer 


assumed that light emission and quenching in 


sometimes 


content, the present author) has 
zinc sulphide-type phosphors are processes which 
occur at different places in the lattice, the first 
process being due to a recombination between 
electrons and holes at an activator centre and the 
latter process being related to such a recombina- 
tion at a killer centre of the type described above 
(Fig. 1(b)). 

In the transport from one process to the other 
migration of free electrons and holes takes a part, 
and it was shown that this migration may in fact 
be responsible for the observed temperature- 
dependence and the effect on it of the exciting 
intensity. 


unoccupied band 




















occupied band 


Fic. 4+. Two-state model used in discussing the tempera- 
ture-dependence of sulphide-type phosphors: -@- elec- 
trons —O- holes; the arrows indicate electron transitions. 

The same mechanism had already been proposed 
by ScHON@) for the energy transport between 
different fluorescent centres in a zinc sulphide 
phosphor. 

Activators such as silver or copper give rise to 
occupied levels A in the forbidden gap between the 
highest occupied band and the next unoccupied 
band above it (Fig. 4). Incorporation of killers such 
as cobalt or nickel produces levels H which are 
nearer the conduction band and are usually un- 
occupied when the phosphor is not excited.(*) 
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During excitation a stationary state will be 
reached at which electrons and holes are captured 
by both levels (processes E, J, C and R in Fig. 4). 
Holes captured by activator levels A may escape 
again to the full band (process L), whereas elec- 
trons may be thermally liberated from H to the un- 
occupied band (process B). The stationary state of 
such a two-state model has been analysed in a 
previous paper,@%) using Dusoc’s™4) method of 
approximations. The effect of the exciting inten- 
sity at constant temperature was discussed in more 
detail. In this paper the effect of temperature will 
be considered. 

2. ANALYSIS OF THE STATIONARY STATE 

In the previous analysis it was assumed that the 
excitation was a band-to-band transition produc- 
ing a free hole and a free electron. In the present 
paper it will be assumed that the exciting radiation 
brings an electron from the activator level to the 
conduction band (process U in Fig. 4). Such a 
situation will arise when the energy of the absorbed 
quantum is smaller than the band gap or when an 
exciton is formed first which then dissociates near 
the activator centre into a trapped hole and a free 
electron. 

In analysing the stationary state, it will be 
assumed, as previously, that A is completely oc- 
cupied and H completely empty in the dark. It 
should be kept in mind, however, that temperature 
quenching can equally well be explained by a 
different model, in which A and H are partly or 
completely occupied in the dark. ‘The latter model 
has been adopted by Hii and KL asens(®) in ex- 
plaining the temperature-dependence of the fluor- 
escence of ZnS—Ag, Co. 

As it has since been established that cobalt does 
not produce an occupied level near the occupied 
band, but instead an empty level about 0-5eV 
below the conduction band in zinc sulphide,“ 
their results will be analysed again in terms of the 
new model. 

The phosphor was excited with a wavelength of 
3650 A, which is longer than the edge of the 
fundamental absorption spectrum. It is mainly for 
this reason that the present model with direct ex- 
citation of the fluorescent centre was chosen. 


(a) Mathematical analysis of the two-state model 


The equations describing the stationary state for 
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the two-state model of Fig. 4 with direct excitation h total density of H centres 
from A are: h? density of unoccupied H centres 
h density of occupied H centres 
a=@+a' (4) n density of free electrons 
h=h®+h (5) p density of free holes. 
at+p =h-+n (6) The meaning of the symbols U, J, R, C, E, L, 
uke (7) and B is shown in Fig. 4. Since the rate of excita- 
tion is proportional to the absorption coefficient of 
L=C+R (5) the exciting radiation and the latter is proportional 
E—B+R, (9) to the density of the absorbing centres (a°), the 
density of excitation is given as U = a®J, where J 
where represents the intensity of the exciting radiation 
a total density of A centres falling on the phosphor, multiplied by the ab- 
q® density of occupied A centres sorption cross-section of the occupied activator ; 
a density of unoccupied A centres centres. 


Table 1 









Code a a h h n p I R = 
etath*] etath*] Ctat] e'yh*] yenh] 
111111 a h - mo , aJ - 
BC p*g e'Bth G*p*ta aBl 
xtethiail atethiat] n*yiats$ ey tht] e'niytathts? 





111112 a h = : se aJ 


Bth 1 5B 57 apt 





chat]? 


¥Q 
p 







xeah 







ny 


cha t] “ 









a n aj 
p Cp . p enh Bt 
indefinite indefinite 
ns a*j? ; ya]? at]? } yat]} ] yat]* 
1 

112122 a - 1 ph + = ph = a Bi 

2) e) 7) p Pp *7) k 
Cixtal atethia]? Catal? yilisi Bala2] 
112211 a h ae aj 





etytn th? y*Ctn? ety *n th?! atetniht eynh 
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Code 





112212 


112221 


112222 


121111 


121122 


121112 


121121 


bzz112 
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Table 1—(continued) 


h 
aeah 
yn 
eahJ 


ye 


indefinite 


h ph a 
BOR 
ea] 
Bnyh® 
nea] 
BCR? 
ea] 
Byh? ; 
ea] 
‘indefinite 
th 


€ 


nh® 


indefinite 

ynh? 
nh? 

LEA 

indefinite 

ch 

nh® 
€ 


indefinite 
yh 
nh® 
€ 
Btn 
ea? J? 
nyh 
ena 
CB th 
ea]? 


indefinite 
aJ 


7 


ph 


aj 
Bh 


indefinite 


indefinite 


indefinite 


ynh? P . : 
nh® -- indefinite 


nea 
indefinite 
Ch / : 
nh® indefinite 
€ 
indefinite 
yh Y Se 
nh® indefinite 
€ 
atjt 
aj 
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The analysis according to DusBos 
considering all possible combinations between one 
of each of the following six groups of equations, 


which are simplifications of equations (4)-(9): 


The selected combination will be indicated by a 
code number consisting of six digits. Each digit 
corresponds to one row of equation (10) and in- 
dicates which equation of the corresponding row 
has been selected. For example, a situation de- 
scribed by 111111 indicates a a (or a 
h h®, a h-, a®J ee C, and E 
These selections of simplified equations can be 
In Table 1, for 
p, I, and R are 


functions of / for 32 of the more commonly occur- 


solved very easily example, the 


values of a9, at, h®, h-, n, given as 
ring situations in sulphide phosphors. The solutions 
for C, L, B, and E have been omitted from this 
table for brevity, but they can be derived immedi- 
ately from the values of a®, a ,n, and p. (The 
meaning of the parameters x, 8, &c. is shown in 
4.) 

(saturation) and with 

p n or p out for brevity 


Situations with a a* may, however, arise at low 
temperatures when a h or at high exciting den- 
| = . -ta6 
sities. With materials showing complete or partial 


p-type 


photocon luction (e.g. PbO), the condition 


Dp h- would be 


} 


more approp! late 


| 


The escape rates of holes from A and electrons 


trom H are determined by the parameters y and {, 


respective ly, where: 


~Ny exp(—Eqg/ kT) 


D 


eN, exp(— Ep,/k7 


energy difference between A and the top of 


the oc cuple d band 


consists of 
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Ey energy difference between H and the bottom 
of the conduction band 
effective density of the states in the occupied 


band 


2(27mp,*RT/h*)?. 


effective density of the states in the empty 
band 


2(27m,*k Th?) 


m,* and m,* are the effective masses of the free 
electrons and holes, respective ly. 

In considering the effect of temperature on the 
stationary state, we shall make the simplifying 
assumption that changes in the parameters «, f, e, 
and », which capture cross-sections 
multiplied by the thermal velocities of electrons or 
holes, can be neglected in comparison with the 


represent 


rapid change with temperature of the exponential 
factors in y and ¢. This means that zero or very 
small activation energies are involved in the corres- 
ponding recombination processes. For a radiation- 
less transition this is generally the case if the 
potential energy curves for the initial and final 
states are similar to those shown in Fig. 1(b) 

It is generally accepted that transitions C, /, and 
R and the radiating transition J can occur at all 
temperatures, down to very low ones. If this were 
not the case, it might, for example, be possible to 
prevent trapping of electrons or holes by cooling. 
The effects of such “‘heat barriers’? have been dis- 
cussed by AprROwITSCH.®) 

Although such effects are not taken into account 
in the present analysis, one could easily extend the 
analysis to include such temperature-dependent 
recombination processes and to see what effect they 
would have on the variation with temperature of 
the fluorescence intensity. 

Support for the assumption that at least some of 
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the recombination coefficients are not strongly 
temperature-dependent comes from the analysis“) 
of the photocurrent in a CdSe crystal at various 
temperatures, as determined by Buse.” It was 
found that at very low light intensities the density 
of free electrons is given by U/eh and at very high 
intensities by either U/fSh or by awaU/Bnh?. No 
marked effect of the temperature was found in 
these two extreme ranges, showing that the tem- 
perature has little effect on the capture cross- 
sections involved. The intermediate, superlinear 
range, however, shifted considerably with tempera- 
ture, the intensity at which x is superlinear with U 
being equal to nyh?/xa which contains the term 
exp(—E,/RT). 

Since Ny and N, vary only with the 3/2 power of 
T, their change with temperature is sufficiently 
slow in the temperature range of interest for it to 
be assumed that they are substantially constant. 


(b) Graphical representation 

The study of the effect of temperature on the 
stationary state is greatly aided by a graphical rep- 
resentation of all relevant quantities simultane- 
ously. ‘To draw such a representation, one has first 
to establish which situation arises for 7 —> 0. 

If h <a, all H levels will become occupied at 
low temperatures even at low excitation densities. 
On the other hand, with h > a, all activator levels 
become empty and a state of saturation will be 
reached in which there could be no excitation at all 
in our model, since a9J would become zero too. We 
shall limit ourselves to the first case only. 

Since y-—>0 for T-—0, 
escape from A and consequently p 
the same time R <I at sufficiently low tempera- 
tures. /\lso, at sufficiently low exciting intensities, 
n < h- and therefore a h-. With h h and 
aJ =I,n =aJ/pfh. lf one increases J, » will thus 
increase linearly with J at low temperatures until it 
becomes of the same order of magnitude as / at 
J = Bh?/a. With aJ > Bh?, the appropriate ap- 
proximation of equation (6) is: m = a’*. 

At still higher intensities at may become of the 
same order of magnitude as a, but we shall not con- 


very few holes will 
at, and at 


sider this case here. 

It follows from the above that for a] < fh?, the 
first four digits of the code number, characterizing 
the low-temperature conditions, are 1211, and for 


aJ > ph?, 1221. 
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The last two digits are fixed as follows: accord- 
ing to equation (8) with a+ = h~ = hand a® =a: 


yh = apa+nph. 


Now C/R 
determined by this ratio. 

If «a/nh > 1, L Cand if <1, L=R. 

To select the last digit, one deduces from Table 
1 that for the situations 1211 . . the ratio B/R con- 
tains the factor ¢/y and thus the term exp[(Ea— 
—E,)/kT |. This exponential term approaches zero 
for 7-0 if E, > Eq and becomes infinite for 
T = 0 if Ey < Eq. The last digit is therefore 1 
(E = B) if Ey < Eg, or 2if Ey > Eg. 

Summarizing, we conclude that for h - 
a* <a there are eight possible initial conditions 
for T —> 0 dependent on the choice of parameters 
as shown in Table 2. 


aa/nh and the fifth digit is therefore 


a and 


Table 2. Initial situations for T —> 0 


Code 


number 


aJ/ Bh? 


121111 
121112 
121121 
121122 
122111 
122112 
122121 
122122 


ee ee ee ee a ee 


Let us assume, for example, that the parameters 
are chosen such that the initial situation is char- 
acterized by 121112. When the temperature is 








Fic. 5. Pedigree of code numbers indicating which situa- 
tions may possibly arise out of the low-temperature 


situation 121112 when the temperature is raised. 
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raised, various new situations may arise, as illus- 
trated in Fig. 5. 

The quantities which are mainly affected by a 
change in temperature are those depending on ¢ 
and y, viz. h®, p, R, B, C, E, and L. One sees from 
Table 1 that A° = Byyh?/xea*J. The situation 
121112 may therefore change into 111112 if h® gets 
an opportunity to become equal to # when y has 
increased to the value xea?J/Syh? or, with equation 
(11), at the temperature 7) where 

om Eq 
T) . 
( Bn Nyh? 
k In) 
ea2] } 
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Similarly one finds: 


nhNp J 


Temperature quenching of the fluorescence 
(121112 — 121212) will occur at 73 if 73 < 7}, 
To, T4. 

Now let us assume that of the four temperatures 
T; is the lowest. Consequently the situation 
changes at that temperature to 111112. In this 
situation the quantum efficiency is still unity, but 
from this situation a new one, 111212, may arise, 
where the fluorescence is quenched. To reach this 





20 


od KA 





lanon 





lcu.B.€) 








rsscnee | 
111212 | 
Lcoomaeced 











Tg 6 
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parameters: a 
10-8, « 


10°", h 


10-*, N, = N 


8 


10 7 


———+> 1000/7 


First-approximation behaviour chart of a model with 


19*?. J 


12 


10 
0:24 eV and 


~e 10-14, 
E,, 


10-7, B 
10'*, Ea, 


0-32 eV. 


For the transition to be possible at all, 
By.N »h?/<a2] must be greater than unity. 

With increasing temperature p also increases, 
however, and the situation may change instead to 


123112 at 


eA 


situation, 7% (Fig. 5) must be lower than 7», 7, or 
T-, where: 

Ea 
7NpJ? 


| cha®pt } 


Ts T¢ 


kin 


m 3En—2Eq 
7 a 


Be2aN,2 


k\ 


n 


\n2h] Np?) 
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The conditions 7; < Ts, T3, Ty and Ts, < 7s, 
T2, Tz are, for example, satisfied by the following 
choice of parameters: 

a = 1018 cm-3; h = 1017 cm-3; J = 10-?sec“1;* 

B = 10-12 cm3sec~!; « = 10-14 cm3sec™!; 7 
10-8 cm’sec-1; « = 10-8 cm*sec-!; N. Ne = 

0-24 eV; and F£) 


1019 cm-3; Eq 

In Fig. 6 the logarithms of all relevant quantities 
are plotted against 1/7. Straight lines are thus ob- 
tained with a slope of —Eq/k for h®, L, C, R, E, and 
p and a slope —£;/k for B in the lowest tempera- 
ture range (121112). 

On raising the temperature practically all H 
levels are emptied at 7 = 92°K(7}), since at that 
temperature the line representing log h° crosses the 
line h~ = h. The situation now changes to 111112. 
The line representing log R and having a slope 
—Eq/3k cuts the line J = aJ at T = 170°K(T¢). 
Temperature quenching sets in, and on further 
increase of temperature the fluorescence intensity 
falls proportionally to exp(E£q/2k7). 

The lines shown in Fig. 6 give only approximate 
values. They are in fact asymptotes to the curves 
representing the real values. The difference be- 
tween the asymptotic and real values will be largest 
in the transition range between two situations. In 
such a transition range two terms on the right- 
hand side of one of the equations (4)—(9) become 
of the same order of magnitude. In order to obtain 
a more satisfactory approximation, this particular 
equation must not be simplified. In the case of the 
transition 111112111212, for example, the 
complete equation (7) should be used: 


a] = Bnat++nph 


One can easily check with the aid of Fig. 6 that 
little would be gained by taking into account the 
other neglected terms. 

Solving the new set of equations (including the 
complete equation (7)), one finds that / in the tran- 
sition (quenching) range is represented with satis- 


factory accuracy by: 


0-32 eV. 


*'This value corresponds to U 10°* cm—*sec™. 
Such a density of excitation would be obtained approxi- 
mately with the 3650 A radiation from a 125-W high- 
pressure mercury-discharge lamp at a distance of a few 
metres, assuming the absorption cross-section of the ab- 
sorbing activator centres for the exciting radiation to be 


10-)5 cm?. 
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(13) 


With this equation J can be calculated as a func- 
tion of 7, and the result is shown by curve a of 
Fig. 7. 

We shall now repeat the same procedure, keep- 
ing all parameters the same except e, which will be 
increased from 10-14 to 10-19, 
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Fic. 7. Accurate calculation of J for: (a) the transition 

range 111112 — 111212 of Fig. 6 and (b) the transition 
range 121112 — 121212 — 111212 of Fig. 8. 

The low-temperature situation 121112 no 
longer changes to 111112, but instead to 121212 at 
T = 109°K(T3), as shown in Fig. 8. This new 
situation is a special one in which the simplified 
equations do not lead to a definite expression for 
n, h®, and J. Only the product mh° is defined 
(= nyh?/xea). 

This means that in our first approximation n, 
h®, and J jump discontinuously, while a®, a*, h-, 
and p remain constant. Since J cannot increase 
having already its maximum value aJ— it can only 
decrease at this temperature, in the same way as 1. 

Since nh® must remain constant, h° will increase 
until it reaches the value h, when the situation 
changes to 111212. Because in this case not only J 
and R become of the same order of magnitude over 
a short temperature range but also h° and hA-, the 
complete equations (5) and (7) should now be used 
in order to obtain a satisfactory representation of 
the change of J with temperature in the quenching 
range. In Fig. 9 the result is plotted as log J against 
1/7, together with the asymptotes calculated from 
a complete set of simplified equations, while curve 
b in Fig. 7 shows J as a function of T. 

Fig. 7 clearly demonstrates how a change in one 
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same parameters as those of Fig. 6, except « 


of the capture cross-sections may alter completely 


of a temperature-dependence curve 
When the 


conventional 


, 
the Character 
the 


fluorescent intensity curves of 


are plotted in the way as 


tion of Fig. 8 showing the actual behaviour of 


the ndefinite’’ situation 121212. 


1 no straight lines are ob- 


log (I; [—1) versus r 
tained and no conclusion can be drawn at all re- 
garding, for example, the position of the impurity 
lev ls. 

The above theory of temperature quenching by 
hole migration has sometimes been criticized 8) 
by pointing out that no p-conductivity has so far 


been found in the quenching range of a phosphor. 


J 
nd 


1000 / 
WU / +r 
J] 


First-approximation behaviour chart of a model with the 


10-3 


One can immediately verify, however, from Figs. 
6 and 8, that, although free holes are indeed neces- 
sary to shift the recombination process from A to 
H, the density of free holes may well remain some 
orders of magnitude below the density of free 
electrons. The reason is that f in our example, as 
well as in actual phosphors,“ is small compared 
with « and » 

It is furthermore not surprising that a change in 
the density of excitation by changing the intensity 
of the exciting radiation or its wavelength may alter 
the character of the temperature-dependence com- 


pletely 


3. CORRECT FORMULAE FOR THE TEMPERA- 
TURE-DEPENDENCE OF SULPHIDE PHOSPHORS 

In the previous section it has been demonstrated 
that a temperature-dependence curve of a photo- 
conducting phosphor, if analysed in the same way 
as is commonly done for non-photoconducting 
phosphors, will not give any information regarding 
the position of the impurity levels. In this section 
we shall consider how a temperature-dependence 
curve should in fact be analysed in order to obtain 
such information. 

In the temperature range where the fluorescence 
is quenched from J = U to a lower value, a change 
takes place, in terms of our code system, in the 
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fourth digit of the code number describing the 
situation. In this range, as has been argued above, 
the complete equation (7) should be used in com- 
bination with the appropriate simplified forms of 
the other equations. From the latter equations, 
giving simple relations between the six unknowns 
a, at, h®, h-, n, and p, five of the unknowns can be 
expressed as a simple power of the remaining 
sixth. By inserting these values in the complete 
equation (7), a relation of the following nature is 


then found: 


1+DI exp(—E/kT), (14) 


where D and r are constants and E£ is a function of 
Eq and Ep. 

A particular example has already been worked 
out in the previous section for the transition 
111112 — 111212. 


Since, at low temperatures, / Ip, also 


Io = 1+ DP exp(—E/kT). 


The value of the “‘activation energy” / can thus 
be obtained by plotting log{(/o/Z)'—(Z/Jo)!-" 
versus 7-1, The value of 7 has to be estimated 
separately as follows. 

In the high-temperature part where J < R, the 
relation between J and U is, from equation (14): 


I= UlD-\' exp{E/rkT}. (15) 
By observing how J changes with U at constant 
temperature in the high-temperature range, the 
values of r can be estimated. 

This was done, for example, for the (ZnCd)S 
Cu phosphor of Fig. 2. At 270°C the fluorescence 
intensity was found to increase with the square of 
the exciting intensity, indicating that r 1. When 
plotting log{(Jo/)*—(J/Io)*} against 1/7, straight 
lines were indeed obtained with slopes correspond- 
ing to EF = 0-73 eV. 

However, from this value of EF no definite con- 
clusion can still be drawn regarding the position of 
A or H. To do this, the actual conditions during the 
transition have to be known or, in other words, the 
relevant code numbers must be determined. When 
they are known, the value of / can be read from 
Table 1. 

For example, when the transition is from 111111 
to 111211, we see from Table 1 that in the high- 
temperature range where J < | 
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I = «Bla?J/enyh 

BNeaUn Np th-! exp{(Ey—En)/RT} 
(16) 


Ea—En. 


or E 


For four cases of Table 1, where the situations 
1212. . are involved, the relation between J and R 
is more complex. 

Such cases can be recognized in practice by a 
more than quadratic dependence of J upon / in the 
quenching range. In these cases an approximate 
value of Eq can be deduced from the low-tempera- 
ture part of the temperature-dependence curve 
which can be described by one of the four code 
numbers 1211. 

Since J =J9—R and, from Table 1, R 
N nhPa l exp(—EFq/RkT) for the situations 121111 
and 121112, or Nah exp(—E4/kT) for the situa- 
tions 121121 and 121122, Eg can be obtained by 
plotting log(Jo—J) versus T~!. A curve will be ob- 
tained whose slope in the low-temperature range 
corresponds to —Eq/k. No very accurate values will 
be thus obtained, since only the initial, high- 
temperature part of the temperature-dependence 
curve can be used. 

In all other cases, where not such a strongly 
superlinear relation between J and J is found in 
the range J << R, the complete curve can be used, 
but other measures have to be taken to determine 
the actual nature of the transition. 

This has been done in the case of ZnS—Ag, Co, 
where the effect of the cobalt concentration on the 
temperature-dependence was studied.“°) 


4. TEMPERATURE-DEPENDENCE OF ZnS-Ag, Co 

On excitation with 3650 A radiation at tempera- 
tures above the quenching temperature, the 
fluorescence intensity was found to be proportional 
to the square of the intensity of the exciting radia- 
tion,“ indicating that r = $. 

It has furthermore been shown"®) that the tem- 
perature-dependence of this phosphor is strongly 


dependent on the cobalt content above a certain 


minimum concentration of about 10~’ atoms per 
mole ZnS. 

When log{(Jo/Z)?—(Z/Jo)*} was plotted against 
1/7, straight lines were obtained in accordance 
with equation (14) for r = 4. The slope of these 
lines corresponded to an activation energy of 0-36 
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eV. Finally, the constant D in equation (14) was 
found to be proportional to the cobalt content. 
From these data it is indeed possible to establish 
the relevant code numbers and the actual position 
of the silver level in ZnS. 

This is done with the aid of Table 3, where the 
values of ry and £ are shown for all possible quench- 
ing transitions between the situations of Table 1 
an ‘“‘indefinite”’ 
and 


except for those cases where 


situation is involved, as discussed above, 
where the fluorescence intensity increases very 
strongly with the exciting intensity in the quench- 
ing range (r < 4). Also given in this table is the 
power min the relation between the constant D and 
h (= cobalt concentration). 

The quenching transitions 112112 — 112212 
and 112122 — 112222 cannot occur. In the situa- 
tions 112112 and 112212, J and R are not affected 
by the temperature. The situations 112122 and 
112222 can occur only at one particular tempera- 
ture in our first approximation where y = eh. If 
such a situation does occur, p and A~ will change 
rapidly at this temperature, with J and R remain- 
ing unaltered until a new situation has been estab- 


lished 


Table 3 


Transition 


—_ 


> 111211 
> 111212 
> 111221 
> 111222 
> 112211 
> 112221 


111111 
111112 
111121 
111122 
112111 
112121 
122111 
122112 
122121 
122122 


toh Poh Rob Rohe Roh ee Ro Robe Guo 


by & & & fy fy : 


We see from Table 3 that the combination 
? + and m = 1 occurs for only two transitions, 
122111 —- 122211 or 122112 — 122212, each giv- 
ing for the activation energy the actual distance 
between the silver level and the top of the occupied 
band 

At cobalt concentrations 
per mole ZnS, a different type of temperature- 
dependence curve was observed, although r was 
still found to be 4. When log{(Jo/J) *—(J/I) *} was 


above 10-° atoms 
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plotted for those phosphors against 7~!, a slope 
was found which was approximately half the slope 
at low cobalt concentrations. Since at high values 
of A higher exciting intensities are required to 
reach the conditions n Sh, the third digit of the 
initial situation is more likely to be 1, indicating 
that at ~ h-. Where E was found to be F4/2, the 
transition at high cobalt contents may well be from 
111122 to 111222. 

Returning to Table 3, one notices that for all 
cases where n = at(..2...), the value of r is 
and E=£q except for one case (112111 — 
112211), where 7 land E = Eq—Ep). The latter 
transition can immediately be recognized, since 
the temperature-dependence curve would not shift 
with the exciting intensity in such a case with J and 
R both proportional to J. In all other cases a plot 
of log{(I9/I)*—(I/Ip)*’ versus 7-1 immediately 
gives the value of Eq. 

The best way to proceed, when endeavouring to 
establish the position of the A level, is to avoid the 
first five transitions of Table 3 and to measure 
therefore the temperature-dependence at high ex- 
citing intensities—though not so high that satura- 
tion occurs—of phosphors with a sufficiently low 
content of deep traps to ensure that n = a 

Since this condition was probably fulfilled in the 
case of the (Zng.g5, Cdo.45)S—Cu phosphor of Fig. 
2—supported by the fact that r was found to be 
}—one can conclude fairly safely that the copper 
level in this phosphor is 0-73 eV above the top of 
the occupied band. 

An examination of Table 2 of ref. (13) will show 
that the with band-to- 
band excitation. 

When exciting a ZnS phosphor with short-wave 
ultraviolet radiation having a wavelength shorter 
than that corresponding to the edge of the funda- 
mental absorption, it has been observed) that the 
fluorescence was quenched at a lower temperature 
than that at which the same phosphor was excited 
with longer wavelengths corresponding to the tail 
of the absorption curve. From the fact that the 
rate of excitation is higher in the first case because 
of the strong absorption of such a radiation, one 
would have expected a shift of the temperature- 


same conclusion holds 


dependence curve to higher temperatures. 

That the opposite occurs may well indicate that 
surface states which naturally are of more im- 
portance when the excitation takes place in a thin 
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layer near the surface, may well outnumber the 
quenching states in the bulk of the material. 


5. CONCLUSIONS 

(1) It has been shown that the two-state model, 
with one state below the dark Fermi level, giving 
rise to a fluorescent transition, and the other an 
empty level, giving rise to a radiationless transi- 
tion, can satisfactorily explain the temperature- 
dependence of sulphide-type phosphors and such 
effects as, for example, its change with exciting in- 
tensity, the incorporation of killers, and the nature 
of the exciting radiation. 

(2) The best way to analyse the temperature- 
dependence curves of su!phide phosphors is to plot 
log{(Io/I)"—(1/Io)!' versus T-!, where 1/r is the 
power of the intensity-dependence of the fluor- 
escence at temperatures where the fluorescence is 
quenched for the greater part. One must be cer- 
tain, however, that at low temperatures / U, 
i.e. the quantum efficiency of the fluorescence must 
be near unity. 

(3) From the activation energy thus determined, 
information regarding the position of the activated 
level can be obtained only by determining the 
nature of the transition, for example by studying 
the effect of the killer or activator content. The 
activation energy may well be found to be a com- 
bination of Fg and Ey and possibly even of activa- 
tion energies for the recombination process them- 
selves. Ey, can often be measured separately, e.g. 
from a study of glow curves. 

(4) The best way to determine the position of the 
activator level is to use a phosphor with a relatively 
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high activator content and a low killer content and 
to measure its temperature-dependence at high 
excitation intensities. A plot of log{(Zo/I) *—(J/Io) *} 
versus 7! will then give a straight line with a slope 


of —E,. 
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Abstract 
Va el I gth 


function 1s 
one-aton 


inisotropies 


manner in 
that this 
dynamics. 


arate 


INTRODUCTION holds only at 7 ®/50 rather than at 7’ < 0/10 
istics was as indicated by Debye theory (III, p. 122). For most 
crystals, this correspondsto temperatures lower than 
any existing measurements, and observed apparent 
conformity with the 7° law at higher temperatures 
must be “‘spurious’’, BLACKMAN’s judgment (ref. 

(2), I11) is amply justified by the present work. 
broad array Since BLACKMAN, there have been many dis- 
proposed by cussions of various crystal lattices.@) In general, 
a more the limitation of the Debye function for any but 
dynamics by very approximate or restricted uses is accepted 
nt some of the Probably because most of the later work empha- 


ium’’ treat- sizes the dependenc of the frequency spectra 


17 


lata-collecting period dur- on the many different lattice symmetries, no 

heory appeared, generalized function superior to Debye’s has been 

but which yielded many 1 unt deviations from generally adopted. (See, however, footnote re 
Debye theo nore than twenty years, equation (13).) The convenience of published tables 
BLACKMAN, ®) in an extensive criticism of the Debye | of the Debye function has led to its continued wide 
function, concluded that “‘a perfect Debye curve is _ use in spite of its known limitations. It has become 


an extremely rare and probably accidental occur- customary to portray the experimental low- 


rence”’ (I, p. 382). Of particular interest in this dis- temperature specific heats of solids by plotting 


cussion is his judgment that the Debye 7° law Debye thetas as functions of temperature as done, 
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for instance, by DESorso,) and theoretical func- 
tions relating the Debye theta to temperature have 
been derived from lattice dynamics.) As pointed 
out by BriLLourn,®) the Debye theory neglects 
the effect of frequency on phase velocity (it assumes 
constant phase velocity), assumes the “shape of the 
first zone” to be spherical, and, in spite of quite 
different velocities of longitudinal and transverse 
acoustic waves, assumes a common cut-off fre- 
quency for them. We shall derive an approximate 
formula based on a plausible dispersion relation for 
the elastic waves, and separate cut-off frequencies 
for longitudinal and transverse waves. The latter 
is based on the assumption that a common limiting 
wavelength rather than a common cut-off fre- 
quency characterizes the two types of acoustic 
Since we are ultimately concerned with 
shall first 


waves. 
glasses, we assume the zone to be 
spherical. 

As part of a comprehensive study of glass struc- 
ture, the low-temperature heat capacities of a 
series of oxide glasses and related crystals were 
measured.) In the case of crystals, the study of 
structure is best done by taking advantage of the 
well-defined planes of atoms, the related sym- 
metries, and the directional properties of single 
crystals rather than by attempting the analysis of a 
property such as heat capacity in which the mea- 
sured quantities involve integrations over all fre- 
quencies of thermal motion and over all directions 
in invariably anisotropic materials. In the case of 
glass there are no detectible atomic planes, and 
such advantage is lost. Furthermore, the nearly 
perfect macroscopic isotropy of glass makes ap- 
plication of a Debye-like function uniquely appro- 
priate. Such an approach can yield only average 
structural parameters, but this is no serious ob- 
jection because even diffraction techniques can 


yield only average configurations involving but 


few interatomic distances. With some reservations 
not considered important here, only those fre- 
quencies which can propagate through the non- 
metallic solids as sound waves make measurable 
contributions to heat capacity (Cy) at 7 near 0°K. 
Consequently, it is possible to approximate some 
of the details of the low-frequency part of the spec- 
trum of thermal oscillations from details of the 
Cy versus T curve near 0°K. In the case of oxide 
glasses, because of limited applicability of more 
direct methods of study, the heat capacity in the 
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“acoustic” range of temperatures remains as one of 
a relatively few means of investigating structure in 
dimensions between first-neighbor distances and 
polymer cross-sections. 

Preliminary attempts to discuss the low-tem- 
perature C', versus T curves for glasses based on 
published values of the Debye and similar func- 
tions led only to suggestive results®) which, on 
The 


assumption of frequency-independent sound velo- 


further consideration, had to be rejected. 


cities in the derivations of such functions is not 
permissible in this application. As will be shown, 
the frequency-dependence of sound velocities has 
easily detectible effects on the shapes of Cy versus 
T curves, and incorporation of such dependence in 
our derivation yields a function remarkably 
faithful to the observed Cy, versus 7 curves of 
many monatomic crystals, having no optical 
branches in their spectra, at all values of ¢ 


its classical limit. As should be expected, observa- 


up to 


tion indicates that the more isotropic a crystal is 
with respect to its acoustic frequency limits, the 
better is its conformance to the function. The ap- 
plication to glasses involves unique considerations 
and is reserved for a separate paper. 


THE FUNCTION 
Let r be the wave number of an elastic wave 
Assuming isotropy, the number of modes, dn, 
with wave numbers between r and r+dr is pro- 
portional to the volume of a spherical shell, 
4nr° dr. Multiplying this volume in reciprocal 
space by a volume, V, in direct space yields 


dn = 4r Vr? dr. (1) 


This is for one wave type, say longitudinal. ‘The 
maximum number of modes possible in the volume 
V for a given wave direction (i.e. one degree of 
freedom per oscillator) is: 

Ty 

|) 4nVr2dr=! (2) 

“6 
where N is the number of oscillators in V. Inte- 
grating (2), 


m= (—) = 06208(—) ” 


In a cubic lattice with spacing a, the maximum 





200 S. W. BARBER 


wave number along a cubic axis would be: 


(4) 
2a 

It is convenient to define an effective mean dist- 

ance, a, between the particles of an isotropic solid 

such that, from equation (3): 

I 


Ym ° 
2a 


It follows from equation (4) that 


a = 1-2414. (6) 
For our purposes, it is adequate to consider inter- 
actions between nearest neighbors only. Following 
BRILLOUIN’s®) discussion (p. 31) of a one-dimen- 
sional lattice of identical particles, it is plausible to 


express the phase velocity, W, as 


sin 7ra 


W = Wo 


(7) 


77a 


in which Wo is the limiting velocity as r — 0, and a’ 
is an effective distance to be ascertained. Examin- 
ation of the secular equations for various three- 
dimensional solids indicates that the dispersion of 
acoustic waves in them is more complicated than 
formula (7), but that (7) is nevertheless a valuable 
approximation (see Appendix I). It does not seem 
useful at this stage of our study to investigate more 
complicated dispersion formulae such as, for in- 
stance, sums of such terms over distributions of a’. 
The frequency is 


sin zra’ 


Wo (3) 


Wr 


7a’ 


At the boundary of the first idealized spherical 
zone, the group velocity dv/dr, must be zero. Thus 


COS 77 ma’ = 0 
I 
2) a: 
Then from equations (5) and (6) 


a/1-241, (9) 


a a 


which identifies a’ as the mean distance between 
attice points and a as the equivalent cubic lattice 


and B. MARTIN 


spacing. Then the cut-off frequency, vm, and the 
corresponding © are: 
hvm/k =hWo/kra. (10) 


Vm Wo ma; © 


From equations (8) and (9) 


(11) 


9- 


mva 


Wo| 1—(— 
Wo 

Putting equations (11) and (12) into (1), assigning 

three degrees of freedom to each oscillator, and 

using V = 6Nda?/z as required by equations (3) 


and (5), 


dn = g(v) dv 


The authors are indebted to Dr. O. L. ANDER- 
son, Bell Telephone Laboratories, for pointing out 
that SCHRODINGER!©) has derived a function for dn 
which, in our notation, is one-third of formula (13). 
SCHRODINGER did not, however, formulate the cor- 
responding heat-capacity function. Consequently, 
no corresponding table of C, versus ©/T values, 
such as Table 1, existed, and his formula could not 
be used conveniently for quantitative calculations. 

The energy, £, associated with this distribution 


of frequencies is: 


‘ exp| 
0 


kT 


The corresponding heat capacity is: 


CE 
6T kT? | 
nan) 
distinguishes equation 


in which the subscript g 
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(15), which is derived for one wave type, from any 
observable heat capacity, C y. 


Introducing the customary substitution, 
hy 
kT 
Xo 
24 ff x%e*[sin—}(x/x9) |? dx 


_ (17) 
3X9 (e*—1)?[1 —(x/xo)?]? 


in which x9 = ©/T. This © is not to be confused 
with the @p calculated from Debye theory, but is 


related to it by 
* 


Om — On 
7 


(18) 


Equation (17) cannot be conveniently integrated, 
but it can be put into a form suitable for numerical 
integration by setting 

x= XxXoY 


dx 


eo 8 
(e%—1)? 73 


¢ (sin~ly)8e%4[(2y—xpy2)e%Y —(2y+ xoy?) | yi 


(exe _ 1 3 
(20) 


Corresponding values of C,/3R and ©/T are given 
in Table 1, and C,/3R versus ©/T is plotted as 
equation (20) in Fig. 1 for comparison with the 
Debye curve for identical values of @ and Wo. 


COMPARISON OF THIS FUNCTION WITH THE 
DEBYE FUNCTION 
For very small values of v, the quantity 
sin-!(zva/Wo) in equation (13) can be replaced by 
mva|/Wo, and [1—(ava Wo)*] approaches unity. 
Then, remembering that the Debye cut-off is 
Wo/2a = vp, equation (13) leads to: 


72Na3v2—s 9.Nv2 
s)=——=— 
Wo' vp" 


(21) 


DISPERSION 


DEBYE FUNCTION 


DEBYE T> LAW 
O02 O83 O04 OF O06 OF O8 OF 
T/®85 


Fic. 1. Comparison of equation (20) with the Debye 
function for C, versus T. The difference is due to the 
neglect of dispersion in the latter. 


This is the distribution used in the Debye deriva- 
tion. It follows that equation (20) is identical with 
the Debye function of vp at the very lowest tem- 
peratures where only very long elastic waves con- 
tribute to C,,. According to equation (13), however, 


g(v) rises much faster than v2, especially as it ap- 


proaches vm, = (2/7)vp W /na. Thus, as a con- 
sequence of equation (7), the density of energy 
states is much greater near the real cut-off, vm, than 


DEBYE 
Eq. (21) 











Fic. 2. Comparison of equation (13) with the Debye 

distribution of energy states as function of frequency, 

v. The difference is such that area A = area B and is 
due to the neglect of dispersion in equation (21). 
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near vp according to equation (21), as shown graph- 
ically in Fig. 2. This means that C,, in equation 
(20) approaches the limit, 3R, at much lower tem- 
peratures than in the corresponding Debye func- 
tion as shown graphically in Fig. 1. 

Inspection of Fig. 1 shows that equation (20) is 
considerably higher than the Debye function ex- 
cept at 7’ < 0-02@m, in accord with BLACKMAN’s 
calculation.@) In the region of 7’ = 0-10, which 
embraces part of the Debye 7° region, it is about 
twice as high. Thus it is shown that easily detect- 
able effects due to dispersion of sound waves must 
be expected even at quite low temperatures, where 
it has sometimes been assumed that they could be 
neglected. 


CALCULATION OF C, FROM ELASTIC 
CONSTANTS 

Our function is based on the assumption of iso- 
tropy with respect to acoustic waves, as is appro- 
priate for glasses. No glass structure is known well 
enough, however, to permit verification of the 
function by the behavior of glasses alone. We shall 
first apply it to monatomic crystals exhibiting 
various degrees of anisotropy. The values of © for 
each wave type in such solids are calculated from 
means of the cut-off frequencies, Ym, over all 
directions. Values of 7, are calculated from mean 
velocities of acoustic waves according to equation 
(10). 

Following BRILLOUIN®) (p. 162), one can define 
two values of vm corresponding to the mean velo- 
cities of longitudinal and shear waves, W) and W,, 
respectively. Thus 


in which @3; and é'44 are the mean elastic constants 
over all directions, as defined by Mason,‘ and p 
is the density. 

For cubic crystals: 


én = Cn —0-4(C11 — C12) + 0°8cq4 


C'44 0-6¢44+0-2(¢11—c12) 


For hexagonal crystals: 


8 3 


K + 
n= —c +—¢33-+ —(e13-+ 2c44) 
es 15 15 
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7 I 2 ] 2 
C11 — C12 — —Cig-+ —c33+—c44. (26) 
30 6 15 5 5 
It has been found in good accord with experiment 
to calculate separate values of © for longitudinal 
and shear waves. From equation (10): 
AW, hW, 


(~)) 


(27) 


kra 


kr 


There are two degrees of freedom associated 
with ©, for every one associated with ©). Thus, the 
combined heat capacity is 


in which C, 3R[(O1/T)] and C, 3R[(Os/T)] can be 


read from a suitable plot of Table 1. 


ASSIGNMENTS OF DEGREES OF FREEDOM 

The function (20) applied according to equation 
(28) constitutes a method of calculation which is 
intermediate with respect to detail between the 
completely detailed method of lattice dynamics and 
the classic Debye method. It is as detailed as the 
available parameters for oxide glasses permit. 
Therefore, it is correspondingly specific with re- 
spect to assignment of degrees of freedom to the 
the spectrum of thermal 
motions. Consequently, although its superficial re- 
semblance to the Debye method suggests its similar 
application, it cannot be applied with the classic 
disregard for detail of the spectrum except at temp- 


various branches of 


eratures approaching 0°K, where, as shown by 
equation (21) and Figs. 1 and 2, equation (20) be- 
comes identical with the Debye function. 

The purpose of this work was to formulate the 
heat capacity of isotropic solids as precisely as 
possible without specifying the exact positions of 
atoms and the force constants of interactions be- 
tween them, because these are not available for 
glasses. If these parameters were available, it would 
be theoretically possible to calculate the complete 
spectrum of thermal motions. The ordinate of the 
spectrum at any frequency would be proportional 
to the degrees of freedom associated with: that 
frequency. 

The motivation of the present work was to 
develop an approximate means of taking into ac- 
count dispersion beyond the range of validity of 
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the Debye spectrum. We propose a function which 
can be used in the temperature ranges where dis- 
persion is important, but which extrapolates to 
Debye theory when dispersion is not important. 
For example, if the primitive cell contains more 
than one atom, that is if the solid has optical modes, 
our treatment indicates that dispersion becomes 
important at a much lower frequency than would 
be implied by using a modified Debye function 
based on a monatomic lattice. In this sense the 
present theory takes into account structural effects 
to some degree, essentially by making a proper 
assignment of degrees of freedom between acoustic 
and optical modes. It has become the practice to 
apply the Debye function with a 3R limit to the 
total number of atoms in the crystals. ‘This assign- 
ment always agrees with our formula in the limit of 
sufficiently low temperatures. Thus no contradic- 
tion with the classical Debye treatment is involved 


in any of our assumptions. 


EXPERIMENTAL VERIFICATION 

Aluminum is one of the most elastically isotropic 
of monatomic cubic crystals. Fortunately, all data 
required to verify equation (28) by its behavior are 
known as functions of temperature. First, it will be 
shown that equation (28) deviates only trivially 
from the behavior of aluminum and that such devi- 
ations as occur are the result of the modest devi- 
ations from isotropy except at temperatures where 
uncertainties in the corrections for electronic heat 
capacity and C,—C, can be important. Then, it 
will be shown by examination of all monatomic 
crystals for which sufficient data are available that 
the deviations of their behavior from equation (28) 
can be understood heuristically either as con- 
sequences of their anisotropy or uncertainties in 
the data. 

Uncertainties in elastic constants are often met. 
Most of these arise because no measurements near 
0°K have been made, but they also occur in alum- 
inum for which all measurable needed data are 
known. One needs elasticities for frequencies near 
the cut-offs, v; and ys, i.e. about 1012 c/s. Experi- 
mentally, however, measurements can be made 
only at frequencies which are orders of magnitude 
lower than this. Consequently if there exist mech- 
anical relaxations which can occur in times be- 
tween the periods used in the measurement and 
about 10-12 sec, the measured elasticities will be 
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too low for the calculation of C,. Such relaxations 
may be expected in metals because of the mobilities 
of electrons which contribute very noticeably to the 
elastic constants (see Sections 18 and 19 of Ref. 3). 
The extent of error can be easily evaluated and 
corrections made by the following procedure :* 

(a) For each experimental value of C, find a 
corresponding value of x9 from a graph of Table 1. 
Then x7’ will give an apparent characteristic 
temperature, ©), corresponding to each observed 
value of Cy. 

(b) Calculate C, versus T from elasticities by 
equation (28) and find the corresponding value of 
©’ for each data point, as in (a). 

(c) Plot © versus T and ©’ versus T on the same 
graph. ‘Then, if the elastic constants used are a little 
low, it will be easily noticed that multiplication of 
©’ by a factor slightly larger than 1-00, say 1-05, 
yields © versus T except for the usually small 
deviations expected because of anisotropy.Assum- 
ing the ratio between (1; and (44 1s correct, this 
procedure is justified for small corrections be- 
cause, as shown by equations (22) and (27), @; and 
©, and therefore © are directly proportional to the 
square roots of the elastic constants. 

The value of ©’o, at 0°K, can be calculated using 


the limiting value of equation (20): 


c= 190(2) 


Applying equation (28) 


AT? 


1 ? 


Cc, 


lags, 
3 \@P 03 


©’ is found from equation (29) by setting 


* The effect of the electron gas on the elastic constants 
of a metal is reviewed by DE LAunay.'*) For free electrons 
having a spherical Fermi surface, there is no effect on the 
velocity of transverse waves, but for complex energy 


es Als 


surfaces, such as occur in aluminum, it has been shown 
by Leicu (Phil. Mag. 42, 139 (1951)), that the kinetic 
energy of the electrons makes a significant contribution 
to the elastic constants and indeed can account for the 
observed elastic isotropy of aluminum. It may be ex- 
pected that very fast mechanical relaxations can arise 
from the suggested influence of mechanical stress on the 
kinetic energy of the electrons. 
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Equating these two expressions for C, 
3 11/3 


© ‘0 OF : 
(QO 5/0,)3+2 


(30) 


Usually ©’9 ~ 1-10,, in accord with equation (28), 
which requires that ©’) be near to, but a little 
larger than, ©, at low T and increase toward an 
intermediate value between ©, and ©, which is 
somewhat dependent on their ratio. A close con- 
nection, such as this, between © at O°K, and cq is 
required by lattice dynamics. According to DE 
Launay’s®) equation (11-40), c44 is the only elastic 
constant occurring in @ 9. As shown in Table 2, 
equation (30) is in good accord with the more pre- 
cise calculations for nearly isotropic crystals. 
Deviations from isotropy cause most experimental 
values of © for crystals near 0°K to be a little 
lower than ©’y calculated by equation (30). This is 
so because elastic waves in directions for which 
Vm 1s small are preferentially excited especially 
near (°K. 


Aluminum 

In Fig. 3, 0’ versus T is compared with © versus 
T for the various face-centered cubic crystals for 
which sufficient data exist. Table 2 summarizes 
related observations and calculations. For alum- 
inum the elastic constants as functions of tempera- 
ture from 63°K are given by SuTron(™®) and 
thermal expansions from 82°K to high tempera- 
tures are given by Nix and Macnair.(%)) These 
data have permitted precise calculation of 60’ 
versus 7’ in the whole range up to 300°K. 

The obvious parallelism of ©’ versus T and © 
80°K should be noted, as should 
also the excellent agreement of ©’9 = 273-4°K 
with DE Launay’s@®) calculation (2/7)Op 
271-6°K. The latter shows that equation (30) is 
equivalent to his calculation except for the small 
anisotropy which he takes into account. ‘This close 


versus 7‘ at T' - 


agreement is associated with the fact that the 
isotropy index 
C11 — C12 


0-85 
> 


£C44 

is almost 1-00, which corresponds to elastic iso- 
tropy. Values of s for other crystals are given in 
Table 2. 
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The curves for ©’ and © do not coincide for 
aluminum, however. The nearest coincidence is 
for 1-08 ©’ versus 7, which indicates that the true 
value of ©’) ~ 295°K. This indicates, in accord 
above, that the experimental 


with remarks 


PERATURE, °K 


TEM 


CHARACTERISTIC 


— 
2 
WwW 
x 
a 
a! 
a 
<a 


Fic. 3. Apparent characteristic temperatures, © (data 

points) and ©’ (calculated from elastic moduli) as func- 

tions of temperature for face-centered cubic crystals. 

All but the ‘‘precise’’ calculations of ©’ are based on con- 

stant elasticities and densities. Letters in parentheses 
relate to reference (10). 


elasticities used in both this calculation and DE 
LAUNAY’s are about 17 per cent [i.e. 100(1-08?— 
—1-00)| lower than those needed to calculate ceo 

It is clearly shown that © < 1-080’ at T< 
< 30°K and © > 1-080’ for T = 30°—80°K. 
This small difference in the slopes of the two curves 
seems best regarded as due to the small deviation 
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of aluminum from tsotropy because expected pre- 
ferential excitation of the lower-velocity sound 
waves would be revealed in this way. It is most 
pronounced in the least isotropic crystals examined 
e.g. sodium. There is also the possibility that 
second-neighbor interactions, which are neglected 
in our derivation, make the dispersion larger than 
our function provides for. This, however, would be 


expected to make © lower than ©’ at all values of T 
except those very near 0°K, and such an effect, if 


present, is overshadowed by other effects. 
The fairly large negative deviation of © from 0’ 
at T > 100°K is best regarded as due to uncer- 


tainties in the corrections of observed values of 


Cy for electronic heat capacity, which may not be 
reliably given by y7 at these temperatures, and 
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in Fig. 3, it represents less than 4 per cent differ- 
ence in Cy. 

Comparisons of calculated with observed values 
of C,/3R for a series of temperatures from 15 to 
300°K are shown in Table 3. At T < 50°K, the 
actual data points of Buszy and GrauQquEe 044) are 
taken. At other temperatures their smoothed values 
are used. As shown in the last column, the largest 
deviation is only 6 per cent, and if corrections for 
anisotropy were made, agreement would be even 
closer at 7’ < 80°K and probably at all other 
temperatures as well. 

The behavior of aluminum shows that equation 
(28) is a very good approximation in spite of the 
small anisotropy and the simplifying assumptions 
in the derivation, and this justifies the formulation 


sp 


Temp. 
(°K) 


Table : 
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1:08 
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— Un 


.,—C,. While the difference, 0’—0©, looks large 


3. Comparison of equation (28) with experiment for aluminum 


This method of calculation 


- (Cale. 
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0-00308 
0:00493 


°n/2° 0’o. 


-00770 
‘01183 
‘02215 
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‘06055 
‘09025 
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0:0228 

‘0389 
‘0582 
‘0852 
-1208 
-1501 
-2271 
-3056 
*3808 
-4500 
5131 
-6143 
-6904 
*7515 
-7984 
‘8335 
*$590 
‘8798 
-§966 
‘9100 
-9215 


9 / 
‘01 
‘04 
‘06 
‘05 
‘04 
‘03 
‘01 
‘O00 
-987 
‘976 
-971 
-973 
‘972 
‘975 
-977 
‘981 
‘984 
-987 
‘989 
“990 


‘96 
95 
95 


‘97 


Debye function 


Op 


” (Calc.) 
4 


-00278 
‘00432 
-00629 
-00928 
‘0153 
‘0246 
-0362 
‘0520 
‘0741 
‘0933 
151 
-216 
-284 
-350 
-414 
-523 
‘612 
‘680 
-734 
‘776 
-810 
“835 
‘857 


‘$86 


0-890 


464* 


Calc. 


Exp. 


0:87 
0°83 
0:78 
0-76 
‘67 
‘63 
“62 
‘61 
‘61 
*62 
‘66 
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in terms of @©; and @; rather than an average ©. The 
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calculations imply that equation (30) would be 
quite exact for complete isotropy with respect to 
vm, Which is not quite the same as the elastic iso- 
tropy indicated by s because v» involves a, which 
is also a function of direction in crystals. Indeed 
there must be a variation of v,, due to directional 
dependence of a in aluminum,but Table 3 shows 
that this does not lead to large errors. ‘This may be 
so because the percentage error in C, is not as 
sensitive to variations 1n g(v) near v», as to those at 
lower frequencies where g(v) is not sensitive to a 
modest spread in v»,. At temperatures for which 
he highest frequencies make major contributions, 
C, is approaching its limiting value and is re- 
latively less sensitive to frequency. Thus it may be 
expected that equation (28) will be within experi- 
mental limitations for glasses at temperatures for 
which the Einstein functions of v», are less than, 
say, 50 per cent of their classical limits 
Other monatomic crystals having one-atom primitive cells 
In the calculations on the various other crystals listed 
in Table 2, only constant elasticities and densities were 
used. Such calculations for aluminum differ only trivially 
from the more precise calculations. One may compare, in 
Fig the 


lated from room-temperature properties with the solid 


solid heavy line representing 1:13 ©’ as cal- 


sht line for 1-08 ©’ ebtained from the exact calculations. 


depends on the 


These differences are small because 


ratios of elastic constants to density and these two pro- 
perties change similarly with 7 

\ wide variation in the isotropy index, s, is represented. 
reveals that low values of s are 


spection of Table 2 


d with 


1 (2: 7)Op found very near 0°K, or 


others. Notable 


0-13 ana U-26, 


relatively large differences between ©'o 


calculated for O°K 
cases are sodium and lead, for which 


1-24[(2/7)Op] 


and © and 


Tungsten, for which s 


1:21[(2, 7)Op] respectively. 


1-00, shows even larger deviations from ©’o, but, because 


j 5 
ly discordant values of (2 


of the wide 77) p, this is not re- 


gs : ‘ 
iable. Some of the intermediate values of s, such as those 
4 1 1 

copper, and gold, are associated with close 


greement f and (2/7)@p, i] thers such as 
disagreement. This is because s alone 


greater 


of: The correction of © to 1.10 © in 


adde 


Note 
the case of silver is well justified by the new measurements 
of elastic constants by ALERS and NEIGHBORS [Bull. Amer. 
Phys. Soc. 3, 70 (1958)] ©) 


is 1-09 times the value in 


Using their data, ©'o 156 
Table This means 
calculated from their data would be 
3. Their 


for © in 


versus 7 
per cent of 1:10 ©’ as shown in Fig 


curve 
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does not determine the reliability of ©’o. For molyb- 
1-00 by 0-29 the 
for values 0:3—-0-7 less than 


agreement is 
about like that 1:00. The 
variation of (2/7)©p for copper is probably related to the 


denum s exceeds and 


variation of density.7°™) The hexagonal crystals, cobalt 
and magnesium, are nearly isotropic, as indicated by the 
small differences between ¢’1; and c11 (see equations (30 
and (31)): 


) 


(In 101! dyn cm~?) 
C11 
30°7 

Mg 5-88 5-86 
Judging from the temperature correction for aluminum, 
©’o for magnesium should be corrected to 246°K, in 


excellent accord with 248°K found by KouHLer.(°Y) 


°K 


TEMP., 


n 


APPARENT CHARACTERIST 


TEMPERATURE, *x 
Fic. 4. Apparent characteristic temperatures, © (data 


points) and ©’ (calculated from elastic constants) as 


functions of temperature for body-centered cubic 


crystals. Letters in parentheses relate to reference (10). 


Inspection of Figs. 3, 4, and 5 shows that the lowest 
values of s are also associated with the largest deviations 
of ©’ from © at low values of 7. Again sodium is the 
obvious example. In spite of their relatively low values of 
s, however, lead and silver show exceptionally good 
agreement in this respect. This indicates again that a 
low value of s does not necessarily mean narrow distribu- 
tions of vm. Again the nearly isotropic cobalt and mag- 
nesium show good agreement between ©’ and ©. 

The results on cobalt and magnesium are interesting 
in another way. WyckorF'!®) reports a hexagonal close- 
packed and a cubic close-packed (f.c.c.) form for cobalt. 


The sample used in the heat-capacity measurements(104)) 





HEAT-CAPACITY 


is not identified in this respect. If it had also been hexa- 
gonal close-packed, the calculations in Table 2 and the 
curves in Fig. 5 would have been inappropriate, because 
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they are based on a one-atom primitive cell rather than 
the two-atom cell required for h.c.p. lattices. Such an 
error would be expected to lead to a deep minimum in 


the © versus T curve like that shown for diamond in 
curve B of Fig. 6. The parallelism of the © versus T and 
©’ versus T curves for cobalt clearly indicates that the 
one-atom primitive cell was not too small for the heat- 
capacity data. On the other hand, the © versus T curve 
based on the assumption of a two-atom cell is discordant 
with the corresponding ©’ versus T curve and descends 
precipitously at T > 40°K. Ideally the two crystal phases 
have identical volumes. This undoubtedly means that 
their mean elastic constants over all directions are very 
similar. Thus the similar magnitudes of © and ©’ are not 
surprising. Furthermore, X-ray studies are reported for 
the cubic form in liquid nitrogen, showing that it is 
stable in the temperature range of the heat-capacity 
how 


APPARENT CHARACTERISTIC TEMP.,°K 


100 150 
TEMPERATURE, °K 
measurements.(19°) All these considerations show 


Fic. 5. Apparent characteristic temperatures, © (data application of equation (28) to the heat-capacity data 
points) and ©’ (calculated from elastic constants) as 
functions of temperature for cobalt and magnesium 


crystals. Letters in parenthesis relate to reference (10). 


clearly indicates a choice between the two possible crystal 
forms of the sample. Only the hexagonal form of mag- 
nesium is reported by WyckorF, but some X-ray 
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Fic. 6. Apparent characteristic temperatures, © (data points) and © 
(calculated from elastic constants), as functions of temperature for diamond. 
Curves A and B are for a 1-atom primitive cell and curves C and D are 
for a 2-atom primitive cell. The circular data points are from reference 
10(mm) and the x’s are from reference 10(Il). The dashed line was con- 
©, calculated by P. N. Marcus and 


structed from values of “‘effective’’ 0, 
reported in reference 10(mm). Deviations of ©’ from this line about like 


those shown are expected because of the modest anisotropy of diamond. 
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identical 
both 


The 


existence of 


are not quite characteristic 
s of the forms and the 


1ixed in some crystals indicate that its behavior in 


two 
torms n 
this respect may be analogous with that of cobalt. 

All of these crystals show large deviations of © from 


These are partly due to the lack of 


7 100°K 


ire corrections for elasticity and density, as 


quantitatively for aluminum. Uncertainties in the 


1 
ind electronic Nheat-capacity corrections are 


suspect that, in the latter 


correction, the 
d near 0°K is not appropriate above 100°K. 

represent small errors in Cy except in 
lead, and tungsten, for which the be- 


at 7 


this discussion 


100°K requires assumptions 


ope ot 
} 


Diamond and NaCl 


diamond lattice differs from others con- 


lhe 
red here in that its frequency spectrum has an 


ide! 


branch. Consequently, the three transla- 


the acoustic branch must refer to masses 
re] 


two atoms. This means that since Cy, in equation 


than one atom. Its primitive cell contains 


28) represents a mole of primitive cells, it must 


if iit 


represent the acoustic heat Capacity of two moles 


than one. It will be shown that 


or carbon rathe1 
is scheme of calculation is in accord with the ob- 
served heat capacities and reproduces to a good 


approximation the low-frequency part of the 
spectra calculated from lattice dynamics 


In order to illustrate an application of equation 
(28) 


dynamics of this lattice are not known 


in structure studies, let us suppose that the 
It would be 


rical then to find © versus T corresponding to 
C, versus T for one gramatomic weight of carbon. 
his is curve B in Fig. 6. The corresponding ©’ 
McSkKIMIN and 
The 
obvious disagreement in the shapes of the two 


: oa 
curves occurs because equation (28), ap- 


versus 7° curve calculated from 


2 


sOND’s(10e¢) elasticity data is labelled A. 
when 
plied in this way, does not correctly represent the 
cut-off frequencies or acoustic dispersion in dia- 
mond. The rapid fall of © as T increases from 35 
to 90°K means that important dispersion effects 
become evident at these temperatures, but the 
calculations provide for them only at higher tem- 
peratures. There are small effects due to second- 
neighbor interactions, but these should not lead to 
crossing of A and B at T = 190°K. The marked 
rise of © with T above 120°K occurs because the 
acoustic contribution to C, is approaching 1-5R 
rather than the 3R limit assumed, and because the 


and B 
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total C, is being influenced by an optical frequency 
somewhat higher than the real vm. Since diamond 
is reasonably isotropic (s = 0-65) ©’o, which is 
not influenced by dispersion, is expected to be a 
little higher than (2/7)@p though in good agreement. 
This is in accord with the data at temperature near 
35°K. The data points below 35°K should be ig- 


’ 


nored in this connection because they are not ac- 
counted for by any existing theories of lattice 
specific heat.49™m) This combination of circum- 
stances shows clearly that Cy, per mole of carbon 
is a wrong choice for representation by equation 
(28) 

Curves C and D are based on the known two- 
atom primitive cell. ‘The expected parallelism of the 
two curves is seen up to 7’ = 180°K and would be 
evident to higher temperatures if corrections for 
thermal expansion were made to ©’. At T > 200°K, 
© drops rapidly with increase of TJ because of con- 
tributions to Cy, from the optical frequency. This 
combination of circumstances confirms the choice 
of the two-atom primitive cell. 

The very modest deviations of ©’ from © and 
from the very recent calculations by Marcus(@0mm) 
represented by the dashed line in Fig. 6, are due 
mainly to the diamond 
(s 0-65) which is not taken into account in the 


modest anisotropy of 


calculation of 0’. 
The value ©, 
calculated by assuming a two-atom primitive cell. 
This 1-37 x 1014 
sec-!. Inspection of DE LauNay’s®) Fig. 36 shows 
is at the center of the first 


1043°K shown in Table 2 was 


corresponds to Ws 27Vs5 
that this value of ws 
maximum in the diamond spectrum, as calculated 
from lattice dynamics by SMITH. If monatomic 
primitive cells had been assumed, the clearly un- 
satisfactory value ws 1-68 x 1014 sec"! would 
have resulted. Furthermore, the corresponding 
value w) 2°54x 1014 1 jis higher than 
any frequency in the diamond spectrum, while 
1536°K 


for the two-atom cell, is in good agreement with 


sec 
w, = 2-00 10", corresponding to ©, 


SMITH’s calculation. Similar agreement for a lattice 
with basis is also found in the case of NaCl. Cal- 
culations based on the elasticity data of Rose,“ 
assuming a two-atom cell, lead to ©); = 260°, 
Os 154°, and 0p 170°K. By averaging cut-off 
frequencies found by LyppANg and HErzFELD“?) 
along cube edges and diagonals, one finds the very 
263° and ©, = 148°K. 


similar values ©, 
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Furthermore, ©o’ 170° corresponds to Op 
336°, in excellent agreement with MartIn’s“®) ex- 
perimental values extrapolated to 0°K. 


CONCLUSIONS 
The functions (20) and (28) were developed to 


extract structural information from the low- 


temperature heat capacities and elasticities of 


glasses. Since they apply only to the acoustical 
spectra of solids, it was necessary to verify them 
with data for the much simpler monatomic crystals 
which do not have optical branches in their spectra. 
These crystals involve deviations from the perfect 
symmetry assumed in the derivation of the func- 
tions. Precise calculations on aluminum, which is 
nearly isotropic, showed that the deviations from 
isotropy caused only trivial deviations from the 
functions in the whole range from 0°K up to the 
classical limit of C, and that the deviations were of 
the sort expected. Less exact calculations on vari- 
ous other crystals showed that, where the data were 
reliable, the most isotropic crystals conformed best 
to the functions. It appears that for glasses, good 
conformity can be assumed because of their per- 
fect isotropy. Reservations arise from the unavoid- 
able spread of vm, because of the amorphous struc- 
ture and the exclusion of some very long elastic 
waves by phonon scattering. Evaluation of these 
effects in glasses is reserved for a separate discus- 
sion. The spread of vm affects mainly the upper 
intermediate paits of the Cy» versus 7 curves and 
may be even less serious in glasses than that caused 
by the anisotropy of most cubic crystals in the 
temperature range of anticipated use. Still another 
reservation arises from possible deviations of real 
dispersion effects from the simple approximation 
used here, but these are expected to be no more 
serious than the spread of cut-off frequencies. 

In spite of the limitations related to anisotropy, 
the fact that its effects are easily identifiable and 
often small justifies the application of these func- 
tions in the study of crystal structures, especially 
where other techniques yield inconclusive or 
anomalous Such an application was 
illustrated in the discussion of cobalt and the now 
well-understood diamond. The comments on dia- 
mond and NaCl show that the proposed scheme of 
calculation, even when applied to crystals, yields 
good approximations to the acoustic parts of the 
spectra as calculated by others. Therefore, s, vs, 


results. 
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and @ have significant meanings, and these are the 
parameters of greatest interest in the intended ap- 
plications to glass. 

A fair evaluation seems to be that equation (20) 
applied according to equation (28) approximates 
the acoustic heat capacity of particulate solids at 
all temperatures about as well as the Debye func- 


tion does at 7' < ©/50. 
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APPENDIX I 


The intuitively plausible formulae (7) and (8) consti- 
tute the basis of our derivation. Their reasonable char- 
acter can be supported as follows. 

It is easily shown that formula (8) is appropriate for a 
two-dimensional lattice for which DE LAUNAY 
(ref. 3, p. 259) gives the secular equation 


square 


2 x9 S) So 


2x4 (1 —Cj)+2x2(1 —C7C 2)—w*M] 
aS 


2a: So [2a1(1 —( 2) + 2a0(1 —( 1C 2)—w?M] 

where «; and «2 are force constants to nearest and next- 
nearest neighbors, respectively; C cos 2mrja, S 
sin 2m7rja, and w 27v. Since our ultimate interest is 
glass, let us consider that in a two-dimensional glass, 
every direction is equivalent. Thus, the direction of a 
plane wave can be 71, letting re 0 in the other direction. 
Then Ce 1, Se 0, and the two 


secular equation are: 
w2M 
w2M 


solutions of the 


2(a1-+«2) (1—cos 277 ,a) 
2x9(1—cos 27714). 


and, as shown by 


cag. Thus, remember- 


But (1 cos 27r1a) 2 sin*zr1a 
DE LAUNAY, “%1-+%2 = cj, and «2 
ing that M/a? p, the density, for longitudinal waves: 


sinarja /cya2 sinmrna /e, sinana 


v — / / 
7 ™“ Mea? ma N p 

Likewise for shear waves: 
sinmrja /c44  sinamrja 


Ta p 7a 


Experience with silicate glasses indicates that they may 
be considered as approximately close-packed ‘‘apparent 
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iti with distance between 
ters of about 6—7 A. To test the plausibility of equa- 


LAUNAY’S 


an apparent 


7), therefore, it is reasonable to solve DI 
quation (11.6) for the close-packed face-centered 
For 


one may set re r3 V0. 


lattice of identical particles a plane wave in 
three-dimensional glass, 


ne finds 


71a 


€ 


) +2.2sin®(x 1a) 


20) 


N M 


, the relations between x and x2 and the elastic 
juli are not as simple as in the square lattice above, 
t, according to DE LAUNAY, %1/a = c44, so that vg is the 
quency of shear waves, and its dispersion is expressed 
must be consider- 


iple sine function. Since 


ably larger than x2, the dispersion of v1 waves very closely 
approximates the same sine function. Thus, equation (7) 
the 


y of equation (28) with data on monatomic crystals, 


justified not only by observed rather good con- 


iulso by the dynamics of simple three-dimensional 


attices 


APPENDIX II 


Formula (20) can be used to calculate the lattice heat 


capacities of crystals to a better approximation than that 
afforded by equation (28) if one is willing to calculate the 


cut-off for a sample of directions 


Appendix I that 


frequencies large 


through the crystal. It was shown in 


dispersions along certain directions in f.c.c. lattices either 
follow precisely or approximately the simple sine function. 
By examination of the secular equation, it can be shown 
ilar situations exist with respect to other direc- 
1 in other lattices. Provided that no serious devia- 

m the sine functions are found for any direction 
the lattice, the contribution of sets of waves in 
rious directions can be read from Table 1 
| 


1 
then De summed O\ 


3R limit 


1 of the 
17 ] - ¢ > 
er all directions and nor- 


In analogy to equation (28) 


(-) (-). 


EC,(—)+2EC,(—) 


3n 


number of directions chosen 
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Abstract 


The intensity of the fine structure of the 1100 cm 


! silicon—oxygen absorption at 4:2°K 


has been used to determine the temperature-dependence of the concentration of oxygen in solid 


Above 1000°C 


the absolute temperature, 


INTRODUCTION 
['HREE absorption bands have been observed in the 
nfrared spectra of oxygen in silicon.” The ab- 
sorption coefficient, «, of the most intense band, 
1106 cm 


has been correlated with the oxygen concentration 


which occurs at at room temperature, 


determined by vacuum-fusion gas analysis.) 


elow 125°K this band shows an unusual tem- 
perature-dependent fine structure which has been 
associated with oxygen in solid solution as dis- 
persed S1—O-Si or Si9O units.“ After heating near 
1000°C, the maximum « at room-temperature 
decreases as a result of the precipitation of oxygen 


(3) However, 


in SiO clusters low-temperature 


spectra still show the fine structure of dissolved 


e 
yen superimposed on the absorptions of SiOQe 


silicon lattice. The intensity of this fine 
structure provides a direct means of determining 
the temperature-dependence of the concentration 


n in solid solution 


EXPERIMENTAL 
Samples were taken from high-resistivity silicon 
rystals pulled from fused-silica crucibles. Room- 
from 6°5 to 7:4 


cm™-, corresponding to oxygen concentrations 


temperature values of « varied 
between 1-4 and 1-6 x 10!8/cm®. The samples were 
heated in an inert atmosphere at several high tem- 
further 


change in «. Spectra were obtained at 4-2°K, where 


peratures until heating produced no 
the strongest SigO band at 1136 cm7! is most in- 
The intensity, J, of the Sig0 bands was ob- 
tained from the area between the observed absorp- 


tense 


tion and the extrapolated absorptions of 5iOQz2 and 


and the heat of the precipitation reaction is 22 


the logarithm of this concentration is a linear function of the reciprocal of 


22 +2 kcal/mole. 


silicon in this region. This extrapolation 1s some- 
what arbitrary and introduces considerable error 
when the dissolved oxygen concentration is small. 

The rate of precipitation of SiO2 varied con- 
siderably with sample history. Although equili- 
brium was attained in less than 1 hr at 1250°C, the 
time required at 1000°C ranged from 20 to 100 hr. 
The long heating times required at lower tem- 
peratures limited these measurements to tempera- 
tures equal to or greater than 1000°C. Heating for 
about 100 hr at 450°C decreased the equilibration 
time at higher temperatures. The introduction of 
dislocations into one sample by plastic deforma- 
15 min at 1200°C decreased « at room- 
temperature from 6-4 to 3-9 cm~! prior to further 


tion for 


heat treatment. However, in all cases the intensi- 
ties after equilibrium at 1000°C or higher were con- 
stant within the limits of experimental error 


OXYGEN CONCENTRATION 

Typical spectra for one sample at 4-2°K are 
shown in Fig. 1 after equilibration at 1000, 1150, 
and 1250°C. The absorption of oxygen in solid 
solution increases markedly after heating at suc- 
cessively higher temperatures, while there is little 
change in the background absorption. Fig. 2 
shows the logarithm of the intensity of the SigO 
absorption plotted against the reciprocal of the 
absolute temperature. The open circles are average 
values obtained from three samples. ‘The vertical 
lines indicate the average experimental error (ap- 
proximately +2-5 cm~* for each point). The solid 
circles at 1075 and 1250°C were obtained for one 
of the samples after the 1000, 1150, and 1250°C 
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3. 1. Infrared absorption at 4-2 


1120 
NUMBER (CM~!) 


1100 


K of a silicon sample saturated 


with oxygen at 1000, 1150, and 1250°C. 


points. These results show the reversibility and 
reproducibility of the measurements. The heating 
time at 1250°C (8 hr) gave results indistinguishable 
from those obtained after only 1 hr, indicating that 
true equilibrium is attained after only 1 hr. 
Although the total intensity of the fine structure 
remained constant, only one band was observed at 
1136 cm~!, whereas the 1 hr treatment resulted in 
two absorptions in this region (see Fig. 1). This 
result supports the assumption that all of the fine 


structure can be attributed to absorption by SigO 
units. 

Within experimental error the intensity of SigO 
absorption satisfies the relation 


(1) 


where R is the gas constant and ¢ is a numerical 
constant. AH is the heat of the reaction. 


1$iO2(solid) = 4Si(solid)+ O(solid solution). (2) 
2 2 ). (4, 
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From the slope of the line in Fig. 2, we find 
AH 
shown that the equilibrium oxygen concentration 

solid solution, [O], near the melting point of 


22+2 kcal/mole. KaAIser and Keck) have 








—— - — x 


TEMPERATURE (°K 


2. Logarithm of intensity and oxygen concentration 


versus reciprocal absolute temperature. 


silicon is 1-8 x 1018/cm?. Combining this value with 


the results in Fig. 2 yields the expression: 


—4-83 x 1037-14 21-2, (3) 


where [( ) is in atoms/cm? and Jin °K. 
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Recently, Kaiser and THURMOND™) have shown 
from measurements of the diffusion of oxygen in 
silicon samples of different thicknesses that at 
1375°C the solubility of the oxygen is 85 per cent 
of the solubility at the melting point of silicon. 
This value is identical with that obtained from 
Fig. 2. 

Although equation (3) may not hold exactly at 
lower temperatures, some qualitative remarks may 
be made about heat-treatment processes. From 
equation (3) the calculated value af [O] in solid 
solution at equilibrium at 450°C is only 3x 
x 10!4/cem%. The observed « for two samples de- 
creased by about 30 per cent after heating for about 
200 hr at 450°C, indicating that the aggregation of 
oxygen occurs after sufficient heating even at this 
low temperature. This result is in accord with 
measurements of FULLER and LoGan,®) who 
found that the concentration of heat-treatment 
donors, ”, passes through a maximum value on 
prolonged heating at 450°C. The decrease in n 
results from the depletion of oxygen in solid solu- 
tion. The kinetics of heat treatment have been 
discussed in detail by KaltseEr et al. 
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Abstract—The exposure-induced volume darkening of large AgCl crystals has been studied at very 
low exposure levels, in both pure crystals and in crystals containing known concentrations of cationic 
impurities. It has been found that the volume photoproduct that can be produced may be controlled 
by such impurities, of which cuprous ion is a striking example. The cuprous ion apparently provides 
deep hole traps at room temperature, thereby allowing the photoprocess to proceed with unit 
quantum efficiency until these traps have been filled. In the purest crystals grown, the volume 
darkening saturates at optical densities, measured at the peak of the absorption band, of less than 
0-001 per cm thickness. The addition of 5 x 1016 cuprous ions per cm? allows the volume darkening to 
proceed to optical densities 1000 times higher. The shape of the exposure-induced absorption band 
is approximately constant over this range of densities, suggesting that there is no marked change in 
the size and distribution of the photoproduct centers as their number increases. In addition to photo- 
chemical effects, certain cationic impurities (particularly the elements commonly classed as Group 
VIIIA) produce impurity absorption bands in the silver halides whose intensity and shape may 


depend on the valence state of the impurity. 


1, INTRODUCTION 


THE optical properties of large silver halide 


crystals and the changes in these properties under 
various exposure conditions have been the subject 
of considerable investigation in these Laboratories 
over the past few years. Various aspects of this 
study have been reported briefly on several oc- 
casions.(!-5) This paper reviews the earlier work, 


adds new experimental results, and summarizes our 
present understanding of the effects of certain 
cationic impurities on the photolysis of large silver 
chloride crystals. 

Hitscu and Pou.) were the first to investigate 
the darkening of large silver halide crystals upon 
exposure to weakly absorbed radiation. In AgCl 
crystals, they observed the darkening to consist of 
a broad absorption band in the visible region of the 
spectrum, with a maximum in the neighborhood of 
550 mu. Hitscw and Pout further showed that 
they could induce a readily measurable darkening 
in their crystals with exposures, which, in terms of 
absorbed quanta per unit volume, were close to 
the exposures normally used in producing the 


* Communication No. 1979 from the Kodak Research 
Laboratories. 


P 


photographic latent image. They estimated that 
each absorbed photon led to the formation of one 
silver atom. Our work suggests that the crystals 
used by HiLtscu and Pout contained a relatively 
high content of impurities. One cannot form a 
visible volume darkening in the purest crystals now 
available. 

The réle of impurities and mechanical imper- 
fections in the photolysis of silver halides has been 
referred to by many workers. Stastw and TEL- 
Tow have studied the optical and photochemical 
properties of AgCl and AgBr crystals containing 
additions of silver sulfide, and have also noted the 
sensitizing effects of other additions such as silver 
nitrate, silver oxide, and copper chloride.*+ 8-1?) 


t+ The influence of copper on the photolysis of large 
AgCl crystals is discussed in considerable detail later in 
this paper, and some results have been previously pub- 
lished.) Study of the literature suggests that HEcurT, '®) 
in 1932, was probably aware of the enhanced darken- 
ability of copper-containing AgCl, and StTastw and 
TELTOw,'®) in 1944, noted that it was apparently the 
cuprous ion which conferred sensitivity, while the cupric 
ion did not. In recent years, several authors in papers 
dealing with the photolytic behavior of silver halides, 
have noted the effects of small additions of copper,°-12) 
although no quantitative data have been presented. 
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‘he influence of strain on the photolysis of AgCl 
1as been referred to by LOHLE.“) 

Much of this earlier work has been summarized 

More recently, BRowN and WaAIN- 

have investigated the darkening in nomin- 

\o( ] crystals, and have reported differ- 

initial rate of darkening depending on 

in which the crystal had been 

with 

1 WAINFAN suggest that the total amount 


+} ‘ 
osp 1e Te 


° 19 
In agreement our observations, ‘*) 


g that can be produced in the interior of 

AgCl crystals may be controlled by impurities. 
yresent work, we have been able to establish 

ve relation between the total amount of 

ing and the concentration of deliber- 


adde d Ccuprous ions. 
2. MATERIALS 


1avior of large 
1 
ets prepared by 


lver halide. Tech- 


an appropriate 


] 1 
Vas placed on 


a flat 
irea atmosphere 
»f chlorine 


g operation, an 


s determining 

’ was cooled in 
d then air- or 
Impurities were 
in the form of 


s high enough to 


7 ‘able 


1(A). 
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1ad smooth surfaces, were quite polycrystalline, and 


generally contained some bubbles or voids in their 


volume. 


) 
stals 


(b) ‘‘Beaker’’ cr 


In addition to the crystal sheets, it was convenient to 


prepare another type of sample more suited to surveying 


rapidly a large number of impurities over a large con- 


centration range. For this purpose, samples were pre- 


pared by melting 5 g of silver halide precipitate in a 5-cc 
Pyrex beaker under the desired atmosphere, and cooling 
to room temperature in about 10 min. Impurities were 
added in the same manner as to the crystal sheets. These 


crystal disks, referred to as ‘‘beaker’’ crystals, were 
highly polycrystalline, contained many bubbles and 
voids, and had uneven external surfaces. Nevertheless, 


they proved suitable for both visual and spectrophoto- 


metric observation of their optical and _ photolytic 


properties. 


(c) Large single crystals 


For quantitative work, large single or nearly single 
crystals have been prepared by the Bridgman technique. 


The preparation ol these c tals 1n our Laboratories, 


their purity, and their physical appearance have been 
described in detail \lthough various atmospheres of 
growth have been investigated, the large crystals used in 


all be en grown 


T 
reported here have 


the experimental worl 


in a nitrogen atmosphere at a rate of 5 mm/hr. Impurities 


were added to the dry, starting precipitate in the form of 
linder, sections 1-10 


solutions. From the l crystal cr 


mm thick were cut and polished. The sections so obtained 
large-angle grain 


ically clear, showed several 


boundaries upon etchi with sodium thiosulfate, and 
Vie wed betweer crossed Polaroid 


extremely 


appeared strained when 
pure starting 


which 


precipitate, 


crystals hay I LTOW! show no spectro- 


chemically amounts of heavy metal impurities, 


iron excepted. ‘ab LIVE the results of spectro- 


and of 


and tions of a nominally pure crystal 


chemical analyses 1 typical starting precipitate, 


Spectrochemical detection limits for some impurities in AgC] 


(expressed as weight of impurity to weight of AgCl in parts per million) 
- le) . 


Element 


Pb 
Mn 
Ni 
on 


Zn 


Detection 
limit 


Detection 
limit Element* 

0-075 Ba 

0-05 

0-05 

0-05 

4-0 


* For Ba, Ca, Li, Mg, Na, and Sr, the detection limits shown are approximate 
values only. They are obtained by extrapolation from standards prepared for higher 


concentrations of these elements. 
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Table 1(B). Results of spectrochemical analysis 


Description 


AgCl precipitate (average of 
numerous analyses) 

C-38-B; 1 cm position of pure 
AgCl Bridgman crystal 

C-38-T; 19 cm position of pure 
AgCl Bridgman crystal 

C-37-12; 4 cm position of AgCl 
with nominal 10 p.p.m. addition 
of copper 

C-37-14; 16 cm position of 
AgCl with nominal 10 p.p.m. 
addition of copper 


* N.D. = not detected. Actually, copper is occasionally detected in the AgCl starting precipitate. Indirect evidence 


suggests that it may be uniformly present in the starting material to about 0-01 p.p.m. 


Spectrochemical data on a crystal with added copper 
impurity are also given. 

Strains that were 
filters could be removed completely by proper annealing. 
To get such strain-free crystals, it was found sufficient to 
heat the crystals to 400°C in a nitrogen atmosphere, and 
to cool them at a rate of about 20°C/hr at 400°C, decreas- 
ing to about 10°C/hr by the time the sample was at 50°C. 
Such a cooling program results in a nearly constant cool- 


visible between crossed Polaroid 


ing rate when expressed in terms of the fractional change 
in absolute temperature per unit time. During such an 
annealing, the crystals rest on a layer of finely divided 
quartz powder. Similar annealings could be carried out 
in chlorine atmosphere. 


3. EXPERIMENTAL PROCEDURES 

As noted in the Introduction, H1LscH and Pont'®) 
were able to induce a visible volume darkening in their 
crystals with exposures below those used in producing 
the photographic latent image. This type of experiment 
cannot be extended to extremely pure crystals with con- 
ventional photometry, since such crystals do not exhibit 
visible volume darkening, even after long exposure to 
high-intensity light.(?) However, the study of photolytic 
darkening in very pure crystals has been made possible 
by the development in these Laboratories of a photo- 
meter capable of measuring changes in optical density of 
the order of 10-5. The design and performance of this 
instrument have been reported in detail elsewhere.(®) 
For changes in optical density smaller than 10-8, this 
instrument is restricted to monochromatic measurement. 
At higher levels of darkening, measurements of the 
spectral distribution of the photoproduct are possible. 

In order to extend the measurements of phctolytic 
darkening to the lowest possible levels, it was therefore 
helpful to characterize the photoproduct by its optical 


Element 


‘r, Mn, Ni, Sn, Zr 


N. 


density at some selected wavelength. Measurements of 
the absorption spectrum of the darkening have shown it 
to be a broad absorption band with a maximum near 
560 mp, over a large range of photoproduct formation. 
Consequently, it was meaningful to measure the optical 
density of this band at one wavelength near the broad 
maximum. In the present work, 600 my was chosen. In 
practice, a sample was given a series of exposures to 
actinic radiation, and the total induced optical density 
was plotted as a function of the total exposure. For con- 
venience and ease of analysis, such plots were generally 
made on logarithmic scales. In most cases, the measuring 
light itself produced no detectable change in the photo- 
product, although cases have been observed in which the 
measuring light formed additional photoproduct and 
others in which it optically bleached the existing product. 
Neither of these complications was observed in the large 
single crystals grown in a nitrogen atmosphere, either 
pure or containing low concentrations of impurity. 

The crystal samples were exposed with filtered radia- 
tion from a General Electric A-100—H-4 mercury arc 
lamp. The 365- and 436-my spectral lines were partic- 
ularly suitable for studying the surface and the volume 
darkening, respectively, in AgCl crystals at room tem- 
perature. In AgCl crystals of reasonable purity, the ab- 
sorption coefficients at room temperature are 1200 and 
0:03 cm-! for 365 and 436my, respectively. Thus, 
crystals up to several centimeters thick will be exposed 
quite uniformly when irradiated by 436-my light; on the 
other hand, 365-my radiation will be attenuated to less 
than 10-4 of its incident intensity in a layer 107? cm 
thick. Therefore, exposure of a crystal thicker than, say, 
1mm to 436-myp light produces a darkening pre- 
dominantly due to formation of photoproduct through- 
out the volume if the quantum efficiency of silver forma- 
tion is comparable in surface and volume regions. In 
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thinner crystals, intermediate wavelengths may be used 
between surface and volume darkening. 


ntiate 


4. RESULTS AND DISCUSSION 

(a) Early observations of photolytic darkening 

Early observations of the darkening upon ex- 
posure of AgCl crystals were made on crystal 
sheets that had been solidified under a nitrogen 
atmosphere. In these samples, the general progress 
of the darkening exhibited a characteristic behavior. 
[he darkening, measured by its optical density at 
600 my, as a function of exposure to 436-my light 
s shown for one such sample in Fig. 1. On this 


logarithmic plot, the darkening is seen to show an 








at 6UU mys) as a 
\eCl crvstal sheet 


For this thickness, 


(measured 
to 405-mu light 
y 0-01 cm thick 

about 6 X 10!* absorbed quanta 


‘‘print-out density’ is used to 


] -| ] 
aarkening, mea optica 


aensity 


units 


tial region of proportionality between induced 
lensity and exposure, followed by a region of 
irtual standstill. This, in turn, is followed by a 
region where induced density is approximately 
proportional to exposure, but with a much lower 
ficiency or proportionality constant (the term 


“efficiency” is used here as a measure of optical 


density produced per unit exposure and not in the 
sense of quantum efficiency . The latter is discussed 
in Section 4(f)). It can be shown that a curve of 
this general shape would result from the super- 
position of two linear processes of very different 
efficiencies, the one of higher efficiency saturating 


after some short exposure. Fig. 2 


shows, on a 
logarithmic plot, two linear darkening processes, 
the one of higher efficiency (curve 1) saturating 
after 1 sec of exposure. (Note that a slope of one 
on this logarithmic plot means proportionality 
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between induced density and exposure. The position 
of the line represents the “efficiency”.) The 
summed density of these two processes is plotted 
(curve 3). The experimental points in this figure 
are obtained from Fig. 1, and illustrate the plausi- 
bility of interpreting curves of this type as the 
superposition of two linear processes. Some factors 
affecting this idealized curve shape are discussed 
in the Appendix. 

In the next section, experimental evidence is 
presented which supports the assumption of the 
existence of two separate processes in the darken- 
ing, and shows that the process of higher efficiency 





yr 


Fic. 2. Curve 1 represents a process of darkening effici- 
ency 0-001 density unit per sec of exposure, which starts 
at ¢ 0 and terminates after a total of 1-0-sec exposure. 
Curve 2 of efficiency 0-00002 
density unit per sec of exposure, also beginning at t = 0, 


represents a process 


but continuing for times greater than 1000 sec. Curve 3 
is obtained by addition of these two curves. ‘The experi- 
mental points are taken from Fig. 1. 
is related to the formation of photoproduct 
throughout the volume of the crystal. Evidence is 
also given which suggests that the total amount of 
photoproduct that may be formed in the crystal 
volume is limited by the concentration of hole 
traps. The second process of lower efficiency is 
shown to be related to the formation of photo- 
product in a layer near the external surfaces of the 
crystal. An entirely analogous behavior was ob- 
served in large single crystals grown from the melt 
under an atmosphere of nitrogen. In these pure 
crystals, however, the saturation level occurred at 

lower optical densities. 

The photoproducts just described are stable in 
the dark at room temperature; that is, only small 
amounts of decay were observed after many hours 
and even days. In samples grown in an atmosphere 
of hydrogen chloride, however, an additional 
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component of darkening has been observed which 
decays in a matter of minutes. This transient photo- 
product, formed in the crystal volume, can be re- 
formed with less exposure than is required for its 
initial creation. These more complex photo- 
products have not been investigated further. 


(b) Separation of the darkening into a volume and a 
surface component 

If the first linear rise and saturation level in the 
darkening curve represent the formation and com- 
pletion of a photoprocess in the crystal volume, this 
implies that for similar samples the saturation level 
measured would be proportional to the effectively 
exposed crystal thickness. Such thickness variation 
may be achieved by varying the actual physical 
thickness of the samples, using for exposure a 
wavelength which exposes the thickest sample with 
sufficient uniformity. On the other hand, by vary- 
ing the wavelength of the exposing light, one may 
expose to very different depths and in this manner 
investigate the dependence of the saturation level 
on sample thickness. 

Early observations to check the proportionality 
between saturation level and thickness were made 
on crystal sheets, using wavelength variation as a 
depth probe. While these data showed considerable 
scatter due largely to lack of reproducible condi- 
tions in sheet-making, they are significant because 
of the large thickness variation possible by this 
technique. ‘Table 2 summarizes the results of these 
measurements. It shows that the saturation level, 


Table 2. 


Thickness Exposing 


(cm) 


Sample 
wavelength 
(m}) 


number 
M 0-02 
M-2: 0-02 


M 0-0125 
M-: 00-0125 


M-3: 0-089 
M 0-10 


LARGE 


Absorption 
coefficient 
(k cm~) 
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expressed in terms of optical density per cm thick- 
ness, is fairly constant over a range of 400 in 
effectively exposed crystal thickness. This pro- 
portionality between saturation level and crystal 
thickness was verified directly in Bridgman 
crystals. In this case, samples of varying thickness, 
but with similar properties, could be obtained by 
sectioning a single crystal cylinder. Both the initial 
rate of darkening and the saturation level were 
measured in samples whose thickness varied from 
2:2 to 15-4 mm. Table 3 gives the measured pro- 
portionality between sample thickness and the 


Table 3. Saturation density of photolytic darkening, 
measured at 600 mp, in nominally pure AgCl 
Bridgman crystals. Exposure is to 436-my light of 
intensity approximately 1014 absorbed quanta/cm®/sec 


Measured optical | Saturation density 
density at 


saturation 


Sample 
thickness 
(cm) 


per cm 
thickness 
0-0030 
0-0048 
0-0087 
0-015 
0-022 


0-014 
0-012 
0-012 
0-014 
0-014 


optical density at saturation, and confirms that the 
first linear rise and saturation represent the forma- 
tion of photoproduct throughout the volume of the 


crystal. 


Saturation level of volume darkening in AgC] crystal sheets 


Saturation 
density 


Optical 
density at 
saturation per cm 
0-08* 
0-15 


0-000069 
0-000130 


1150 
1150 


0-08 
0-11 


18 0-:00100 
18 0-00135 


0-06 
0-08 


0-00520 
0-00800 


0-03 
0-03 


* In the case of exposure to a wavelength of 365 my, the exposed thickness 
is taken as the reciprocal of the absorption coefficient. For exposure to wave- 
lengths 405 and 436 my, the actual physical thickness is used in calculating 
the optical density per cm at saturation. 
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he second rise in the darkening curve, which 


nded to saturate upon prolonged exposure, 


no correlation with sample thickness, 


j he 
as suspected to be process limited 


shallow subsurface region 


nfirmed by the following experiment, 


hat the surface may be 
volume by use 
Both 


lisk were givena prolonge d exposure 


faces of a 


365-my radiation, sufficient to saturate 
the surface layers (since this radia- 
penetrates less than 10-* cm of 


he volume of the sample remained 


unexposed Following this surface 


z i 
was exposed to 436-mu light, 
function of ex- 
the usual 

, 
1e second 
exposure 


1] + + } 
liiustrateda 


ich the darkeni g upon exposure 


ht is compared in two samples, one of 


: . “a 
received the described 


pre-exposure to 

radiation. This result clearly establishes that 
the second rise in the darkening curve represents a 
process limited to the crystal surface. It should be 
noted that the success of this experiment depends 
on the fact that a low-intensity exposure of the sur- 
face (inherent 1n the exposure to 436-my light) will 
f lar} if it has been 


14 4 +} 
Ul , ac idI Kf 


sur ning 
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previously saturated by a high-intensity exposure. 
This experiment, as well as other qualitative ob- 
servations, confirms this fact. 

These experiments provide clear evidence that 
the darkening curves are properly interpreted as 
the superposition of a volume and a surface 
component. Subsequent work has been directed 
almost entirely towards an understanding of the 
factors controlling the rate of formation of the 
volume photoproduct and of the maximum photo- 
product concentration that can be produced by 
exposure. 


(c) Survey of cationic impurity effects 

The total darkening that could be produced in 
the volume of AgCl crystals exhibited consider- 
from sample to sample, although 


crystals believed to be of higher purity showed less 


} _ 1 
able variation 


darkenability. In the purest AgCl Bridgman crys- 
tals studied, the saturation level of volume darken- 
occurred at values below 0-001 density unit 
- cm thickness, i.e., well below visually observ- 
able values. This volume photolysis which pro- 
characteristic of the particular 


lad + anal 
ceeded tO a Value 


sample, suggested the existence of a concentration 


of ‘rs in the crystal volume on which the 


formation of a stabl photoproduct depended On 


the assumption that each of these centers acted only 
once in the photolytic process, their concentration 
the extent to which a crystal 


Such 


would dete rmine 


could be darkened centers may arise 


from various C1 imperfections: impurities, 


lattice defects, and larger-dimensioned crystal 
defects 

The influence of various anionic impurities on 
the photolysis of AgCl and AgBr was investigated 
extensively in 1941 by 
and more recently by Stastw® and by VoLke. @)) 


We have 


impurities for several reasons: 


Srastw and Tetrow!!9) 
chosen to examine the effects of cationic 
they are easier to 
incorporate quantitatively in crystals grown slowly 
to date, been less 


from the melt, and they have, 


im- 


+ 


investigated than the anionic 


extensively 
purities. 
Among the various cationic impurities studied, 
copper has been found to be particularly interest- 
ing, and the later sections of this paper deal with 
the optical and photolytic properties of AgCl 
crystals containing low concentrations of copper. 


However, 


we shall first summarize qualitative 
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observations made on other impurities incorporated 
into the ‘‘beaker”’ crystals described in Section 2. 
In the beaker work, cationic impurities were 
generally added as metal chlorides in solution. ‘The 
samples were prepared under either reducing or 
oxidizing conditions. Reducing conditions con- 
sisted in melting the sample, adding a small 
amount of metallic silver, under an atmosphere of 
the appropriate halogen gas, flowing pure nitrogen 
gas over the melt for several minutes, and cooling 
the sample to room temperature in the nitrogen 
atmosphere; to maintain oxidizing conditions, no 
excess silver was added, and the sample was both 
prepared and cooled in an atmosphere of halogen 
gas. Impurity concentrations were in the range 
10-1000 p.p.m. Visual, and in some cases spectro- 
photometric, observations were made of the optical 
absorption produced by the impurity and of the 
darkenability upon large exposures to tungsten 
light. 

In AgCl, the metal chlorides of the elements 
commonly classed as Group VIIIA were soluble 
and produced characteristic optical absorptions 
when prepared under oxidizing conditions. Iron 
produced a brown color, cobalt a blue color, and 
nickel an orange-red color. Rhodium, platinum, 
and palladium imparted a yellow color at low 
concentrations, which shifted to red with increas- 
ing concentration of impurity. Ruthenium and 
osmium produced an absorption which had little 
selectivity throughout the visible range. In addi- 
tion to these metals, gold chloride added under 
oxidizing conditions produced a blue color. Apart 
from surface darkening, only the addition of gold 
under these oxidizing conditions was found to 
promote a strong darkenability upon exposure. 
There were indications that iron chloride enhanced 
the darkenability of these samples, but the results 
were not consistent. Under reducing conditions, 
arsenic and cadmium produced a weak yellow 
color, the latter only if the sample was rapidly 
quenched from the melt. Incorporated in this way, 
cadmium promoted darkenability. The optical ab- 


sorption produced by nickel and cobalt, added 
bleached 


under oxidizing conditions, could be 
thermally or optically. Enhanced darkenability of 
AgCl by copper is discussed later. Experiments 
with beaker samples showed that this darkenability 
could be suppressed by simultaneous additions of 
nickel, and to some extent, of cobalt. A wide 
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variety of other cations* produced no striking 
effects on the optical or photochemical properties. 

In AgBr, the Group VIIIA elements also pro- 
duced characteristic optical absorptions when 
added under oxidizing conditions. Nickel parti- 
cularly, even under reducing conditions, pro- 
duced an intense red color which could be bleached 
thermally or optically.”) Bismuth produced an 
orange color under both oxidizing and reducing 
conditions. No cationic impurity has been found 
which is very effective in producing volume 
darkenability of AgBr crystals; copper, under re- 
ducing conditions, produced some darkenability 
at very high concentrations, and gold, under 
oxidizing conditions, also induced some darken- 
ability. Most of the elements listed as having had 
little effect on the properties of AgCl were found 
to be similarly ineffective in AgBr. One exception 
was chromium, which produced an intense green 
color under both oxidizing and reducing condi- 
tions. 

Among the few cations that produced interesting 
effects, copper proved to be particularly amenable 
to quantitative investigation. 


(d) Sensitization of volume darkening in AgCl by 
cuprous ton 

Copper, added to the crystal sheets under re- 
ducing conditions (but with no added metallic 
silver), caused a large increase in the volume 
darkenability. Quantitative studies of this sensitiz- 
ation were carried out on large single crystals. 
Grown under an atmosphere of nitrogen, the 
copper is believed to be incorporated as a cuprous 
ion in these crystals (see Sections 4(e) and 4(f)). In 
Fig. 4 the darkening measured in a nominally pure 
AgCl large single crystal is compared to that meas- 
ured in a similar crystal known to contain 0-2 
p.p.m. of cuprous ion. The initial darkening rate is 
comparable, but the sample containing cuprous 
ion darkens to much higher levels of optical den- 
sity. The saturation level of volume darkening in 
AgCl crystals containing cuprous ion has been 
shown to be proportional to the cuprous-ion con- 
centration over a large range. This is illustrated by 
Table 4. In a 1-cm-thick AgCl crystal containing 
1 p.p.m. of cuprous ion (5 x 10/6 ions per cm?), an 


Ba, Mg, Zn, Hg, Y, La, Ce, 


Zr, Ge, Sn, Pb, V, Sb, 


* Li, Na, K,. Rb, Cs, Sr, 
Pr, Nd, Sm, Eu, Ga, Al, In, TI, 


Cr, Mn. 
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, in AgCl] Bridgman 
to 436 m; 
incident quanta cm*. 
AgCl crystal 
Note: 


the absorption coefficient for 436 my 


at 0UU m; 

a function of exposure The ex- 
is about 3 « 10 
‘ 


> ] -* 
Pure A rystal, 


).m. of Cuprous 10n, 


intensit 


6°8 mm thick; 2 


8-0 mm thick 


{ 


room temperature for the 


copper- 
the absorption is about 20 per cent 


greater 


Table 4+. Saturation density of photolytic darkening, 
measured at 600 my, in AgC!] Bridgman crystals with 
deliberate cuprous-ion additions 


ion Measured Density 


density 7 per cm 


(ppm) and ppm 
0-044 


0-14( 


0-04 


1-22 


purity concentration, determined spectro- 


is expressed as parts per milli weight of 
weight of AgCl; 
The spectrochemical values are 


be reliable to about 15 per cent 


1 p.p.m. is equivalent to 5-3 x 


centers per cm 


nsity is measured after prolonged exposure to 
ight of about 5 x 10!° incident quanta/cm?/sec 
optical density of about one can be formed in the 
volume. In a nominally pure crystal prepared in 
the same way, the optical density formed after 
prolonged volume exposure is less than 0-001 in a 
1-cm-thick sample. 

When AgCl 


grown or annealed under conditions favoring the 


copper-containing crystals are 
formation of cupric ions, namely in a chlorine 
atmosphere, the crystals exhibit no measurable 
darkening even upon prolonged exposure. Such 


crystals do, however, develop a characteristic 


NAIL 


URBACH 


and F. 


optical absorption described in the next section. 
Nominally pure crystals annealed in a chlorine 
atmosphere also show a complete absence of meas- 
urable volume darkening upon exposure. No 
added optical absorption can be detected in such 
samples. In order to discuss the réle of the cuprous 
and the cupric ion, and to make estimates of the 
quantum efficiency of silver formation in these 
crystals, it is necessary to have reliable data on the 
optical absorption of the copper ion in unexposed 


AgCl crystals 


(e) Optical absorption of copper-containing AgC] 
crystals 

The optical absorption of AgCl crystals contain- 
ing small additions of copper was dependent on the 
atmosphere in which the crystals were prepared. 
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Optical absorption coefficient as a function of 
25°C. 1—Pure AgCl: 
AgCl+1 p.p.m. 


Fic. 5 
wavelength in AgCl crystals, at 
2—AgCl 


1 p.p.m. of cuprous ion; 3 


of cupric 10n. 


Grown or annealed in nitrogen, these crystals 
showed a weak yellow color. Annealing in nitrogen 
with the crystal in contact with metallic silver did 
not modify this absorption. Under these condi- 
tions, the copper ion is almost certainly in its 
monovalent (cuprous) state. When annealed under 
chlorine atmosphere, favoring the formation of 
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cupric ion, a characteristically different and more 
intense absorption was formed. Heating at 400°C 
for 3} hr in chlorine or in nitrogen sufficed to form 
the cupric form or the cuprous form, respectively, 
independent of the initial state of the crystal. The 
absorption bands formed by these two copper 
states have been measured and are shown in Fig. 5. 
Optical absorption measurements on crystals con- 
taining varying concentrations of cuprous ion in- 
dicated that the cuprous ion was soluble in AgCl 
up to concentrations of at least 100 p.p.m. The dark 
ionic conductivity at room temperature in these 
crystals containing cuprous ion was not signi- 
ficantly different from that measured in nominally 
pure crystals. ‘This suggests that the cuprous ion is 
present substitutionally in the AgC] lattice. Studies 
of the ionic conductivity of AgBr crystals with 
copper carried out by 'TELTOW®*) suggest other 
possibilities. Optical absorption measurements on 
crystals containing varying concentrations of cupric 
ion showed that this ion was much less soluble in 
AgCl, and remained atomically dispersed only in 
strain-free crystals: in a sense, one could form a 
supersaturated solid solution of cupric ions in 
carefully annealed crystals. Under these conditions, 
however, the optical data suggested that concentra- 
tions up to 100 p.p.m. could be incorporated. 

If cupric-ion-containing AgCl crystals were 
strained, the absorption characteristic of the cupric 
ion faded and was replaced by a different and less 
intense band. This band is attributed to cupric ions 
in some less disperse form, perhaps as colloidal- 
size particles of cupric chloride. Observations of 
the light scatter from such samples suggested this 
possibility. With copper present in either of the 
two cupric forms, the crystals exhibited no volume 
darkenability upon exposure, nor could the cupric 
absorption band be bleached optically. ‘The dark 
ionic conductivity in the cupric-ion-containing 
crystals was much higher than that measured for 
crystals with equivalent cuprous-ion content. This 
was most pronounced in the strain-free samples. 
For subsequent discussion, the states of copper in 
AgCl are designated as dissolved cuprous ion, dis- 
solved cupric ion, and precipitated cupric ion. ‘This 
latter state has been referred to as the “third state”’ 
in an earlier publication.) Optical, photochemical, 
and electrical measurements support this identifi- 
cation. Fig. 6 summarizes the absorption bands of 
copper, in all three states, in large AgCl crystals. 
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When AgCl crystals containing several parts per 
million of dissolved cupric ion were mildly strained, 
the transition to precipitated cupric ion took place 
in a matter of hours at room temperature. This 





10 


k cmz-! 


coefficient 


Absorption 











500 600 
Wovelength in my 

Fic. 6. Optical absorption coefficient (on a log scale) as a 
function of wavelength for copper ton in AgCl, at 25°C. 
Absorption coefficients are given for an impurity con- 
centration of 1 p.p.m. 1—Cuprous ion; 2—precipitated 
cupric ion; 3—dissolved cupric ion. The spectrum shown 
is for the impurity ion alone. Curve 4, for comparison, 
shows the absorption edge in a pure AgCl crystal. 
transition was not modified by simultaneous ex- 
posure; that is, this transition could not be optic- 
ally enhanced. However, it has been observed that 
the precipitated cupric ion can be redispersed by 
mild heating. This phenomenon is best illustrated 
by the curves of Fig. 7. Curve 1 represents the ab- 
sorption with copper present as cuprous ion. After 
annealing in a chlorine atmosphere, the absorption 


spectrum shown by curve 2 was measured. The an- 


nealed crystal was now strained (sufficient to cause 
several percent deformation) and after approxi- 
mately 15 hr curve 3 resulted. Now, with the cop- 
per supposedly present as precipitated cupric ion, 
the sample was heated at 200°C for about 1 hr in a 
nitrogen atmosphere. Curve 4, obtained after this 
treatment, shows almost complete restoration of 
the dissolved cupric-ion absorption. Prolonged 
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at 400°C in a nitrogen atmosphere led this section, experimental results are described 

) the same absorption spectrum as curve 1. which enable one to estimate this quantum effi- 
ciency of silver formation. 

(f) Quantum efficiency of photolytic darkening in Two experimental observations—the propor- 


sveF 


als with copper tionality between induced optical density and ab- 
darkening curves of the type sorbed quanta (see, for example, Fig. 4) and the 

, and 4 reveal an initial region of | proportionality between cuprous-ion concentra- 

tion and optical density at saturation (see ‘Table 





4)—suggest that cuprous ions are consumed in 
proportion to the number of absorbed quanta, and 
that saturation occurs when all of the cuprous ions 
have been consumed. The total number of quanta 
required to reach saturation (that is, to use up all of 
the cuprous ions) can be determined from quanti- 











Fic. 8. Print-out density, measured at 600 my, as a func- 


tion of exposure to 436-my light, of intensity 1:4 x10 








absorbed quanta/cm®*/sec in a AgCl Bridgman crystal, 
8:-5mm thick, containing 2:2 x10!° cuprous ions/cc. 


oe ; ae 
Measurement of darkening is made at 25°C 


tative measurements of the darkening as a function 
of the number of absorbed quanta in crystals con- 
taining small, but well-defined, cuprous-ion con- 
centrations. ‘The restriction to samples with low 
copper content is an experimental simplification: 
in samples that saturate at low levels of darkening, 
the attenuation of the exposing light by the photo- 


induced product can be neglected (see the \ppendix). 


lnumber Darkening curves for such samples have been meas- 


licitly assumed sured, and the result of one such measurement is 


\sity is a good relative measure shown in Fig. 8, and, on a linear plot, in Fig. 9. 


f silver formed. This assump- According to spectrochemical analysis, this sample 
1 by the fact thatthe shape contained 2:2 + 0-4x10!° cuprous ions per cm. 


is strongly supportec 


exposure-induced absorption band is ap- ‘The total number of absorbed quanta required to 


itely constant over a large range of photo- reach saturation was determined, from Fig. 9, and 
ee Sections 4(g) and 4(h)). found to be2-2 x 10!° quanta per cm?. It is estimated 


- initial linear region of the darken- that this number is accurate to about 10 per cent. 


curves corresponds to a range of exposure in ‘Thus, in the linear region of the darkening curve, 
hich silver is formed with constant efficiency. In _ the efficiency with which cuprous ions are used up ts, 
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within the limits of experimental error, equal to unity; 
and saturation of darkening occurs when one quantum 
has been absorbed for each cuprous ion present. The 
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) co 
436 Mu 

Fic. 9. Plot of the data shown. in Fig. 10, on a linear 
scale. ‘The same numerical values apply. The saturation 
of the volume photoproduct, taken to occur after 16-sec 
sure, corresponds to the absorption of 2:2 x10! 


quanta/cm?’. 


cuprous ions, whose presence allows the forma- 
tion of a stable volume photoproduct, are pre- 
sumed to act as traps for the holes formed by ab- 
sorbed quanta. Thus, each hole liberated by ab- 
sorbed photons is trapped by a cuprous ion, pro- 
ducing one cupric ion in some form. The corres- 
ponding electron formed by each absorbed photon 
presumably combines with a silver ion to form one 
silver atom. ‘The measured one-to-one correspond- 
ence between cuprous ions and absorbed quanta at 
saturation darkening, suggests that each absorbed 
quantum also leads to the formation of one silver 
atom; that is, within the limits of experimental 
error, the quantum efficiency of silver formation 
is one until nearly all of the possible photoproduct 
has been formed (see pertinent discussion in the 
Appendix). 

[t has already been noted in Table 4, and con- 
firmed in Fig. 8, that 5 x 1016 cuprous ions per cm? 
confer a total volume darkenability of optical 


density near one in a 1-cm-thick crystal. In accord 


with the conclusions reached in the preceding 
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paragraphs, this optical density is attributable to 
5x 1016 silver atoms per cm® and 5x 1016 cupric 
ions per cm3, The absorption strength of photo- 
chemically formed cupric ions is not really known. 
It is nevertheless of interest to observe that if the 
absorption of photochemically formed cupric ions 
is about the same as that of cupric ions formed by 
chlorine annealing, then about 80 per cent of the 
optical density measured at 600 my is attributable 


to photochemical silver. 


(g) Spectrum of the photoproduct in AgCl crystals 
Although measurements of the spectrum of the 
photoproduct at extremely low levels of darkening 
are difficult to make, several authors have reported 
such measurements.“%:16 The bands they ob- 
served had approximately the same shape as the 
more intense bands measured earlier by HILscu 
and Pou.) The lowest-level darkening spectra 
that have been reliably measured by us are shown 














10. Spectrum of the photoproduct at low leve 
AgCl 


is to 436-my 


Fic. 
formation in 
1-4 cm thick. Exposure 


Bridgman crystal, 
light. | After 


approximately 10!4 absorbed quanta/cm*; 2—after ap- 


nominally pure 


proximately 101? absorbed quanta/cm® (saturation). 


in Fig. 10, and agree in general shape with the 
measurements of these authors at somewhat higher 
levels of darkening. No indications have been 
found that the darkening spectrum at low levels 
is a narrow band. 
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A large number of measurements of the absorp- 
tion spectrum of the photoproduct have been 
made on AgCl crystals containing small deliberate 
additions of cuprous ions. The higher levels of 
darkening that can be produced in these crystals 
make measurements of the absorption simpler to 


ytain, and such spectra may be examined with the 
question of cupric-ion formation in mind. Fig. 11 
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Fic. 11. Print-out density as a function of wavelength for 
ncreasing exposures to 436-m yp light of incident intensity 
5 x10!° gq AgCl Bridgman crystal, 


\fter 


total; 


).m. cuprous ion. 1 
3—35-sec 
335-sec total; 7 


2435-sec total; 10 


shows the spectrum of the photoproduct in an an- 
ealed AgCl crystal containing 2-2 p.p.m. of cuprous 
on initially, at various stages of exposure to 436- 
ny light. Exposure beyond curve 9 of this figure 
lid not produce any significant additional volume 
darkening 
surfaces. The 


the additional observed 


the 


larkening: 


occurred on external broad 
maximum in the neighborhood of 560 my is gener- 


attributed to photolytically formed colloidal 


ilver. The shoulder observed at around 460 mp 
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may be related to the formation of cupric ions. As 
the total amount of photoproduct increases, the 
absorption band becomes somewhat flatter, devel- 
oping a slightly disproportionate amount of ab- 
sorption to the long-wavelength side of the maxi- 
mum. These features of the absorption spectrum 
have been found to be essentially the same in 
samples of different cuprous-ion concentrations, 
and in samples that have been mildly strained, 
although minor differences in detail have been ob- 
served which are not well understood. 

The absorption of the photoproduct has been 








20 


oton energy (eV) 


Fic. 12. Possible interpretation of the photolytic ab- 
sorption spectrum in AgCl—Cut Bridgman crystals. 
Optical density is plotted as a function of photon energy 
in electron volts. For each set of curves, number 1 is the 
total measured darkening, 2 is the calculated absorption 
of dissolved cupric ions, and 3 is the difference spectrum ; 
(a) is the analysis of curve 1 of Fig. 11; (b) is the analysis 
of curve 9 of Fig. 11. 
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assumed to be caused by the photolytically formed 
silver atoms and cupric ions. The optical absorp- 
tions of these photoproducts are not known 
separately. In particular, it is not known in what 
state of dispersity and possible association with 
lattice defects cupric ions are formed by exposure. 
If one assumes that, upon exposure, cupric ions 
are formed which have an optical absorption similar 
to that measured for precipitated cupric ions (see 
Fig. 6), one can resolve the spectra of Fig. 11 into 
two components—one due to precipitated cupric 
ions and one due to the photolytically formed 
silver. Since the absorption strength of precipitated 
cupric ions is weak compared to the total measured 
photoproduct absorption, the resultant calculated 
curve for the photolytic silver would differ but 
little from the measured absorption spectrum for 
the total photoproduct. On the other hand, one 
can assume that, upon exposure, cupric ions are 
formed which have an optical absorption similar to 
that measured for dissolved cupric ions, and see 
how the spectra of Fig. 11 resolve under this 
assumption. Such an analysis has been applied to 
the spectra of Fig. 11, and two cases are shown in 
Fig. 12. For each set of curves, number 1 is the 
total measured darkening, and number 2 is the 
calculated absorption of dissolved cupric ions 
(this is calculated from the data in Fig. 6, assuming 
that each absorbed quantum leads to the forma- 
tion of one silver atom and one cupric ion). Curve 
number 3 is the difference between 1 and 2, and, 
under the above assumption, is then attributable 
to the photolytically formed silver. 

The analysis just given proves that the assump- 
tion of the formation of cupric ions upon exposure, 
with an absorption characteristic of cupric ions 
formed by chlorine annealing, is compatible with 
the experimental facts. It obviously does not prove 
that such cupric ions are indeed formed by ex- 
posure of the crystal volume. On the basis of such 


optical studies alone, one can obviously not decide 


in what state of dispersity cupric ions are formed 
by exposure.* Work is at present underway to ob- 
tain a better-founded picture of the exact nature 
of the photolytic product in these crystals. 





* Paramagnetic-resonance studies of copper-doped 
AgCl crystals carried out by R. F. Tucker at the 
University of Illinois suggest that if cupric ions are 
formed by exposure, they occur in some aggregated form 
(private communication). 
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(h) Some considerations on the absorption of silver in 
AgCl 

Regardless of whether the details of the inter- 
pretation of the spectrum of the photoproduct are 
valid, it is evident that the photochemically formed 
silver has an absorption band whose broad maxi- 
mum occurs near 560 my and has a half-width of 
about 150-200 my. These general features of the 
absorption band of photolytic silver appear to be 
preserved over a large range of silver concentra- 
tions; the spectrum shown in Fig. 10, curve 1, re- 
sults from about 104 silver atoms per cm, while 
that of Fig. 12(b) results from about 10!” silver 
atoms per cm3. SE1Tz‘!4) several years ago suggested 
that there appear to be two broad ranges of darken- 
ing in the silver halides; in the early stages, the 
centers responsible for the darkening contain only 
a few atoms of silver, while in the later stages 
He 
further suggested that the early stages of darkening 
correspond to between 10!4 and 1016 centers per 


colloidal aggregates of silver are formed. 


cm3. If such a transition from atomically dispersed 
silver to colloidal aggregates occurs, it is appar- 
ently not accompanied by a marked change in the 
shape of the absorption spectrum. Many years ago 
Savost’YANOVA(®) reviewed some of the experi- 
mental information available on the absorption of 
silver metal in silver halide crystals, and compared 
it to the theory of Mir@*) for the optical absorption 
of spherical silver particles embedded in a dielec- 
tric. More recently, RonLorr®*) has published 
curves of the absorption of silver particles in AgCl, 
calculated from the Mir theory. Comparison of our 
experimental curves with these calculated curves 
suggests that our observed spectra could be inter- 
preted as a distribution of colloidal-size particles 
with a mean size in the neighborhood of 600 A. 
Quantitative comparison of the curves is com- 
patible with our previous assumption of the forma- 
tion of one silver atom by each absorbed quantum 
It is extremely unlikely that there are silver 
particles 600 A in size formed at the lowest darken- 
ing levels measured. A particle of this size contains 
of the order of 108 atoms. Thus, at darkening levels 
of 1014 silver atoms per cm®, the concentration of 
particles would be only 106 per cm’. This would 
imply that the particles are separated by distances 
of the order of 10- cm in the crystal, which seems 
rather improbable. BRowN and WatnFraN >) have 
published similar considerations on the nature of 
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photoproduct in AgCl crystals, and have 
similar conclusions. Recent unpublished 
by Dr BO! “6 


ype observed could be produced by random 


suggests that absorption bands 

yutions of particles of atomic dimensions 

heres but ellipsoids of varying 

ntal studies of the type car- 

may prove to be helpful in 

g between these various possibilitics 

(i) Optical bleaching of copper-containing AgC] 
crys tals 

Optical bleaching of photolytically dark 
AgCl crystals was observed many years ago b 
HitscH and Pout, and 


studies of this phenomenon have been reported by 


recent experime! tal 


BROWN and WaAINFAN.“16) Studies of optical 


hing in AgCl crystals containing small addi- 


1 1 .° 
iT Cuprous 10N Nave reve aled a behavior whicl 


ntial agreement with these reported ob- 








the photoproduct in a AgCl-—Cu 
. . 


the al ) 10n aiter 


exposure to 
wn by curve 1; af 
rve 2 results. The density difference 


lotted on 


ter a short exposure 


p an expanded 
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ymn! 


13(a) shows the result of an optical bleach- 
ing experiment on a copper-containing AgCl 


crystal. Curve | represents the absorption spectrum 
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of the photoproduct formed by exposure to 436- 
my light, the total exposure being sufficient for the 
saturation of volume darkening. The sample was 
then given an exposure to 546-my light, and the 
residual density is shown by curve 2. In Fig. 13(b), 
the density loss produced by the 546-my exposure 
is plotted on an enlarged scale. The fact that the 
density loss stays high on the short-wavelength side 
may possibly be associated with changes in the 
state of the cupric ion. Measurements of density 
dithrences near the optical absorption edge are 
lt to obtain. An estimate of the quantum 
ncy of bleaching has been made by measur- 


ing the loss in area of the photoproduct spectrum. 
Calculated in this manner, the quantum efficiency 
of bleaching is of the order of 1 per cent. This 
value, however, seems to depend on the total 
amount of photoproduct initially present. Striking 
evidence of such bleaching phenomena has been 
and 


% (28) 


obtained by use of a slit ultramicroscope, 
one result is shown in Fig. 14. 

Related to these observations of optical bleach- 
ing are some observations made on the decay of the 
dark and under long- 

The 


photoproduct 
formed in these crystals exhib some decay in 


+ 


photoproduct both in the 


wavelength illumination 


the dark, even at room temperature, This decay is 
slow in well-annealed crystals. Heating to 100°C 
or above greatly accelerates this regression, and, 
above 350°C, the photoproductis rapidly destroyed. 
Such losses in image, occurring in the dark and 
with the heating taking place in an inert atmo- 
sphere, may be re-formed by re-exposure of the 
crystal. This photoproduct regression must there- 
fore arise from recombination of thermally re- 
leased holes with electrons. An example of the dark 
decay in an unannealed sample is shown in Fig. 15, 


* The slit ultramicroscope, now rarely used, but very 
suitable in the present case, employs a slit and a micro- 
scope objective to form a narrow, well-collimated light 
bundle which is then passed through the crystal being 
studied. Observation of any scattered light is made by a 
microscope positioned at right angles to the light beam. 
Provision has been made for simultaneous observation 
and photography. The light beam incident on the crystal 
is itself effective in producing a photoproduct, and the 
light scattered from this product can be viewed while the 
photoproduct is being formed. Such an arrangement 
allows one to resolve, by their light scatter, particles 
much smaller than are ordinarily observable with a light 


microscope. 





Fic. 14. Photographs of the scattered light from the photoproduct in AgCIl—Cu* 
crystals, as viewed in the slit ultramicroscope. Upper photograph: after a long, 
high-intensity exposure to radiation from a carbon arc (wavelengths shorter than 
400 mu are excluded from the exposure by appropriate filters). Lower photo- 
graph: after exposure of the central third of the field to long-wavelength radiation 
(> 600 mp). Absolute exposure values are not available for these experiments. 
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the decay taking place at room temperature. Curve 
1 of this figure shows the optical density before 
exposure (uncorrected for scatter and reflection 
losses in the sample). Curve 2 is the absorption 
after prolonged exposure to 436-my light. This 
absorption band decays rather slowly, but, after 














Fic. 15. Optical density (uncorrected for reflection and 
\ 


losses) as a function of wavelength in a AgCl 


scatter 
crystal, under various conditions. Sample is 2: 
thick, and contains about 3 p.p.m. of cuprous ion 
Before exposure; 2—after exposure to 436-my light (2 

min, incident intensity about 3 x10! quanta/cm?/sec); 
300 hr atter 


exposure, as in 2. 


subseque nt 


3—after dark decay; 4 


several weeks in the dark, the absorption band is 
much less intense, as shown by curve 3 of this 
figure. The shape of the absorption band is ap- 
proximately preserved. As shown by curve 4, this 
density loss is nearly completely restored by re- 
exposure. ‘The situation is quite different if the 
decay does not occur in the dark, as is illustrated 
by Fig. 16. The same conditions apply here as in 
Fig. 15, except that the decay took place under 
low-level tungsten illumination. The curves show 
that the absorption spectrum after decay has been 
modified greatly both in intensity and in shape. In 
addition, re-exposure to 436-my light is now not 
effective in restoring the initial photoproduct ab- 
sorption. Obviously, effects other than simple 
recombination of electrons and holes are involved 
here: to some extent, a redistribution of the photo- 
product is involved. These results suggest that the 
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optical bleaching that occurs under these condi- 
tions has a different mechanism from that occur- 
ring when bleaching takes place by monochromatic 
exposure in a narrow region of the photoproduct 
band. Density loss occurring by this latter bleach- 
ing is known to be restorable by re-exposure.(® 


The decay observed in the sample of Fig. 15 is 














Fic. 16. Optical density (uncorrected for reflection < 
wavelength in a AgCl 
‘+5 mm 
{ 


3 p.p.m. of cuprous ion. 1 


scatter losses) as a function of 
; 
crystal, under various conditions. Sample 2 


thick, and contains about 
Before exposure; 
after 300 hr decay under | 


2—after exposure (same 
Fig. 15): 3 
subse quent re-exposure, as 


illumination; 4—afte1 


considerably larger than that occurring in well- 
annealed samples. In such samples, image loss may 
be of the order of only a few per cent in several 
weeks. These qualitative observations indicate 
that a more detailed study of the subject may be 


worthwhile. 


(j) Influence of exposing intensity and strain on photo- 
product formation in copper-containing AgCl crystals 

The experimental results reported so far on large 
single crystals have been obtained on samples with 
low copper concentrations (below 10 p.p.m.), an- 
nealed or only mildly strained, which have been ex- 
posed to monochromatic intensities of the order of 
1014 absorbed quanta/cm3/sec or higher. Under 
these restrictions, the efficiency of formation of the 
photoproduct and the absorption spectrum of the 
photoproduct have been, within the limits of 
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experimental error, independent of the particular 
sample being investigated. 

Exposure to lower intensities of actinic radia- 
tion, introduction of large amounts of strain, use of 
higher concentrations of impurity, and non- 
monochromatic exposures, all act to give results 
that are considerably more difficult to interpret. 
rherefore, little experimental work has been done 
under these conditions. Nevertheless, several 
qualitative observations on the influence of these 


factors have been made, and will be reported here. 











il density (uncorrected for reflection and 
a AgCl 


ystal, at two intensities of exposure. Both samples are 


a function of wavelength in 


and contain about 3 p.p.m. of cuprous ion. 


Cry 
2-3 mm thick, 
. 
1 


Samples before exposure (this initial absorption is 
essentially identical for the two samples); 2—sample A, 
after exposure for 30 min to 436-mzy light, intensity about 
2 x 104 absorbed quanta/cm*/sec; 3—sample B, after ex- 
posure for 20 hr to 436-my light, intensity about 5 x 10! 
absorbed quanta/cm?/sec; 4—sample B, after additional 
for 30 min to the higher-intensity, 436-m p light. 


exposure 


Fig. 17 illustrates the effect of a reduction in ex- 
posing intensity to a value well below 10! ab- 
sorbed quanta/cm?/sec. The absorption band pro- 
duced by exposure to 436-my light is shown for a 
2-3-mm-thick AgCl crystal containing, initially, 
approximately 3 p.p.m. of cuprous ion. Sample A 
(curve 2) was exposed for } hr to an intensity of 
about 2 x 1014 absorbed quanta/cm?/sec; sample B 
(curve 3) was exposed for 20 hr to an intensity of 


5 x 10!* absorbed quanta/cm*/sec. Curve 1 is the 
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and F, 


optical density before exposure, uncorrected for 
scatter and reflection losses, and was essentially 
identical for the two samples. It is seen that the 
photoproduct formed with low-intensity exposure 
has an absorption spectrum differing both in shape 
and in strength from that formed at the higher 
intensity. The quantum efficiency of silver forma- 
tion at these low values of exposing intensity has 
not been estimated. The differences in absorption 
arise, in part, from differences in the covering 
power of the photolytically formed silver, and are 














500 600 
Wavelength in mu 
Fic. 18. Optical density (uncorrected for reflection and 
scatter function of wavelength in AgCl 
crystals. Both samples are about 2:5 mm thick, and con- 


losses) as a 


tain about 4 p.p.m. of cuprous ion. In both cases, exposure 
is for 20 min to 436-my light, of incident intensity about 
3x10! quanta/cm*/sec. 1—Samples before exposure 
(this initial absorption is essentially identical for the two 
samples); 2—sample A, no deliberate strain, after ex- 
posure; 3—sample B, strained prior to exposure by 
application of a compressive force sufficient to deform the 


sample several per cent, after exposure. 


probably not solely due to a decrease in the quan- 
tum efficiency of silver formation. It is interesting 
to note that subsequent exposure of sample B to 
the higher intensity causes some increase in total 
photoproduct, but does not produce the absorp- 
tion spectrum characteristic of a single, high- 
intensity exposure. This is illustrated by curve 4 of 
Fig. 17. 

It has been noted (see Section 4(g)) that the ab- 
sorption spectrum of the photoproduct in these 
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crystals is not particularly dependent on strain. 
This conclusion was reached after numerous meas- 
urements of darkenability in well-annealed and 
mildly strained crystals. If, however, the crystal is 
severely strained (to the extent of several per cent 
deformation), the photoproduct formed by sub- 
sequent exposure is considerably modified. In Fig. 
18, the spectrum of the photoproduct in a relatively 
strain-free crystal is compared with that measured 
in a crystal that was deformed prior to exposure. 
The differences are apparent. Interpretation of 
these results must await further experimental in- 
vestigations under better-defined conditions. 
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APPENDIX 


\s discussed in detail in Section 4(f), the quantum 
efficiency of silver formation in the first ‘‘linear’’ region 
of the darkening curves is estimated to be one. There- 
fore, at least in the early stages of darkening, there is no 
effective competition for the photochemical darkening 
process which entails the trapping of both electrons and 
holes. As the saturation level is approached, however, 
some competing process, such as recombination of elec- 
trons and holes, must begin to be a factor. Such a com- 
peting process would make the volume darkening ap- 
proach saturation more gradually than the idealized curve 
described by Fig. 2. The rather good agreement between 
the constructed curve of Fig. 2 and the experimental 
curve of Fig. 1, and the sharp transition to saturation 
normally observed, show that the influence of the com- 
peting process or processes on the shape of the darkening 
curve is small until a large fraction of the possible volume 
photoproduct has been formed. 

Even if the effect of a competing process on the shape 
of the darkening curve as it approaches saturation is 
neglected, there are several other experimental factors 
which would tend to make the measured darkening 
curve differ in shape from the ideal linear curve described 
by Fig. 2. If the exposing intensity is considerably 
attenuated as it passes through the crystal thickness, 
deeper regions of the crystal will require longer times to 
saturate, since saturation occurs after the absorption of a 
certain number of quanta. Where the attenuation of the 
exposing light is greater than 10 per cent, this will pro- 
duce a ‘“‘rounding’’ in the experimental curve as the 
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saturation level of darkening is approached. With 436- 
mp exposing light in AgCl at room temperature, this 
effect is negligible. When the darkening in the volume 
proceeds to levels such that the photoproduct itself has 
appreciable absorption at the exposing wavelength, this 
also decreases the effective exposing intensity as the light 
penetrates the crystal depth. This filtering action of the 
photoproduct on the exposing light also tends to make 
the approach to saturation more gradual. One may also 
have to consider the further complication of selective 
bleaching caused by light absorbed in the photoproduct. 
The efficiency of the bleaching process, however, ap- 
pears to be small compared to the efficiency of silver 
formation (see Section 4(i)). In interpreting our data on 
the darkening of AgCl crystals, we have been interested 
primarily in the initial rate of darkening (efficiency) and 
in the saturation level of darkening in the crystal volume. 
No attempt has been made to account quantitatively for 
the shape of the darkening curve as saturation is ap- 


proached. 
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DISPERSION CORRECTIONS ON THE 
OF THE YTTRIUM-IRON GARNET 
STRUCTURE 


THE EFFECT OF 


REFINEMENT 


S. GELLER and M. A. GILLEO 
Bell Telephone Laboratories Inc., Murray Hill, New Jersey 


(Received 30 September 1958) 


Abstract—The refinement of the structure of yttrium—iron garnet has been recalculated with the 
inclusion of the previously neglected dispersion corrections on the atomic scattering factors of the 
metal atoms. No significant change is obtained in the positional parameters of the oxygen ions 
Changes occur in the temperature factors of the yttrium and oxygen ions: for Y**+ from 0:16 to 


0-40 A* and for O* 
served amplitudes on an absolute scale. 


THE results of the refinement of the crystal struc- 
ture of yttrium—iron garnet, Y3Fe2(FeO,4)3, were 
recently reported by the authors.“ In this analysis, 
CoK, appeared to be the optimum radiation to use 
to obtain the single-crystal data. CuK, radiation 
would not only be very highly absorbed (‘Table 1) 
by the crystal, but would also cause considerable 
fluorescence of iron. Unreasonably long exposures 
would be required to record the reflections needed 
for the refinement if MoK, radiation were used. 
The radiations CrK, and FeK, would not only 
reduce the number of data obtainable, but also 
would be more highly absorbed than CoK,, (Table 
1). However, in the original work, the dispersion 


Table 1. Linear absorption coefficients of 
Y3Fes(FeO,)s 


Radiation (cm?) 
951 
615 
481 
892 
190 


Cre. 
FeK, 
CoK, 
CuK, 
Mok, 


of the CoK, radiation by the metal atoms (it is 
negligible for oxygen) was neglected. Because the 
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from 2:05 to 1:19 A*. There is also a change in the factor required to put the ob- 


dispersion corrections appear to be significant, we 
have repeated the least-squares refinement with the 
same observed data, but have applied the real parts 
of the dispersion corrections to the atomic scatter- 
ing factors of yttrium and of iron. 

The dispersion corrections were computed in 
accordance with the procedure described by 
James) which was based on the work of HONL.®) 
Only dispersion by the K electrons was considered. 
Contributions from outer shells are probably 
small. The corrections applied to the atomic 
scattering factors of Y** and Fe®* were —1-3 and 
—3-7 electrons respectively. ‘These values are near 
those that would be obtained by the method of 
PARRATT and HempstTeEaD;“) the value for iron 
particularly is in agreement with experimental 
values. ©) 

In the more recent calculations, the latest values 
of scattering factors for Y?+ and Fe**, namely 
those of THomas and Umepa,) were used. The 
values for O2- were the same as those used in the 
previous work. 

The important result of this work is that no 
significant change is found in the oxygen co- 
ordinates, the previously neglected dispersion cor- 
rections being taken up in the scale and “‘tempera- 
ture” factors. 

The calculations were carried out as before on 
the IBM 704 computer by means of the program 
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Table 2. Results of last three least-squares iterations 


Temperature Scale 
Oxygen co-ordinates factors (A*) factor, K Iteration 


Y3+ Fe?+ 


0-0571 0:1494 . 0-41 0°65 
0-0572 0-1495 . 0-40 0-67 
0-0572 0-1495 . 0-40 0-66 


0-1492 2-05 0:16 0-63 


* Values obtained when dispersion corrections were neglected." 
NYXR2) devised by Dr. D. Sayre and the squares iterations were computed. The results of 


auxiliary program for Ia3d worked out by Miss _ the last three are listed in Table 2 
D. C. Leacus of these Laboratories. Seven least- Although no significant changes occurred in the 


Table 3. Observed and calculated amplitudes 


Obs al (hkl) Obs 


54 
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atomic co-ordinates, the “temperature”’ factors for 
O2- and Y*+ changed considerably. Because the 
metal atoms are in special positions which allow 
no degrees of freedom, it is to be expected that 
neglect of the dispersion corrections will not 
affect the oxygen co-ordinates to any significant 
extent. On the other hand, significant changes in 
temperature and scale factors must then occur. The 
sensitivity of these factors to the dispersion correc- 
tions is particularly noteworthy. 

The calculated and observed amplitudes of the 
reflections used in the analysis are given in Table 
3. These calculations are based on the parameters 
resulting from the last least-squares iteration, 
although differences among the last three would 
not be significant. Final discrepancy factors, 
(2 | lFol—IF,| | 2 1Fol), are 8-8 per cent when 
(hkl) amplitudes are weighted one-half and the un- 
observed reflections counted as one-half the mini- 
mum observable; and 7-9 per cent when the un- 
observed reflections are excluded. The discrepancy 
factor for the sixteen reflections resulting from con- 
tributions only from O2- atoms is 8-6 per cent. 

Some mention should be made of the imaginary 
parts of the dispersion correction. For iron, this 
part will not be large, perhaps about 0-5-1-0. For 


yttrium it is about 2-5-3-0. The imaginary dis- 
persion component will not affect most of the amp- 
litudes in Table 3 significantly. Furthermore, 
these have not been considered because, reportedly 


YTTRIUM-IRON GARNET 


STRUCTURE 


no computational program has yet been written 
which takes these easily into account. Neglecting 
these is unlikely to change the oxygen co-ordinates 
significantly, if the other more important correc- 
tions did not. Thus, it is probable that the scale 
and “‘temperature”’ factors would still be in some 
doubt. 

With regard to the actual values of the real parts 
of the corrections, these also, within limits, are not 
extremely important. Errors in these would both 
be in the same direction. Only eight times the 
difference of the scattering factors of Y8+ and Fe** 
comes into the calculations of the amplitudes Fpxy, 
when two of hf, Rk, / are odd and the third is 2n, n 
being odd. Therefore the difference between the 
two corrections is of main significance. However, 
errors in these values will also to some extent affect 
the scale and temperature factors. 
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Abstract—A formulation of FRENKEI 


ting orthonormal o lectron trial exciton functions from atomic functions is outlined, and 


ei 


ex¢ 


which includes atomic spin-orbit interaction 


s of the order S 


} ~le 
a cubic latt 


d sta I mselves or to corresponding states « 
yn model. With the omission of momentum-dependent terms, the formalism is ap- 


ns of first-order excitation 


1. INTRODUCTION 


; a 
S oO 


ec ular ana 


listributions are 

lattice sites In 

view the crystal 
7 

ir eiec- 


rbead atomic or m 


in approximation to the 


Ss that of an array of atoms o1 
nninite 


sites Irom 11 


icture has limited 
ited with reasonable success quantum- 

ally and forms the basis of the HEITLER 
LONDON) model. As a trial wave function for the 
inder consideration, one uses a normalized 
antisymmetrized product of atomic or molecular 
wave functions centered at points situated in an 
assumed nuclear configuration. The model is used 
chemistry as the LCAO (linear combination of 
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eral method of con- 
| 


whic h a pel 


cross-sections are 
and overlapping of 


A treatment of singlet and triplet states built 


ttice is given as an example which is intended to apply 


»f halide lattices on 


] 


energies in systems involving substitutional 


atomic orbitals) model, and its application in solid- 
state physics is not limited to ionic and moleculaz 
is useful in computing band structures 


the 


crystals; it 
in semiconductors and metals, particularly in 
case of narrow bands, which may be shown to be 
associated with small overlapping of valence elec- 
trons (see, for example, the book by Seirz,) Chap. 
VIII) 

First-order ground-state energies of the rare- 
ionic crystals have been 


LONDON model. The first 


' , ' 
gas solids and of several 
j 
A 


on the HEITLER 
application of the method to solids appears to be 
the work of Hy.ieraas® on LiH. In 1936 
LANDSHOFF(@) NaCl work was 


treatec 


| 


treated and his 


greatly extended and applied 
stals by L6wp1n.©) Recently HOwLAND®) has ex- 


tended LANDSHOFF’s and LOWDIN’s work, which 


to several ionic cry- 


was primarily concerned with cohesive energy and 
elastic constants, to include a first-order computa- 
tion of the KC] valence-band structure. 

It is possible to get physically reasonable results 
in a first-order absolute computation of binding 
energies in ionic crystals because of the large 
negative contribution of the essentially classical 
Madelung energy. Second-order energies, which 
are much more difficult to compute precisely, are 
included approximately by the addition of a van der 
Waals energy. Predicted ionic crystal binding 
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energies are in quite good agreement with experi- 
ment.:6) In molecular crystals the HEITLER 
LONDON scheme is also well justified for use in 
constructing zero-order ground-state functions be- 
cause of small overlapping of atomic and molecular 
ground-state charge distributions. However, the 
absence of a Madelung energy forces one to use 
second-order energies to account for cohesion, and 
excited states of the crystal are necessarily drawn 
into consideration. HEITLER-LONDON excited states 
in systems consisting of two atoms were first dis- 
cussed by EISENSCHITZ and Lonpon. An ex- 
haustive review of work on the solid rare gases, the 
simplest of molecular crystals, has recently been 
given by Dosss and Jones.) 

In addition to having an important perturbing 
effect on binding energies, the excited states of 
ionic and molecular crystals are of primary im- 
portance in connection with optical properties. In 
the following we shall be concerned principally 
with their role in the absorption of light. Further- 
more, we shall restrict our attention to states of the 
HEITLER-LONDON type and attempt to build a 
quantitative basis upon which to evaluate their 
validity and usefulness. The relationship between 
these states and states in the Bloch scheme is well 
known and will not be discussed here (see, for 
example, the discussion in Chap. XII of Sr1tTz’s 
book )). 

FRENKEL) first considered the excited states of 
a solid on the HEITLER-LONDON model. He showed 
that stationary states of excitation must be char- 
acterized by a wave vector k and that optical ex- 
citation of the crystal by light of wave vector x 
would send it, with highest probability, into a state 
of wave vector x. Finally, he showed that the eigen- 
values Ey of the stationary states form bands of 
energy levels, and attempted to show how a crystal, 
inastate ¥Y,, could make a non-radiative transition 
to the electronic ground state, the energy of ex- 
citation going into heat motion of the lattice. 
FRENKEL’s principal contribution, in these 1931 
papers, was the construction of proper excited- 
state HEITLER-LONDON functions for a crystal, 
since he subsequently revised his conception of the 


process of conversion of excitation energy into 
heat. In 1932 PererLs® published a different and 
considerably more detailed version of this con- 
version process, criticizing FRENKEL’s dynamical 
model of the excited crystal. In a rejoinder (1936) 
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FRENKEL") criticized a similar portion of PEIERLS’s 
work, but appears to have brought the original 
FRENKEL—PEIERLS treatment of the problem into 
its final form. The characterization of a state of 
excitation by a wave vector k, and thus the possi- 
bility of forming wave packets, led FRENKEL to 
coin the term “‘exciton’”’, thought of as the “‘particle”’ 
of excitation which moves freely from atom to 
atom throughout the excited crystal. An excellent 
qualitative review of the FRENKEL—PEIERLS theory, 
with applications to energy-transfer questions, is 
given by FRANCK and ‘TELLER. (2) 

When a crystal is in an exciton state, it is non- 
photoconducting, since the transfer of excitation 
does not imply a transfer of charge. In ‘act one may 
think of the FRENKEL exciton as an electron and 
hole moving simultaneously from atom to atom, 
a process which obviously involves no net current. 
The possibility of absorption to non-conducting 
states of NaCl was investigated experimentally by 
FERGUSON, 3) who found some absorbing regions 
with no observable photoconductivity or external 
photoelectric effect. 

SLATER and SHOCKLEY“) found a formal con- 
nection between Bloch and exciton 
functions, the latter generalized to include all 


functions 


possible positions of the excited electron relative 
to its associated hole. WANNIER®®) showed that 
when the electron and hole of an exciton do not 
remain at the same atom, they will behave much 
like a charged pair moving throughout the lattice, 
carrying no current, and forming a system whose 
energy levels are hydrogenic in nature. The 
WANNIER model of the exciton has been useful in 
explaining the structure of absorption bands in 
some divalent ionic crystals and semiconductors 
(such as BaO, CugO, and germanium(6 and 
its formalism has recently been extended to include 
the case of degenerate bands and the computation 


18)) 


of absorption coefficients.“9-2) There also exist 
many important treatments of the exciton which 
lie between the FRENKEL and WANNIER models in 
their detailed assumptions of the electronic struc- 
ture of the excited state.@2-26) We shall confine our 
attention, however, to the basic FRENKEL—PEIERLS 
model. 

The question of the possibility of energy transfer 
by excitons in ionic crystals was opened in 1950 by 
the work of ApKER and Tart, 7) who found photo- 
emission of electrons which apparently had not 
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received their energy directly from incident photons. 
At about the same time HELLER and Marcus(8) 
re-examined the FRENKEL—PEIERLS formalism and 
called attention to the fact, already noted by 
PEIERLS (reference (10), p. 918), that an important 
interaction which couples the localized excitation 
states and enables excitation to travel throughout 
a crystal is mathematically equivalent to the inter- 
action of two dipoles. Thus an appreciable coup- 
ling at large distances may occur, since such inter- 
actions fall off as r~?, even in the absence of over- 


lapping of the wave functions of the interacting 


— 


atoms. HELLER and Marcus estimated that dipole 


dipole interactions make an exciton in an alkali 


halide move through the crystal on the order of 
ten times as fast as do interactions which depend 
solely on overlap of wave functions. DEXTER and 
HELLER“ 
tum-mechanical treatment of the polarizability of 


made use of exciton states in a quan- 


an idealized crystal. Needing wave functions in first 
order of perturbation theory to compute the virtual 
they mixed 
HEITLER- 
LONDON ground state of the crystal and examined 


transition probabilities involved, 


double exciton states* into the usual 
the concept of the Lorentz effective field on a 
simplified model of the crystal. DExTER®® has used 
similar first-order wave functions in a treatment of 
integrated absorption cross-sections for exciton 
absorption bands. His results will be discussed in 
connection with the present work in Section 6. 

In view of the many applications just discussed, 
it seems desirable to learn more about the applic- 
ability of the HEITLER-LONDON model for excited 
states by applying it, in computations from funda- 
mental principles, to solids in which it is thought 
to be a good approximation. Previous treatments of 
the exciton which could, in principle, be used in 
predicting optical properties of the rare-gas solids 
on the basis of this model, have been either qualita- 
tive or over-simplified with regard to the problem 
of effecting detailed calculations. The formalism as 
it presently exists in the literature ®—!!-28-30) suffices 
only for one-electron valence shells, and so dis- 
regards the complication introduced by atomic 
spin-orbit coupling in systems in which excitation 


* A double exciton state is one in which two excitations 
travel throughout the crystal, each with its own propaga- 
tion vector. Double exciton states with propagation 
vectors (k,—k) have the translational symmetry of the 
ground state and may mix with it. 
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proceeds from ground-state closed-shell con- 
figurations. It does not include treatment of the 
general case of overlapping atomic functions, and 
touches only lightly on the detailed dependence of 
exciton energy on wave vector. None of these 
points may be neglected in a computation which is 
to be regarded as even remotely comparable with 
experimental data on a real crystal. However, they 
may be taken into account without spoiling the 
tight-binding character of the original model. 

In the present paper, the FRENKEL—PEIERLS— 
DrEXTER—HELLER formalism is extended to include 
atomic spin-orbit interactions and normalization 
of crystal wave functions in the presence of ap- 
preciable overlap of trial atomic functions on differ- 
ent atoms, all under the assumption of a rigid 
lattice. In Section 2, the model and Hamiltonian 
chosen to represent the crystal are described, and 
trial exciton functions are constructed in Section 
3. Necessary matrix elements are computed in 
Section 4, and band structures and effective masses 
are discussed in Section 5. Finally an expression 
for integrated absorption cross-sections is given in 
Section 6 and the entire formalism is summarized 
in Section 7. Certain computational details are re- 
and B. In a 
paper,’ the results of a calculation based on this 


served for Appendices A second 
formalism will be given. It has been applied to ex- 
citation energies, band structure, effective masses, 
and integrated absorption coefficients associated 
with exciton states arising in solid argon from states 
in the atomic 3p°4s configuration. 


2. MODEL AND HAMILTONIAN 


As a model on which to base our computations 
we choose a static bravais lattice of N identical 
neutral atoms of atomic number Z whose ground- 
state configurations consist of closed shells, and 
impose BORN~VON KARMAN boundary conditions 
on the solutions of the Schrédinger equation for 
the system (equivalently, N is considered infinite). 
The HEITLER-LONDON or tight-binding approxi- 
mation is assumed valid; that is, the wave functions 
which serve as trial solutions are taken as one- 
electron orthonormalized antisymmetrized pro- 
ducts of one-electron functions of free atoms. 
In particular, the excited states of the system 


+ Knox R. S., J. Phys. Chem. Solids 9, 265 
(1959). 
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involving bound excited atomic states are con- 
structed using linear combinations of states re- 
sulting from the excitation of one or more in- 
dividual atoms in the lattice. The form of these 
wave functions will be made explicit in Section 3. 

For convenience we shall adopt the following 
notation for electron co-ordinates: rather than run- 
ning serially from 1 to NZ, the subscripts on elec- 
tron position and spin co-ordinates will consist of a 
pair of indices J7, where J runs from 1 to N and 7 
from 1 to Z. Moreover, we adopt the convention 
that all summations over upper-case indices will 
run from 1 to N and all those over lower-case 
indices from 1 to Z. In this notation, the Hamil- 
tonian operator for a system of NZ (N times Z) 
electrons and N fixed nuclei of charge Ze may be 
written: 


th 4 
+ 9 > Swe Vir) x V1 
2m2c2 her 


(2.1) 


The five terms are, respectively, the kinetic energy 
of the electrons, the potential energy of the system 
of nuclei, the potential energy of the system of 
electrons, the potential energy of the electrons 
interacting with the nuclei, and finally the spin- 
orbit interactions!) of the electrons. In equation 
(2.1) the symbols e, A, c, and m have their usual 
meanings and V7; is the gradient operator of the 
co-odinate rzj. The notation Ji 4 J; means that 
every term for which both J = J and 7 = ; is ex- 
cluded from the summation over J and 1. The posi- 
tions of the nuclei are denoted by Ry. V(r7) is the 
potential due to all electrons and nuclei except 
electron Ji (twice the Ji term of the summations in 
the third and fourth parts of H). Sj; is the spin 


operator for electron J1. 
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The most important symmetry requirements im- 
posed on the solutions of the Schrédinger equation 
generated by H arise from the choice of the con- 
figuration of the nuclei. We will generally assume 
that the lattice sites fall into a cubic array and will 
indicate points at which our formalism would need 
modification if lattices of lower symmetries were 
to be considered. 

Nuclear kinetic energies are missing from H 
because the static model is being treated. In Sec- 
tion 6 the role of the solutions of the static problem 
in forming wave functions of an actual vibrating 
crystal will be discussed. 


3. TRIAL WAVE FUNCTIONS 

We wish to find the eigenvalues and eigen- 

functions of the Schrédinger equation. 
BT «: 


HY, (3.1) 


where H is given by equation (2.1). ‘The method 
to be used is straightforward and consists in find- 
ing the eigenvalues and eigenvectors of the matrix 
Hog = fug*Hugdz, where the functions ug form 
a complete set of suitable trial functions, chosen 
with the HEITLER-LONDON model and convenience 
of computation in mind. 


(a) Ground state (zero-order) 
An unnormalized HEITLER-LONDON zero-order 
ground-state crystal wave function may be written 


(3.2) 


xo(r, 6) = Sz | | | | bri(f ni, O14). 


I i 


Here x7 is the usual antisymmetrization opera- 
tor, defined as follows: 


ty =(M* > (-12,P,, (3.3) 


where P, is one of the M! permutations of M 
objects, (—1)”" is the parity of P,, and the sum 
runs over all M! permutations. Wz operates on 
the NZ electron co-ordinates in equation (3.2). The 
function dj; is taken to be one of the normalized 
one-electron functions of an atom in its ground 
state centered at nucleus J, and 7 stands for the set 
of central-field quantum numbers nlmms describ- 
ing this function. The vectors (r, 6) here stand for 
the entire set of electron space and spin co-ordinates 
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and will often be omitted. The products over J and 
trun from 1 to N and 1 to Z, respectively. In the 
of course, the numbers 1 through Z are 
to the Z sets of 


case, 


J , 
assigned 1n 


latte! 


some standard way 


central-field quantum numbers. 


In order to normalize yo, we adopt the well- 


known symmetrical orthogonalization technique 


f LOwnpin.©-3*) In computing || yo\°d7, the follow- 


r overlap integrals are encountered: 


ing 


Sri, J; | dri(r, o)*db7;(r, )dt7—8 j, 7;, (3.4) 


is unity if J = J andi but zero 


.* LOWDIN showed that an appropriate 
normalization constant is automatically introduced 


where i, Ji 
otherwise 
into xo if one replaces each function dj; by the 
following linear combination of functions: 
byj(t 


li, J o)+ 





iy —" 
/ Pe 
hoe he 

j k 2 


| KkSKk, ridsj(1, )— «.. « 
gL 


om 
; 


ui 


The conditions for convergence and divergence of 
this series are discussed in a review by L6wp1n;8 
we shall assume that it converges. Since one has 


merely taken linear combinations among the rows 


of the onary (3.2), the following function 
is asimple multiple of yo, and it is in fact normal- 





J 


i 


Detailed expressions for the first-order ground- 
State energy 

Eo 1 Wo* HY dz (3.7 
have been written in various forms. :32-34) We 


7 7 . ° 
shall return to Ep later in connection with matrix- 
element computations 

Throughout we shall us¢ dr to indicate integration 
ntire range of each space co-ordinate appearing 
when summation over 


dr will be 


under the integral sign; 


included, 


co-Ordinates is also to De 
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(b) Single exciton states 

We the of the HEITLER- 
LONDON model by constructing a state of localized 
excitation in _ any atom J of the crystal is in 





continue in spirit 


an excited state A normalized state is built in a 


form Se to that of the ground state; we 
write: 
Jy(A; rf, Go) 
A wabs(d; F171» 872) | | bn (17 077) 
I 
J 
(3.8) 
where 
Wa(A; ...) > | |: (ty7j, Oyj (3.9) 








3.10) 


bs) * | | erates Oj]i). 
i 
The LOwnpIn functions 9,7;* and 97,7) are de- 
fined exactly as in equation (3.5), with the excep- 
tion that wherever an atomic function ¢,; at site 
belonging to the atomic 


A is to be used. 


J appears, a function ¢,7;’ 
excited state The notation 9 ia) 


is used only for J ~ J. In forming the series analog- 


ous to (3.5), there will appear overlap integrals 
between ground- and excited-state functions, 


which will be written 





a 


| d7(1, )*b7;(1, a)dr 


. 


(A ¥ ground state.) 


Although we have built the state f;(A) from 
single determinants of one-electron functions, 1.e. 
zero-order atomic functions, ®®) it is feasible and 
desirable to use linear combinations of the zero- 
order functions which diagonalize all or part of the 
atomic Hamiltonian. Thus the localized excitation 
states actually used in a computation may be of the 
form 

D7() 


S (nf), (3.11) 
—— 


where the coefficients (4|A) are exactly those ob- 
tained from constructing linear combinations of 
zero-order determinants in the atomic problem. 
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The states y. and coefficients (|A) which are most 
convenient in treating p*s configurations in cubic 
solids are given in Appendix A. The simplicity 
of equation (3.11) is a result of the fact that all 
singly excited states of interest contain only one 
excited electron, all but two of the crystal electrons 
thus being necessarily paired in spins. The general 
extension of the atomic vector model to solids re- 
quires a more rigorous discussion. 4) 

For every p it is now possible to form N 
localized excitation states as J ranges over the 
crystal. Because of the translational symmetry of 
the lattice, these N states are degenerate at some 
energy Ey, and do not diagonalize H. A set of 
linear combinations of the ®7 which does remove 
the N-fold degeneracy is the set of single-exciton 


functions 


DPyp(e; 7, 0) = Cp(p) yi exp(tk: R7)®7(; 1, 6), 


7 (3.12) 


where Cx() is a normalization constant and k is a 
vector in the reciprocal lattice of the crystal whose 
N independent values range over the first Brillouin 
zone. One readily finds that the normalization con- 
stant must satisfy the relation 


N Cru ) 2 1+ 3 exp[?«:(Rx— Ryz)|O7K(p, p ), 


Kk #J 


(3.13) 


where O is an “excitation overlap” integral, 


Oxk(p, »’) D7(p)*® K(p')dr— 57 KS, x’ 


(3.14) 


and that two exciton functions ,(j) and D,(p’) 
are not necessarily orthogonal if the corresponding 
atomic functions are orthogonal. The dependence 
of the normalization constant on k and yp and the 
difficulty of non-orthogonality may be eliminated 
simultaneously by constructing, instead of (3.12), 
the following set of single-exciton functions: 


Y.(u; 7,6) = N- > exp(t«: Ry)Vy(1; 1, 6), 
J 


where ‘f’y(j) is a symmetrically-orthonormalized 


IN 
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linear combination of the ®7(): 


The summation on the index v runs over all 
localized excitation states which are taken to mix 
with ®7() in a given calculation. It will be shown 
later that Ox is small of order S?, which justifies 
the use of symmetrical orthogonalization. The 
function (3.15) is normalized and orthogonal to 
any other state Y,(v), v 4 p. 

By the use of LOWDIN’s symmetric orthogonal- 
ization procedure, we have been able to keep our 
exciton functions in the familiar form originally 
used by FRENKEL PerERLS. All the 
plications due to non-orthogonality are included in 
Y’7(); if the excitation overlap integrals O; x and 
all the simple overlap integrals S are set equal to 
zero, and if each atom in the crystal is assumed to 


and com- 


consist of an invariant core and one valence elec- 
tron, ‘’7(u) has the form assumed by earlier 
workers, 28-80) i.e, a single determinant of free- 
atomic functions with the /th atom in excited 
State pu. 

In Section 4 we will treat the case of excitons 
built from an atomic p*s configuration. We write 
zero-order functions f7(A) according to (3.8, 9, 
10), using a Cartesian form for atomic p functions, 
and then form the (3.11) 
using the set of coefficients (j.|A) given in Appendix 
A. The resulting twelve localized-excitation func- 
tions ®7(~) do not have the full rotational sym- 
metry properties of the initial atomic set because 
the lower symmetry of the crystal is imposed on 
them by the L6wpINn normalization process. In 
effect, this means that one cannot expect the set 
® (1) to be orthonormal with respect to jx, especi- 
ally if an arbitrary set of axes of quantization is 


linear combinations 


chosen for the atomic functions. This lack of ortho- 
gonality is measured by Ojy(, v), which is a small 
quantity, and the orthogonality of the set localized 
at J is restored by the term J = K in the symmetric 
orthogonalization (3.16). Hence we may 
arbitrary axes of quantization for the basic atomic 
functions and still rigorously maintain an ortho- 
gonalized set of trial (zero-order) exciton functions 
‘Ve(u)[equation (3.15)]. The axes of quantization 
which will be used here form the “‘k-frame (of 


use 
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reference)” and are illustrated in Fig. 1. The x 
direction, called “longitudinal,” always lies along 
k. The y and z directions, called “‘transverse,”’ are 
perpendicular to each other and to k and are fixed 
by the requirement that y is always to lie in the 
XeVe plane, where X¢, Ve, and z¢ refer to the three 
fourfold axes of a cubic crystal. 


w K a 
Z Y 4 
\Z= ’ 
J? 
X¢ 
Fic. 1. The connection between the crystal frame of 
reference and the k frame of reference Axes in the 
crvstal frame are labeled X-, Yc, and Ze and in the k 
frame X, Y, and Z. X lies along k, Y lies in the X- Y- 
plane, and Z is perpendicular to both in the direction 
shown. When @ 90° and o 0, the frames coincide 
(X X, &c.) 


The twelve states of the atomic p*s configuration 
fall into a set of 1P and 3P states in the LS coupling 
scheme. The three singlet states (J 1) will be 
called X, Y, and Z, since they transform like the 
components of a vector. The nine triplet states will 
be similarly named, viz. R( J = 0, transforms as a 
scalar); X’, Y’, and Z’ (J =1, vector); XY, YZ, 
ZX, 3X*-R?, Y*-Z2 (J = 2, irreducible tensor). 
and localized excitation states built 
from these atomic states will be written ‘,(X’), 


¥sx( YZ), &c 


Exciton 


(c) Higher excited states 

Translationally-invariant linear combinations of 
HEITLER-LONDON functions in which nm atoms 
are in excited states are called “‘n-fold”’ excitons. 
In the case of double excitons, one sets down all 
possible states of the form 


Ve, (ey #’) 


Cue(un’) > 


J 


> ex] [i(k Ry +k’: Ry) ¥os(up’), 
J 
¥ | 


(3.17) 
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where ‘’7,7’(u, »’) is the generalization, to the case 
of two excited atoms J and J’, of the single ex- 
citation state (3.8) or (3.11). If the ‘Wyy’ constitute 
an orthonormal set, the exact normalization con- 
stant in (3.17) is:(9) 


Crr( up’) [N(N—1)1 +828 ,.')] 


When , and p’ run over a set of m atomic states, 
there are m® possible double exciton states when 
RAR if R=R’, then Vee'(p, p’) = Ver(e's ») 
and there are only 4m(m+1)]|. Diagonalization of 
the crystal Hamiltonian matrix in double exciton 
states is obviously an enormous task in general, but 
it can be accomplished for very special cases. We 
will use double excitons only as perturbing states 
(Section 6) and will find such a diagonalization un- 
necessary. 

Although Bloch states in the crystals to which 
this formalism is intended to apply will in all prob- 
ability have energies which are approximately the 
same as those of some of the higher single exciton 
states, they will not be treated here. 


4. MATRIX ELEMENTS 


(a) General remarks 

The trial wave functions developed in Section 3 
fell into classes according to the number of 
localized excitations appearing in the determinants. 
In attempting to diagonalize H by finding proper 
linear combinations of these trial functions, per- 
turbation theory will be used between states of 
different multiplicity of excitation. Hence, to first 
order, the energy of the ground (0-fold exciton) 
state is given by equation (3.17). Several single 
exciton states of importance are nearly degenerate 
and strongly coupled in the systems to which the 
formalism applies. ‘Therefore exact 
diagonalization of parts of the single-exciton sub- 
matrix 


present 


(uwk\ H|y'k’) Vee )y*b PY p(m')dr (4.1) 
of the crystal Hamiltonian matrix must be con- 
sidered. 

Because of the translational symmetry of H and 
the form of our trial functions, we are assured that 
the matrix element (4.1) is diagonal in R, i.e. 


(uk| H\p'k’) (uRIA]p'R) dp, k’ (4.2) 
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We may therefore treat each submatrix corre- 
sponding to a particular k value separately and 
search for a set of functions Y;(«) which complete 
the diagonalization of H, i.e. those for which 


(4.3) 


| Y4(a)*HY p(a!)dr = 824 We( a). 


These functions are taken to be linear combina- 
tions of the single exciton functions (3.15): 
Yea) = > (ak|vk)¥a(1)- (4.4) 


Lh 


Coupling coefficients («k|uk) and eigenvalues 
W(x) are found by solving the standard secular 


equations 


S [(uklH|y’k)—Wilx)8,,,-aklp’k) = 0. (4.5) 
de M 


Mi 


In the present section the detailed form of the 
matrix elements (k|H|y’k) will be given, and in 
Section 5 solutions of (4.5) will be discussed. 

Using the functions (3.15), one finds that 
(uk|H|u’k) breaks up into a k-dependent and a 
k-independent part: 


(ck| Hp’) 


A77(p, pe )+ 2 ex] (ik: Rx7)H, K(p, ue’) 
K 
é J 


(4.6) 


where 


[Wy(u)*H¥(p'\dr. (4.7) 


Hyg, 1’) 


We have written Rxv Rx—R,, and J refers to 
an arbitrary lattice site. We will generally wish to 
refer energies to the first-order ground-state energy 
and drop the subscripts on H77(, «’); hence, we 
make the following definition: 


E\(, hn’) Aya(p, bh) — E08 1. . (4.8) 


The degree of difficulty experienced in computing 
H 7x(p, pw’) depends on the details of the Hamil- 
tonian, the multiplicity of the states » and p’, and 
the symmetry of the crystal under consideration. 
Since Hy7(, ’) involves excited atomic states at 
only single lattice site, it may be treated as though 
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the excited atom at J were a center of symmetry for 
the crystal, and BETHE’s work on splitting of atomic 
terms”) is applicable. However, the second term 


of (4.6), which we denote by 


Ex(u, w!) = > expt Rea)Hy (su), (49) 
K 
¥J 


may be simplified only by taking into account the 
behavior of » and p»’ under the operations of the 
group of k,‘8) which is generally a much smaller 
group than the full point-symmetry group of the 
crystal. 

The statements in the preceding paragraph are 
the most specific one may make with regard to the 
general problem of mixing of single exciton func- 
tions. To illustrate the detailed reduction of equa- 
tion (4.6) to expressions involving atomic wave 
functions, we treat the practical case of excitons 
built from an atomic ps configuration in a 
cubic crystal consisting of atoms normally having 
closed p® shells.@8) It will be explicitly assumed 
that the spin-orbit term of H[equation (2.1)] is 
‘“‘atomic”’ in nature, i.e. that the expectation value 
of VV x V contributes to (uk|H|y’k) only in the 
vicinity of the nucleus of excited atom /J. This 
assumption removes the necessity of considering 
spin-induced splitting by the crystal field, and is 
quite reasonable, since the atomic spin-orbit 
interaction is associated with the p® hole rather than 
the more spatially extended s electron. A numerical 
demonstration of the validity of this assumption in 
a rare gas has been given elsewhere (reference (38), 
pp. 40-41). [Its validity should be checked in any 
application to the excitation model in alkali 
halides®@*) or in any case in which the p function 
involved in the atomic spin-orbit interaction is not 
tightly bound to its lattice site.] We thus replace 
the last term of (2.1) by 


Hs Z D> fr Ln Si (4.10) 
I i 


where Lj; is the orbital angular momentum opera- 
tor Ar, X Vix and €,7 is defined by 
(2m2c2r 7) eV (r7)/er1, (4.11) 


€1(r) 


in which r7 |r—Rz|. 
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parameters diagonal with respect to 
localized excitation 


(b) 


Energ\ 


»’) connecting the twelve p°s 


states discussed in Section 3 and Appendix A is 


The matrix £)(,, p’) 


ve the following form: 


A: 
0 








The 


submatrices 0 symbolically denote appro- 
priate blocks of zeros, and the abbreviations 
“XR” =3X°—R2and “YY” = Y2—Z?2have been 
used in labeling the rows and columns of Ads. 
Finally the quantities appearing in the Aj; are 
lefined as follows: 


1E— [Y,(X)*(H—Hs)¥)(X)dr—Ep (4.16) 


(4(.X")*(H—Hs)¥ (X)dr—Ep (4.17) 


2 | W(X )*H W(X )dr (4.18) 


(4.19) 


M = —1/2 [ ¥y(X)*Hs¥(X")dr. 
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Although the non-zero matrix elements them- 
selves are considerably more complicated, E, is 
seen to have exactly the same form as the corre- 
sponding atomic p*®s matrix.) One expects, first 








(2E+2). 


of all, that the terms of different J values will not 
mix, regardless of the nature of the interactions in 
H as long as H has cubic symmetry.@” This ac- 
counts for the null submatrices in (4.12). One 
further expects the three states X, Y, Z to be 
degenerate and uncoupled from each other, since 
they transform as partners in an irreducible re- 
presentation of the point group of H. The same 
applies to X’, Y’, Z’; XY, YZ, ZX; and XR, YY. 
The fact that $£ appears in each of the triplet 
diagonal elements is a result of the assumption that 
H—Hg, involves no spin-dependent interactions. 
For example, in changing from the matrix element 
E\(Z’, Z’) to E\(X Y, XY), one simply reverses the 


spin of one of the p*s electrons of atom J with 
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respect to its orbital momentum. Aside from the 
sign of the atomic spin-orbit interaction, nothing 
changes because the electron “sees” a lattice of 
paired spins. Hence its electrostatic and exchange 
interactions are not altered, exactly as in the atomic 
case. For these reasons the J = 2 term does not 
split in this spin-independent cubic field. 

The quantities (4.16) through (4.19) have been 
computed in the S? approximation. This means 
that any quantity which involves more than two 
products of orthogonal or heterocentric wave 
functions is dropped. In the case of 1# and 3E, one 
first writes the total energy of the crystal in the 
form introduced by LOwp1n®) with the exception 
that the Z wave functions associated with atom / 
belong to appropriate zero-order excited states of 
the atom. Then the original expression for Zp is 
subtracted analytically from this “binding energy”, 
HyJ(A, A), of the excited state A. The result is: 


3k 6 at Ect Ext Et+ é T> (4.20a) 


where & 4 is the difference between the energies of 
the pure triplet and ground states of the free atom, 
“Coulomb’’, “exchange,” ““LOwDIN,”’ and 
terms are defined, respectively, as 


and the 
“‘three-center”’ 
follows: 


IN 
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In the preceding equations the limits on sum- 
mations are N and Z, according to the convention 
introduced in Section 2, and a bar over any symbol 
means that wave functions from the excited (trip- 
let) configuration are to be used when atom J is 
involved. Elsewhere, ground-state functions are 
used. The following additional abbreviations have 
been made: 


Cir) = > | | brit’, o’)|2e2|r’—r|-1 dr’ — 


l 


—Zy,e?|Rp— r| 1 


CL Moms B(p) : 


(Iifjl¢|KRL!) 


“nl \br(2)dr1d72. 


J br) 4.1(2)* 


(Suis)? | |b ni\(C+Cy)dr 


[ ld x|* aC IJ 74-C'y)dr]. 


4 


, me z be ((ifilel ili) —UiJilg| ili). 


> YD Gn. 


se tf Ff 


- 2,2, 2,8ms 


I[#J 7 


2Lifi|g| Lifi)—(S 1,7) |g 


(4.20b) 


(4.20c) 


IiJ})] 


b7;(2CM +C f+ C,) bn dr 


—S1i,35 | byj(2C+C y'+Cs)b 1 dr). 
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Thus C, is the classical Coulomb potential due to 
the entire . atom when its electrons are in states 
labeled ] = 1, 2,..., Z, and C!.™-...T 
combined potential due to all atoms in the lattice 
except L, M, ..., T. When the Ath electron is to be 
excluded from the sum in C,(r), we write C,*(r). 


is the 


Only one zero-order state need be used to com- 
pute °£, since the expectation value of H—H,g is 
the same in each triplet state. Thus, it is con- 
venient to use the zero-order state W7(2—0*). 
Since F is independent of k, the co-ordinate frame 
may be chosen so that the pz function involved 
lies along the z- axis. The summations over 7 in 
equations (4.20) thus run over the configuration 

np® in the case of ground-state atoms and 

1s? np°n's in excited atoms; the mp func- 
tions are upx+, npx—, npv+, npy—, and npz+ 
in the latter case. It may be shown®) that in the 
approximation, !F differs from ?F only in that 


ppropriate (singlet) radial wave functions are used 


in the computation and @ 4 is to be taken as the 
energy difference between the pure-singlet and 
ground-state energies of the free atom 

The derivation of equations (4.20) has been 
lescribed in greater detail elsewhere.) One point 


{the d . ‘ . 
7 the derivation 


should be emphasized: the atomic 


used in computations from equations 


Tunctions 
hes; 
—— — 
} 


H ARTREE 
If they are not, an exchange 


4.20) must be solutions of the atomic 
Fock equations 
correction 1s necessary.” 

Corresponding to 3E (or 1£) as defined by equa- 
tions (4.20) are the quantities £.y,,— £° in the work 
of HELLER and Marcus’) and W;—Wo in the 
work of Dexter.°) Expressions for these quanti- 
ties may be obtained from (4.20) by setting each 
S equal to zero and assuming that the remaining 
part of &,, is zero, since these authors considered 
only the purely exchange correction & x to the 
£4. We have included 


atom 


ic energy difference ¢ 


é ,, which arises from the term LOWDIN added to 


LANDSHOFF’s work; 4 7, aterm which consists of 


three-center interactions and formally similar two- 


interactions; and &,, which is primarily 


> reference (33), pp. 95-96. 
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Inp , Kk (Suny Z 


S. KNOX 


due to classical overlap effects. In a numerical 
computation to be described in a subsequent paper, 
it has been found that all of these additional terms 
are quite important, particularly &p. This inter- 
action is deceptively simple in appearance; it 
should be recalled that C/” involves all electrons on 
all atoms except J and J, and several hundred small 
interactions can combine to give a materially im- 
portant contribution to the excitation energy. In 
obtaining equation (4.20) we have neglected a term 
of the form 


— SD Osnu, w') | Cu)"HO Rw’) dr. (4.24) 
d 
K 


The evaluation of quantities of this sort is des- 
cribed in the next part and in Appendix B; it turns 
out that (4.24) is of the order S4 and is thus ex- 
cluded from consideration. 

The spin-orbit parameters A and ¢ are nearly 
identical to their atomic counterparts Ap and Cp, 8) 
and have the following value through terms of 
order S*: 


i+ 5 S(8 
K k 


~~ Cy Kk)" | (4.25a) 


Jnp 


(4.25b) 


S and S’ are to be evaluated with singlet and 
triplet radial functions, respectively. 

Since they are based on excitation at a single 
lattice site, the results of this part may be applied 
directly to a computation of first-order excitation 
energies of impurity atoms in a solid. Because of 
the possibility of strong mixing of these HEITLER 
LONDON states with the states of localized excita- 
tion of the host crystal, however, the usefulness of 
such a computation may be limited to the lowest 
excited states of substitutional impurities in the 
alkali halides and rare gases.) Furthermore, this 
formalism is not directly applicable to computa- 
tions of simple configurational co-ordinate (cc) 
curves, since energy differences have been treated. 
Many interactions which depend on the configura- 
tion of the nuclei and which thus help determine 
the curvature of a cc curve are independent of the 
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electronic state of the impurity atom and do not 
appear in equations (4.20). One must first restore 
these interactions if cc diagrams are to be com- 
puted on the present model. 


(c) Energy parameters off-diagonal with respect to 
excitation 

In computing the k-dependent part (4.9) of the 

single exciton matrix element, we shall make ex- 

plicit use of linear combinations of zero-order 

functions. We write, for example (cf. Appendix A), 


WY) > (HAP) 


A 


l 
[V(9-0-)—P7(yt 0") ]. 
7 : 
V+ 
Matrix elements between the twelve pure multiplet 
states are related to the twelve between zero-order 
states by 


Ay K(p, pb’) 7 3 (u|A)*(w'|A’)H (A, A’). (4.26) 


hast 


a 
In Appendix B the computation of Hzx(A, A’), 
which involves the single determinant states f7(A) 
and fx(A’), is described. The result, to order S?, 
and neglecting Hg, is 

Hy x(A, 0’) = Vr x(A, X’)-+ Wa x(A, W’), (4.278) 


where 


Vrx(A, 2’) 


IN 
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In these expressions the abbreviations and con- 
ventions used previously have been followed, ex- 
cept that a bar over a quantity now indicates that 
appropriate excited state functions both on atom 
J and on atom K are to be used. Also 


1 - - 
SyK(A, d’) = : 3 > (Syria)? +(S 7, Ky)P+ 
at Se 


+(S7i,7,)?+(5S 74, Ky’)? )- (4.27d) 


The quantity 6 is a correction term which accounts 
for the non-orthogonality of excited- and ground- 
state atomic functions of the same atomic quantum 
numbers and is defined and computed in Appendix 
A of reference (38); here, it represents contribu- 
tions of the terms J = J and J = K which are left 
out of the first summation of equation (4.27b). 
Finally, the use of A and A’ as quantum number 
designations in equation (4.27) must be explained. 
In deriving equations (4.27b, c), we have used the 
fact that an excited zero-order state of the atom 
contains only a single one-electron function, say 
¢y,, whose quantum numbers differ from any of 
those in the ground state. There are Z—1 functions 
¢s; which have quantum numbers corresponding 
to ground-state quantum numbers. For example, 
in neon ¢73 might stand for the function ¢,, 250. 


[1+234+ Srx(d, X’)|JAKN |g] JAKN) — 


> [8 risa DARN |g|TKN) +S 11, s4( ARN |g|iKN) + 


I#J,K 7% 


+ S14, KAKA’ JAlg| LA) +S 11, Ky(KN JAlg| LiJA) + 


+S 1i,3,S 11,3 (KN Tilg|KNL)+S 1, xyS 1,6) (JAli|g| Jal) — 


ae 
—. = b3 [Oy (A, X”(IN"KN |g IN"KN’) + 


“I#J,K Aa" 


40x10’, "\(D"JAlg| DA" PA)] 


W, K(A, \’) 


—(JAJA\g|. KX’ KX’) + 


+48, Kv | dsl Cr+CK* bKy dr+ 


+48), K} by(Cy>+CK*)bxy dr 
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(n 2, 1=0, m 0, ms +43). Then ¢73 
might stand for $I, 280+ which differs slightly 
from ¢,7, 2s0., but only in its radial factor. There 
is one member of the excited set, say dy, 3s0_, 
which cannot be paired in this way to a ground 
state function. The “‘hole’’, or ground-state func- 
tion left unpaired, might be ¢,, 2pz,. In equations 
(4.27), 
noted by dy, and ¢,, respectively, with a similar 


unpaired functions such as these are de- 


convention at atom K. 

H, has been neglected in the computation of 
H.7x(A, 4’) because this part of the matrix element 
essentially couples different atoms. The arguments 
presented earlier in connection with the localized 
nature of H, in the case of H,7(A, A’) may be used 
here, mutatis mutandis 

Next we carry out the spin summations in the 
integrals occurring in H(A, 4’). A computation 
of this type was done by Merrirre_p® on the 
simplest possible model, and we shall repeat his 
considerations in the present context. Suppose that 
on atom J, an mpx, electron of spin £, has jumped 
to an n’s state of spin é, and on atom K, an mpxy’ 
electron of spin £,’ has jumped to n's€,’. It is seen 
by inspection that each term of V7x(A, A’) is 
non-zero only if &) : + &) Ey’ (i.e. there 


is no change of spin during the “transition” of 
Likewise, W.7x(A, A’) is nonzero 


either electron) 
&,’. These conditions 


+ a 


may be expressed analytically as follows: 


only if &) &) 


Viana, A Vir w(x xy O(Eqs En)O(Exs €y-) (4-28) 


WyK(A, A’) W7 K(x) X,J8(E,, € )S(é , &) ) (4.29) 


Here delta functions have their usual meaning and 
V 7K (%,X)’) and Wy%(x,x,’) are given by equations 
(4.27b, c) with all spin functions and summations 
removed. The original zero-order spatial quantum 
numbers npx,, n’s are characterized by x, alone for 
simplicity. We shall generally write 2 2, Vo Bs 
the p-functions being referred to the k-frame of 
reference 

Equation (4.26) may now be applied in specific 
cases. If pe an are singlet states (Xz, Xp iz. 
Y, Z), we obtain [using equations (4.26), (4.27a), 
(4.28), (4.29), and the coupling coefficients of 


j 
ad p 


Appendix A] 
Hy x(X,, Xx; ) 2V aK XgX g)+ WI K(Xo% pg ). 


(4.30a) 
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Here Vyx and Wx are to be evaluated using 
radial functions belonging to the singlet term of the 
atom. If y’ is a triplet state, 


Ay x(X,, »’) = 9. (4.30b) 
Finally, if both » and yw’ are triplet states, we ob- 
tain 


Mirah we? b2 Cyd ppe')W' sy K(xpx9),  (4.30c) 


ALA 


where the ¢aa’(up’) are constant numerical coeffi- 
cients and the prime on Wx indicates that radial 
functions belonging to the triplet term of the atom 
are to be used. The complete 9x9 matrix (4.30c) 
has been given elsewhere, 8) but only the follow- 
ing elements are of immediate importance: 


Hyx(Z’, Z’)= Hyx(XY, XY) 


S[W'yx(xx)+ W's x(yy)] 


Hyx(X', Y’)= —4W'yx(xy) 


Hyx(Z', XY) =3[W'sx(xx)—W'sx(yy)]. (4.33) 
Eight other matrix elements similar to these may 
be obtained (to within irrelevant phase factors) by 
the simultaneous cyclic permutations (X’Y’Z’), 
(X YZ), and (xyz). 

The quantities Vy x(x,x)’) and Wy x(x,x)’) may 
be called ‘‘excitation transfer’ and ‘‘excitation ex- 
change” interactions respectively. They first ap- 
peared explicitly in the paper of HELLER and 
Marcus®8) who, however, assumed no explicit 
overlapping of wave functions. Only the first term 
of V (with 6= (0) and the first term of W are 
therefore found in their formalism. 

Equation (4.27b) contains terms which appear 
those which contain 
both 


to be of order S* and S4, 1.e. 
integrations over dyads, Or HKa’bKA’ OF 
However, for purposes of this computation these 
products are considered zeroth order in S, since 
they are involved in atomic transition moments, 
which we wish to correct to order S°. 

In practice, it is expedient to write V.7x in the 
following form, which is exactly equivalent to equa- 
tion (4.27b) after spin summations are completed: 
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e2 
ps%(11)—p K* (12) dry dro+ 
: re 


Vi K(x, xg) 


‘ e2 
+ | ps*(r1)—ApKA(re) dri dro+ — (4.34) 
: "2 
. e2 
+ | Aps*(ri)—px4(re) dry dro, 


Y12 
where 


ps*(T) hin px, (1) bsns(1) 
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: aa p{ l ‘(Ri k)—U,(Ry k)} 
+6, 2U,(Rsk) (4.40) 


Uy K(*,% 2) 


where a, and ag are the direction cosines of x, and x 

with respect to the vector Ry x, and U, and U, are inter- 
actions defined analytically in exactly the same way as 
Uy K(X_Xg) but with the following characteristics: in U, 
the vectors representing the p-functions lie parallel to 
each other and to the vector Rx, while in U, they are 
parallel to each other and perpendicular to Ry x. Because 
of these fixed orientations, U,; and U, depend only on 
the magnitude of Ryx. For its simplicity equation 
(4.40) depends on the vanishing of interactions such as 
the one in which one p-function is parallel to Ry x and 


] 
Aps*(r) +5 z [((S zi, 70 s)?+(S 1, an pax)? ps" )- 


a b 3 (Si, npratund b(t) +S 11, 310 sPinproll)d rif )- 


I4J 


— S17, npr ti, Jn's|\P (1)? ]— 


This formal step is useful in connection with the 
calculation of the k-dependence of the matrix ele- 
ments (4.9). We further simplify (4.34) by intro- 
ducing 


Py*(r) = ps%(r)+Aps(r). (4.37) 


Then 


| P.3*(1))—P K4(r2) dr dro— 


: r\2 


V7 K(%,%g) 


_ Apz*(r1)—Ap K4(re) dry dro. (4.38) 
. Y12 
(d) k-Dependence of the matrix elements 
When equations (4.30) are used in computing the k- 
dependent part of the energy from equation (4.9), lattice 
sums of the following form appear: 


z exp(tk: Rx) Us K(%4%,), (4.39) 
KuJ 


l ‘e(Xq% pg) 


where U is either an excitation transfer interaction V or 
an excitation exchange interaction W. If the two-center 
approximation is made'®) and the vectors representing 
the p-functions are always parallel (« = £) or perpen- 
dicular (« 4 ) to each other, the following relation 
holds : (38,39) 


I 
, = > Oy 1(ax’)p 1% (1). 
I4#J «@ 


the other perpendicular, and on the fact that U, is in- 
dependent of the polar orientation of the p-functions 
about Ryx. These conditions will obtain in the case of 
W sx because only two centers are involved [see equation 
(4.27c)]. However, since several centers are involved in 
V 7x, equation (4.40) is only approximate. It is, however, 
a good approximation, since the leading term of Vyx 
depends on only two centers. We chose to rewrite Vy x in 
the form (4.34) to make use of the fact that p and Ap 
constitute effective charge distributions whose moments 
are principally dipole. In fact p has nothing but a dipole 
moment, and when this dipole lies on one of the four- 
fold cubic axes, Ap is also a pure dipole distribution. 
When R, x is large, e?/r12 may be expanded in a multipole 
series and only the dipole-dipole interaction contributes 
to the result (HELLER and Marcus'®8)). In this case, the 
two-center approximation is manifested in the assump- 
tion that Ap is independent of the orientation of the 
central dipole, which certainly introduces no serious 
error. When Ryx is small, the multipole expansion 
breaks down, but a correction to the dipole-dipole inter- 
action which drops off sharply with distance may be 
computed or estimated and added to Wx, which also 
drops off rapidly with distance. At small values of Ry x 
the validity of the two-center approximation must be 
given separate consideration in each specific applicatiom 
of the formalism. In the following we shall treat Vax 
solely as a dipole-dipole interaction. 

When the multipole expansion just discussed is valid, 
the following expression may be derived from equations 
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, and related equations: 


S exp(ic-Rx)(M,M ,—Am,Am ,) x 
K #J 


x (6, pRKe°—3RxK Rx, Rx 3, (4.41) 
Here R, has been set equal to zero for simplicity, Rx, is 
the projection of Rx in the « direction, and M, and Am, 


: , 
re the magnitudes of the following vectors: 


M (4.42a) 


( rP7*(r) dr 


(4.42b) 


Am | rAp,7%(r) dr. 


Ss. 


KNOX 


D(X 4X g) = No 


> exp(ik- Rx)(8, Rx2— 


K #J 


—3 Rx, Rx a Rk 5 (4.43) 
where no is the number of lattice points per unit volume 
and the remaining notation is the same as that used in 
equation (4.41). HELLER and Marcus used a continuum 
approximation in evaluating (4.43), and the result of this 
device is shown as “‘C. A.’’ in Figs. 2-4. We shall use the 
exact lattice sums and will thus have 


no(M,M ,—Am,Am g)ZixX g)- 
(4.44) 


V(x 5% 2) 


The continuum approximation is not necessarily simpler 
than the exact lattice sums and may be relied on only for 





1d 4. Dipole-wave lattice sums for the (100), (110), and (111) directions in a face-centered cubic 


‘he abscissa 1! each case 1S qg 


(4, 2 w)kza, 


where ky is the component of k in the crystal x 


ind a is the nearest-neighbor distance. The ordinate is the pure number Y, defined by (4.43). The 


first Brillouin zone falls at q2 8 


possible 


( 
iputed for Wizz 


> were Con 


’ 


points computed from lattice sums given in 
in the (110) direction to check the interpolation. C. A. 


6, and 4 in the three respective directions. Circles 


reference (41). Lattice sums for an 


1 r continuum approximation (see text, Section 4 (d)) 


stands for 


13 retained on the magnitudes 


The subscripts % ana are 
f th although they are not direc- 


hese Quantities Decause, 


the atomic states involved might belong 
to this 


Oo 
tion-dependent 
iff configurations and 
Lattice sums useful in treating equa- 


rent some notation 


effect 1s necessary 


(4.41) in cubic crystals have been computed by 


tion 
and some useful curves computed 


COHEN and KEFFER 
their tables are shown in Figs. 2-4. We have 


plotted a quantity Y,(x,x,), defined by 


from 


0, not for curvatures of 


limiting values of V, near k 
energy bands.‘** 

Lattice sums involving Wy yx are considerably more 
simple than the dipole-dipole sums and may be found 
by direct calculation using equations (4.39) and (4.40), 
since it is reasonably certain that only a few shells of 
neighbors will contribute to the result. These sums have 
been given by SLaTER and Kosrter‘®’) for the various 
cubic crystals and by Mrasex'?*) for the hexagonal 
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close-packed structure. We have extended SLATER and 
KoOsTER’s results for the face-centered cubic crystal to 
enable summations to be carried out through fourth- 
nearest neighbors. The only equations necessary for such 
a summation are these: 


W(XeXe)1 


0 


IN 


2(cos € cosn+ cos cos €)[W,(a)+W,(a)]+4 cos» cos CW,(a) 
—2 sin € sinn[W,(a)— W,,(a)] 
2(cos 2n+ cos 26)Wx(V 2a)+2 cos 2€W,(V 2a) 
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consideration. More specialized results are found 
in equations (4.12) through (4.15) and (4.30a-c), 
in which the general energy parameters are applied 
to the case of p*s(1P, 3P) atomic states in a cubic 


(4.45a) 
(4.45b) 
(4.45c) 
(4.45d) 


4(cos € cos 2n cos ¢+ cos € cosy cos 2¢)[W,(V 3a) +5W,(V 3a)]+ 


+2 cos 2é cos 7 ces ([2W,(V 3a)+ Wa(V 3a)] 


3We(XeVe)3 


x [W,(V 3a)— W,(V 3a)]. 


Here W,(xc,%cg); is the contribution to W,(xcy%cg) from 
the ith shell of neighbors, a is the nearest-neighbor 
distance, & k,a//2, 7 kya/v2, and ¢ kza/+/ 2. 
We have given lattice sums only through third neighbors 
and only for vectors lying along the crystal x-¢ and ye 
directions for the following reasons: (a) By replacing a 
with 2a and €, 9, and ¢ with 2 €, 2n, and 2¢ in W,,(xcyXcg)1, 
one obtains W,(XcyXcg)s. (6) The lattice sums for Veve, 
Vee, Fe%c, and ZeXe may be obtained by making the 
simultaneous cyclic permutations (X¢Vc%c) and (€ 7 ¢). 
(c) Lattice sums involving p-functions referred to the k 
frame of reference may be obtained by making the 
unitary transformation 


ReUelXexXep)Re!, — (4.46a) 


l k(X,X g) 
where 
sing sin@ cos @ 


cos @ sin @ 


—sing cos @ 0 


Re 


sin @ 


(4.46b) 


—cosgcos# —sing cosé 


is the transformation which relates the co-ordinates of the 
k frame to those of the xcVc2%c frame of reference. Here @ 
and are the spherical angles of k measured with re- 
spect to xc (see Fig. 1). 


(e) Summary 

The general results of this section are embodied 
in equations (4.2), (4.6), (4.26), and (4.27a-d). 
These equations are valid expressions for matrix 
elements of the crystal Hamiltonian in a single 
exciton representation independently of the crystal 
structure and excited atomic configuration under 


(4.45e) 


— 16(cos 2¢ sin € sinn— sin 2n sin € sin €— sin 2¢ sin y sin Z) x 


(4.45f) 


lattice with localized spin-orbit interactions. In a 
more complicated crystal some of the degeneracy 
in the matrix E, equations (4.12) will be lifted, and 
in a more complicated configuration, equations 
(4.30) and those in Appendix A must be broadened 
to include each multiplet. Lattice sums necessary 
to determine the detailed k-dependence of exciton 
energies in a face-centered cubic lattice have been 


given [equations (4.44, 4.45)]. Finally, it has been 
noted that the k-independent part of the formalism 
is applicable to computations of first-order excita- 
tion energies associated with impurity centers. 


5. EIGENVALUES AND EIGENFUNCTIONS 

It will be seen in Section 6 that on the present 
model the only exciton states which may be reached 
with high probability by optical excitation from the 
ground state are those which are mixed with singlet 
Y and Z states and for which the usual photon 
exciton momentum conservation is observed. We 
would like to examine the entire k-dependence of 
states into which Y and Z are mixed, however, 
since these bands are of interest in connection with 
exciton—phonon interactions. It is also of interest 
to know the curvature of the bands nears k = 0, so 
that effective masses may be assigned to the ex- 
citons. Since the 12x12 p®s matrix presented in 
Section 4 does not break up into smaller sub- 
matrices for a general point in k space, we treat 
two special situations: first, k lying along directions 
of high crystal symmetry, and second, k lying in a 
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general direction but with a very small magnitude. 
The former case provides only a qualitative picture 
of the general band structure, but is quantitatively 
exact as far as the special directions chosen are 
concerned. The latter case is of interest because it 
involves states in the region of direct photon 

exciton momentum conservation and affords a 
quantitative picture of the exciton effective masses 


in this region 


(a) Special directions of k 

We consider k lying in the (100), (110), and (111) 
directions. We will not study degeneracies associ- 
ated with special points at the edges of the first 
Brillouin zone; hence the group of each of these k 
vectors will generally be the smallest possible 
associated with the direction of k being considered. 
Since all of the results which follow may be ob- 
tained by direct computation of the lattice sums in 
Section 4, their group-theoretical justification, 


given elsewhere,“@®) will not be repeated in its 


entirety. Furthermore, we treat here only those 


WAI) | 
WAIT) ) 


+4V{A—-1+[ELY, 


W,{ 111) 3E—430+E,(Y', Y’). 


states which are mixed appreciably with the 
optically-interesting singlet states 

In the (100) and (111) directions, Y and Z are 
degenerate and uncoupled both from each other 
which transforms according to a 
different irreducible representation. Among the 
triplet states, Z’ and XY mix, as do Y’ and ZX 
These states are uncoupled from all other triplet 
states. The crystal field does not mix the singlet 
and triplet states, but the atomic spin-orbit inter- 
action does. Hence a 3X3 submatrix coupling Y 


to only two other states results: 


and from X, 


y 
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A corresponding matrix connecting Z, Z’, and Fe 4g 
may be written. Its elements and eigenvalues are 
numerically equal to those of (5.1) for the direc- 
tions under consideration. Although (5.1) must be 
diagonalized exactly for a general magnitude of k, 
it is instructive to analyze it by perturbation 
theory. According to equations (4.9), (4.33), and 
(4.39), we have 


EY’, ZX) =4[Wi(22)—W(xx)] (5.2) 


E,(ZX, ZX). (5.3) 


EY’, Y’) 


The energy difference between the trial states 
and ZX is thus given by ¢. By applying equations 
(4.45) to equation (5.2), it may be verified that 
E,{ Y’ZX) is small of order (ka)? near k = 0, so 


perturbation theory is applicable in at least this 


region. The coupling of Y and Y’ is strong at any 
value of k, so we first diagonalize the upper left 
2x 2 submatrix of (5.1). The resulting first-order 
eigenvalues are therefore 


3E+4A+H43E(Y, Y)+E(Y’, Y’)] 


Here A = 1E—2E. Two limiting cases are instruc- 
tive. When ¢ approaches zero, the perturbation 
process is not valid but the singlet state, Y, is de- 
coupled from the degenerate triplet states and has 
the energy 


IE+E,(Y, Y) 


(5.5) 


1B +2V (vv) + Wey). 


If (5.5) is evaluated with all explicit overlap of 
atomic functions neglected, this is the HELLER- 
Marcus result except for a factor of 2 multiplying 
the excitation-transfer interaction, which appears 
here because of our use of a true singlet state. On 


ZX 


—AL/4/2 0 


SE+3(+E,(Y', Y’) 
E,( ZX, Y’) 


E,(Y’, ZX) 
3E—14+-E,(ZX, ZX) 
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the other hand, if the lattice spacing is allowed to 
become infinite, the k-dependent quantities vanish 
and the parameters °F, A, ¢, and A take on their 
atomic values EP), Ap, fC,» and A,, respectively. 
Thus the atomic excitation energies“) result: 


E@P)+4Apt+hlptv GA,— 


E@P)—Lp. 


The extent of mixing of the pure singlet exciton 
state Y into the three states I, II, and III near 
k = 0 is given by the following set of coupling 
coefficients: 


(Ik| YR) 
(I1k| Yk) 


(IIIk| Yk) = E,( Y’, ZX)Cf, 


where fg is a complicated function of the order of 
unity irrelevant to the discussion and G, is de- 
fined by 


(5.7c) 


(5.8) 


V(2)AG n= Set V 22+ 22L2, 


where 
ge —A—K+[EMY, Y)—Ex(¥’, Y’)) 


Since E,( Y’, ZX){—1 is very small near k = 0, the 
state labeled III is of little optical interest itself. 
However, its effect on the widths of bands I and II 
may not necessarily be neglected, since E,( Y’, ZX) 
may be fairly large for large values of k. 

The bands for k lying in the (110) direction are 
analytically very similar to those of the (100) and 
(111) directions, with one important difference. 
Whereas the states (Y, Z; Y’, Z’; ZX, XY) were 
pairwise degenerate in the latter two directions, 
the degeneracy is lifted in the (110) direction. This 
may be seen qualitatively by noting that here 
a Y function cannot be rotated into a Z function 
by an operation of the group of the crystal, 
since the (110) direction is an axis of twofold 
rotational symmetry. However, Y and Z transform 
according to different irreducible representations 


(5.9) 
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of the group of k and thus represent uncoupled 
states. All of the discussion related to the diagonal- 
ization of equation (5.1) is applicable to the 
matrices in the (110) case, since the differences 


between the (Y, Y’, ZX) and (Z, Z’, XY) solutions 


(5.6a, b) 


(5.6c) 


manifest themselves only in the detailed form of 
the lattice sums F,(, ’). In the dipole-wave sums, 
Vy, a glance at Figs. 2, 3, and 4 will strikingly con- 
vince one of the splitting of transverse states in the 
(110) direction. This splitting also appears in the 
excitation exchange lattice sums. In this connec- 
tion, and to illustrate the use of equations (4.45) 
and (4.46), we record the three principal lattice 
sums involved in the (110) direction (first-neighbor 
contributions only): 


2(1+3 cos$ka)W,(a)+ 
+2(cos4ka+ cos ka)W,(a) 


Wa10(xx)) = 
(5.10a) 


2 costkalW,(a)+3W,(a)|+ 
+2[W,(a)+coskaW,(a)|  (5.10b) 


Wiaolvy) 


4 costka[W,(a)+ W,(a)]+ 
(5.10c) 


W110)(22)1 
+4 cos? skaW,,(a) 


Note that these three sums are equal at k = 0. 


(b) General directions of k with k small 

We have seen that the ZX state is effectively de- 
coupled from the Y and Y’ states in the special 
symmetry directions when ka is small, unless ¢ is 
also small, in which case the many triplet states are 
of little concern to us. The argument which led to 
this conclusion may be extended to the case of 
general directions of k at small values of ka, and 
the six exciton states built from atomic J = 0, 2 
terms similarly may be disregarded. Thus the 
following 6X6 matrix J remains to be diagonal- 
ized (a diagonal matrix 3Z5,,,,’ has been subtracted): 
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x” 
r—A+E,(X, X) —AC/1/2 


—Mix/2  W+EAX', X’) 





Let us examine the k-dependent parts of this 
values of k. Two 
quantities are W)(x-.%3). 
The former was shown to be proportional to a pure 
number “%(x2%g) [see equation (4.44)], for which 


COHEN and KEFFER™!) have obtained the following 


of small 
Vi(x%2%3) and 


matrix in the limit 


involved, 


expression in the limit of small ka: 


4c 
P id XexXe p) = — | —+Byk?a®) )8, ,—Cokk ga” 


(5.12) 


+ Dyk ,7a"b, gt+4rk,k pk. 


Here x¢, and X¢g are referred to the crystal frame, 
as are the components of k; a 
and D,, are numer- 


IC EFFER’S 


is the nearest- 
neighbor distance, and By, Cy, 
COHEN 

B+ 4 


yrrxx—Yarzyy- Values of the «, 8, and y 


ical coefficients related to and 


parameters as follows: 2B, abies aloe o., 
and 2D, 
are given in reference (41) for cubic lattices. When 
PilXex, Xeg) is transformed to the k frame of re- 
ference, the three terms in (5.12) which transform 
as a simple Cartesian tensor are brought to diagonal 


form at once. The result is 


Re e(XeXe 2)Re! 
[ O7r 
— —(By+Cy)k2a? 


5 
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—X V+ 
M+ EZ’, 2’) 





(5.11) 


where G is the matrix 


k,? 
k-2R,| 0 
0 


a purely geometric quantity with cubic symmetry. 
Three elements of G which are of interest are 


sin? @ sin? 20 


Gyy = , 
Gzz 1 sir.2 26(1+sin4o+cos*¢) 
Gyz =} sin@ sin 26 sin 49. 
The expansions (5.12, 13) are valid for 0 < ka < 1. 
The first row and column of (5.13) correspond to 
the X direction in the k frame, and thus represent 
the longitudinal state. 


The excitation lattice sums (4.45) behave much 
like (5.12) and (5.13) near ka 0. One obtains 


+ D,Gk?2a? 


tz 
— — B,k?a? 
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W 0 i (By + Cw)k?a? 


0 Wo— Byk?a? 0 


0 


where G is defined by equation (5.14). In a face- 
centered cubic lattice, 
4W,(a)+8W,(a)-+2W,(/2a)+ 
+4W,,(4/2a)+8W,(4/3a)+16W,(4/3a)+ ... , 
(5.17a) 


Wo 


2By — W,(a)+3W,(a)+4W,(4/2a)+ 
+ 6W,,(4/3a)+18W,(/3a)+ ... 


(5.17b) 





2C wv 


2[W,(a)—W,(a)]+ 
+16[W,(4/3a)—W,(4/3a)]+ ..., 


2D» = W,(a)—W,,(a)—4[W,,(4/2a)— W,(4/2a)]+ 


+10[W,(4/3a)— W,,(4/3a)]+ ... « 
(5.174) 


Returning to the matrix (5.11), let us suppose 
that a unitary transformation L has been made 
which diagonalizes the three 2x2 submatrices 
lying on the diagonal of J. In the matrix J’ 
LjL-!, all the zeroes appearing in J will be 
filled in with linear combinations of matrix ele- 
ments F,,(X,, X,) and E,(X,’, Xg’)(« ~ 8), all of 
which are of order (ka)?. Because of the longi- 
tudinal-transverse splitting in V,, which appears 


near k = 0 as a difference of 47 in the quantity 
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0 0 
+ DyGk?a 
0 Wo— B,,k?2a? 


Dy [see Figs. 2-4 and equation (5.13)], the mixed 
longitudinal states (X, X’) will generally be suffi- 
ciently removed in energy from any of the other 
four (transverse) states that they can be treated as 
decoupled. An extremely improbable accidental 
degeneracy is needed to prevent this. We thus re- 
strict our attention to the lower right 4x4 sub- 
matrix of J, which we call j and will write as 


follows: 
j jot jol9, 0)k2a2, (5.18a) 


where 





and jo(9, 9) isa complicated 4x 4 matrix involving 
the quantities Gy ,, Gzz, and Gy, [equations 
(5.15)]. In equation (5.18b), Q is twice the 
coefficient of Z, in equation (4.44) and Wo is 
computed from equation (5.17a) with (when un- 
primed) singlet or (when primed) triplet wave 
functions. The salient points of the diagonaliza- 
tion of (5.18a) are as follows: a simple unitary 
transformation v is made which diagonalizes jo, 
changing j to some new matrix j- Then, since 
the diagonal elements of jo’ are still degenerate in 
pairs, a final unitary transformation v’ is made 
which diagonalizes the two 2x2 submatrices of 
jo +je’k?a* coupling these pairs. In the final 


matrix j’’, non-zero elements appear only in posi- 
tions such that a relatively large, and again assumed 
not accidentally zero, energy difference exists 
between the diagonal elements they couple, and 
they are therefore neglected. The details and re- 
sults of this process are given in a slightly different 
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notation on pp. 82-91 of reference (38). The eigen- 
values have the following form: 


1W+a(é, o)k2a*+b(6, 0)k?a" (5.19) 


3W+c(0, o)k2a*+d(6, o)k2a?, (5.20) 


in which 


Dar 


3Fh+4+$A+1)0— —O+3(Wo+ Wo ) 


5 


| [SA— BE O44 Wo— Wo’) P+ bee, 


= 


5.21) 
and a, b, c, and d are functions of 6 and 9 with cubic 
symmetry. The quantities 1'W and ?W may be 
recognized as the eigenvalues of the 2x2 sub- 
matrices of jo, with 3E added in, and the splitting 
of the transverse components represented by +6 
and +d is the result of the final unitary transforma- 
tion Vv’. Superscripts on the eigenvalues W are not 
to 
they denote the character of the states involved as 


intended be “good” quantum designations; 


4 goes to zero. 

When 2 
terest and the diagonalization of (uk|H\|y'k) at 
The 3x3 singlet 


0, only the singlet states are of in- 


small k is considerably simpler 
submatrix in this case (except for a constant matrix 


A—(47/3)0+ W) is 


X 
Xp 4rO—(B+C)k?a" 
yY Q) 
Z 0 


and D 
negligibly 


where B 
OD,+ Dy. 


coupled to the transverse states which mix with 


OBy,+By, C = QCr+Cu, 
The longitudinal state is 
each other whenever Gy-z is non-zero [see equa- 
tions (5 15)] The eigenvalues of the transverse 


matrix are 


4 
1E— —O0+ Wo—3(B+D)g*(6, o)k?a?+ ... , (5.23) 
3 
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where 

Gyy+Gzz+[(Gyy—Gzz)*?+2Gyz" 
(5.24) 


g*(9, 9) 


The kk component of the reciprocal effective mass 
tensor is therefore generally different in the two 
transverse states and is given by 


[((m*) 1) 4. = h-202W/ ek? 


—(a/h)?(B+ D)g+(6, ¢). (5.25) 


In a simple symmetry direction such as (100), 
where g+ 1, an exciton effective mass equal to 
one electron mass is obtained when B+D has the 
value —7-62a~* eV, where a is the face-centered 
cubic nearest-neighbor distance in Anstrém units. 


(c) Discussion 

This section has been devoted entirely to the 
particular problem of p*s excitons in cubic crystals, 
but it may serve as an indication of the type of cal- 
culation to be expected in more complicated cases. 
The mixing of excitons of different polarization has 
generally been overlocked in previous treatments. 
Even in a cubic crystal, the two transverse states 
are usually non-degenerate, and longitudinal states 
may mix freely with transverse states (except when 
k lies along a symmetry direction). This mixing 
is not appreciable when k is small, because of the 
splitting due to the excitation transfer (dipole 
dipole) interaction. 


y 


+ DGk2a?, 
— Bk2a2 


6. INTEGRATED ABSORPTION CROSS-SECTIONS 

A group of exciton states of an idealized crystal 
has been studied in a static approximation in 
which atomic motion due to thermal energy has 
been neglected. The stationary states of a real 
crystal at any temperature depend on nuclear co- 
ordinates as well as electronic co-ordinates, the 
former most easily represented by a phonon field. 
The principal effect of the addition of nuclear 
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motion to the exciton problem is generally ex- 
pected to be the same as that encountered in most 
problems of optical absorption, i.e. broadening of 
supposedly sharp lines which arise from transitions 
between states of the static system. In order to ob- 
tain detailed predictions of line shape and tem- 
perature dependence of the width of “exciton 
lines”, one must quantitatively solve the problem 
of mixing the exciton and phonon continua. 
PEIERLS® outlined a method for doing this which 
does not appear to have been exploited, and the 
basic line-broadening problem has until re- 
cently44) been at a qualitative stage. However, it is 
possible to compute the zeroth moment (integrated 
spectrum) of absorption lines associated with 
transitions from the ground electronic state of the 
crystal to an excited electronic state. 

In computing the integrated absorption coefh- 
cient we follow the treatment by DEXTER, which 
is based on the semiclassical theory of radiation. 
His work follows the general lines taken by 
FRENKEL and PEIERLS (reviewed by SEITZ, reference 
(2), pp. 647 ff.), but differs in the important respect 
that wave functions in first order of perturbation 
by the crystal field are used. This refinement is 


wiW pf 4ar2e2h2 


J() 


n(w)cm? Wy 


necessary for a consistent formulation of the inte- 
grated absorption coefficient if first-order energies 
are also used. Our starting point is the well-known 
expression* for the probability per unit time w, 
that a system of electrons will make a transition 
from a state uj; to a state uy under the influence of 
an electromagnetic field of polarization direction p, 
wave vector x, angular frequency w, and complex 
amplitude &o(w): 


2rre7h 


m2Wri 
j 


In equation (6.1), fdr refers to all electron— 
co-ordinate summations and integrations, {dx to 


* See Seitz, reference (2) §§ 42-44, 148; Scuirr, 
reference (31), Chap. X; and references (29) and (30). 


IN 


p: [ [ us* > exp(i% + 1;)V ju drdx\°3(Wai—hw). 


) 


[ Eo(w)]?| p: ( ( ur* pS exp(ix : ri )V iui drdx|?6( Wi—hw). 
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those of nuclear co-ordinates, and W, = W; — 
— Wi, the difference in the energies of states f and 
?. The absorption cross-section is defined as the 
amount of energy absorbed per unit time divided 
by the incident flux. If the system is in a state u, 
before absorption, then the amount of energy lost 
from the field per unit time because of a transition 
of the system to a state uy is simply w,W,. The 
incident flux at any point in the medium is given 
by 


J(w) = n(w)cl Eo(w) |?/27, (6.2) 
where n(w) is the real part of the refractive index 
and ¢ is the velocity of light. J(w) is equal to the 
energy density multiplied by the energy velocity; 
although these two quantities may be defined in- 
dependently and so computed, an explicit atomic 
model must be assumed. Their product is inde- 
pendent of the model and is given, classically, by 
equation (6.2). A dielectric constant need not enter 
our discussion.‘4°) We do not use an “effective 
field ratio” in equation (6.2) because the use of 
first-order crystal wave functions automatically in- 
cludes it.(9 30) Hence our final expression for the 


absorption cross-section due to transitions 7 — fis: 


(6.3) 


The approximation we make regarding the specific 
form of the functions u; is that they are of the 
BORN-—OPPENHEIMER type, 

(6.4) 


uj(r, 6, ¥) = Ya,(r, @, *)Xav(*), 


where Yq, is a function only of the set of electron 
co-ordinates (r, 6) which depends parametrically on 


(6.1) 


x. Xa,», is a function only of the set of nuclear co- 
ordinates * and depends on aj, the electronic 
quantum numbers characterizing Y, and vj, a set 
of vibrational quantum numbers. If equation (6.4) 
is substituted into (6.3), there results: 
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ow) 


ch2n(w) - 


where 


eh? . 


| Yat, o, x)* > exp(7* : r;)p . V ivalt, o, x) dr. 


Ma p, x) 


mW, - 


It has been shown by Pererts“® and by Lax) 
that for any complete set of vibrational states 
Xar(*), the integrated “spectrum” is independent 
of the specific form of the Xqa,(*) as long as the 
Mp, The 


assumption that the latter is the case is known as 


quantity x) is independent of x. 
the Condon approximation.‘#®) We should like to 
stress that the “‘spectrum”’ referred to is actually 
[ch?n(w)/4n°W,|o,(w), and to obtain the inte- 


grated absorption cross-section 


< 


ae . 


o.(w) dhw (6.7) 


one must make simplifying assumptions about the 
dependence of W, and n(w) on w. If the absorption 
is confined to a fairly small region about the differ- 
E;—E;, and 


n(w) remains close to its value at this energy, we 


ence in electronic energies E, 


obtain (30.46 


x 422k; 


— 


Val p)|*. (6.8) 
hicn( £4) 

We now wish to evaluate /,( p, *) using equa- 
tion (6.6), noting that in the Condon approxima- 
tion, which has been made in obtaining equation 
(6.8), no x-dependence is considered. We take for 
the set of electronic states Y' the set which has just 
been computed (Sections 2-5) for the crystal in the 
As an initial state, we choose a state 


Static Case 


[Ex(,p’)|(W,+W,)] Ver, 1’). 


which may be represented, in zeroth order, by a 
ground-state function (3.6), which we write Y;). 


\s a final state we take any single exciton state of 


S. KNOX 


| Xay(*)*My(p, *)Xa,»,(%) dx|28(Wi—hw), 


the form 


r= > (flu) ¥en). (6.9) 


fd 


It is possible to restrict the mixing of functions in 
equation (6.9) to single exciton states without loss 
of accuracy, because only triple excitons mix with 
single excitons under the crystal perturbation; 
it can be shown by simple extension of the 
analysis which follows that correction terms due to 
triple excitons contain products of two very small 
coupling constants. The coupling parameters 
(f|~) in equation (6.9) may result from exact 
diagonalization of submatrices (as we have done in 
Section 5) or from the effect of perturbation by 
other states on those states considered in Sections 
4 and 5. Hence, to all practical purposes equation 
(6.9) is a correct expression for the final state func- 
tion )'¢ to first order in crystal perturbation. How- 
ever, it is necessary to obtain a first-order expres- 
sion for Y;. It is readily found that Y; mixes with 
Ye, ke’ (up’)[see equation 


every double exciton 


(3.17)] through the following matrix element: 


(i|H| RR’ py’) — | Y*HVge( up’) dr 


(6.10) 


Sp, enue, 1’). 


E(u, »’) is defined in equation (4.9). We are thus 
enabled to write a first-order expression for Yj: 


(6.11) 


Here W,,+W,, is the zeroth-order energy differ- 
ence between the state Y',,_x’(, »’) and the ground 
state. It is now possible to compute My; with 
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first-order wave functions. Using equations (6.10) and (6.11) in (6.9), we obtain: 


Ma = VN8q,x >. (fle XW [E*)P +» V2M, (1+ > 


ft 


Here M, is the dipole matrix element defined by 
equation (4.42a), W,, is the zeroth-order energy of 
the state p relative to the ground state, and primes 
on the summations indicate restriction of the sums 
to 1P states. Spin-selection rules restrict pp to 1P 
states, and thus, according to equations (4.30), y’ 
needs only run over !P states. M, is seen to be 
essentially a sum of components of electric dipole 
moments along the direction of polarization of the 
incident light wave, corrected by several factors. 
First of all, M, is an atomic dipole moment cor- 
rected to the order S? in overlap. The appearance 
of a dipole moment in equation (6.12) is a result of 
the use of the general theorem (SeE11Tz,) p. 249) re- 
lating the Y operator to the r operator. Next, a 
momentum selection rule appears in (6.12), the 
factor 6,» allowing transitions only to final states 
whose exciton wave vector is equal to the wave 
vector of the incident field. Thirdly, the appear- 
ance of W,/E, is a result of using the VY >r 
theorem on localized excitation functions during 
the derivation of equation (6.15) and is analogous 
to the quantity €;/[Wi(k)— Wo] appearing in equa- 
tion (28) of reference (30). Finally, the factor in 


parentheses in equation (6.12) would be unity if 


zeroth-order ground-state wave functions were 
used in the computation. The second term in this 
factor arises from virtual transitions between the 
states Vp, 2(ym’) and Y,(u); the transition mo- 
ment involved is exactly the same as that between 
Y; and VY p(y’). 

To complete the comparison of equation (6.12) 
with (28) of reference (30), we note that the correc- 
tion term just discussed corresponds to the 


4a . . 
- ——e ps rj-(ej €1) (ej +e7) 


Be | 


quantity 


j 
which contains the HELLER-Marcus Vz computed 
near k = 0 on the continuum model; Ws, is in- 
cluded in L. Finally the term 


ti ; " 
; noe? p2 rj"€;/ Lee; —«1) 


j# 


E,(p, pw’) 
e( Hy H') (6.12) 


W,+W,' 


would arise, in our computation, if we were to in- 
clude terms in 3) which lie outside the p®s con- 
figuration. ” 

Restricting » and ,’ to the !P state within a 
single p®s configuration, we may now obtain the 
contribution from any state f to the total absorption 
cross-section by substituting equation (6.12) in 


(6.8): 
> 872(e2/hc)N[ Ep nL‘) \(W,, ER)? x 
x {(f|u)2|p-M,|2|1+ (E(u, »’)/2W, ])2. 
(6.13) 


It is understood that fis a state for which the con- 
dition of photon—exciton momentum conservation, 
explicit in equation (6.12), is satisfied. 

Probably the most serious approximation made 
in deriving equation (6.13) is that of keeping a 
constant during integration over energy. DEXTER 
has argued®®) that the severity of the approxima- 
tion may be lessened by cancellation effects on 
either side of the absorption peak, but even if the 
approximation is valid, the value of n(F,) is not 
easy to compute. Other more general limitations 
and with equation 
(6.13) are the following: 


approximations connected 


(1) The states of the vibrating crystal are taken 
to be of the BoRN-OPPENHEIMER type, and the 
CONDON approximation is assumed valid. 

(2) It is assumed that the states of a large system 
of atoms can be used to compute the absorption of 
a small slab of an actual crystal, so that an inte- 
grated absorption coefficient « computed from 
equation (6.16) has its usual meaning in a differ- 
—aldx. 

(3) Semiclassical radiation theory is used, Le. 
ordinary time-dependent perturbation theory is 
assumed valid for the description of transitions 
between the states of the crystal. 


ential absorption equation d/ 


Item (1) is probably a good approximation; in an 
exciton state it is probably even possible to make 
the harmonic approximation, 1.e. retain the vibra- 
tional frequencies of the ground state, since little 
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lattice distortion has chance to take place with the 
excitation at a completely indefinite position.@)) 
The assumption (2) is necessitated by the fact that 
the intensity of light over the whole system was 
assumed constant in computing the matrix element 
of the electromagnetic perturbation. For an ab- 
sorption coefficient of 106 cm—!, the intensity will 
drop to 1/e after the incident wave has traversed a 
path length of 100 A. Although a sufficiently large 
number of atoms is involved to validate the use of 
exciton states, surface effects may render this a 
serious approximation.4” Also involved in this 
assumption is the question of coherence of the 
light beam and exciton packets in the region of 
strong absorption. Pekar‘48) has recently treated 
this problem and finds that a non-local relation 
exists between the electric vector of the perturbing 
field and the polarization vector of the crystal. 
Maxwell equations for the solid considerably more 


i 


complicated than the usual phenomenological 


equations obtain in this case. Our neglect of this 
effect justifies a view that absorption coefficients 
computed from equation (6.13) may be only 
rough estimates. Point (3) is reasonable, since it is 


successful in the case of large lattice constant 

(atomic absorption) and leads to physically reason- 

able results in the case of the solid. Relevant to this 

point are two recent discussions of the problem of 
(49) 


perturbations on large quantum systems 


7. DISCUSSION 
We hi presented a generalization of the 
FRENKEI 
formalism of the static approximation into as much 


ive 


exciton theory which takes the basic 


detail as one will generally need in a practical ap- 
plication. Spin-orbit and electrostatic crystal inter- 
been treated, using LOWDIN ortho- 


actions have 


gonalization methods and the overlap series 1s 
terminated at Se 
vergence ol the overlap series may be answered 


order The question of con- 
only upon actual computation of overlap integrals 
in each specific case, but regardless of the con- 


vergence of the method, the expressions given here 


represent the practical limit of calculation on the 


HEITLER—LONDON model. The inclusion of terms 
of order S? alone adds copiously to the formalism 
of earlier workers, who neglected all explicit over- 
lapping of heterocentric wave functions 

With practically no modification, the formulas 
for the k-independent part of the exciton energy 
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may be used to obtain first-order excitation 
energies of low-lying HEITLER-LONDON states of 
crystals containing impurity atoms. 

The principal problem not yet treated quantita- 
tively on the basic FRENKEL—PEIERLS model is that 
of line shapes and widths, which involves the diffi- 
cult formal problem of mixing of exciton and 
phonon continua. Recent work by Toyozawa(44) 
and Hoprietp®) may provide a basis on which 


this gap can be filled. 
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APPENDIX A 


The zero-order wave functions used by CONDON and 


SHORTLEY for p°s configurations will be rewritten 
using the Cartesian form of atomic p-functions (charac- 
terized by x, y, and z rather than m 1, 0, and —1). 


The relationship between the two forms is given by: 
‘i(—1 0=)—(1+0 )] 


'f(—1+0*)+(1+0*)] (A.1) 


(0=0=) 


sing equations (A.1) in conjunction with formula 689 
of reference (35) and transforming the _ resulting 
SLMsM; the SLJM scheme by the 
Clebsch-Gordan series, we express the set of functions 
(25+1. ;™) in terms of the zero-order Cartesian set defined 
in (A.1) and finally take the following set of linear com- 
these SLJM functions 


Tunctions to 


binations of 


Singlet (J 
(AP2)—GAP1)] 
HOP 2)+0P,-1)] 

(1P)°) 
Triplet (J = 0) 
(3Po°) = 6-*[(x-0*) —(x*0-)—1(y-0*) — 


—1(y*0-)—(2707)—(2-0-)] 


(R) 


Triplet (J 
2-4[(3P})—(3P))] 
i [(2*0-)+(2 


(X’) 
0*)+2(y70*)+7(y-0-)] 
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2-[°Pr!)+ Pr) 
A[(x+0*)+(x-0-)—(z*0-) + (2-0*)] 
(8P,9) = M(x0-)+ 
+(x-0*)+i(y*0-)—i(y-04)] 
Triplet (J = 2) 
— Y2) = 2-4[(3P,2)+(8P2-2)] 
4[(x*+0-)—(x-0*)—2(yt0-)—2(y-0"*)] 
(XY) = 2-4[(8P2?2)—(8P2-?)] 


1( Y’) 


(Z’) 


D7 RK, pe’ 
OsK(#, b’) 7 


4[a(x*0-)+2(x-0*)+(y*0-)—(y-0*)] 
(YZ) = 2-*[(8P2!)+(FP2“1)] 
$[(2*0-)+(2-0+)—i(y404)—i(y-0-))] 
(ZX) = 2-4*[(8Po1)—(8Po7!)] 
bfi(xt0+)+1(x-0-)+2(2*0-)—i(2-0*)] 
(3Z2— R?) = (8 P29) = (12)-3[(x-0*)—(xt0-) — 
—i(yt0~-)—i(y-0*+)+2(2+0*)+ 2(2-0-)]. 


When the x-axis rather than the z-axis is preferred in a 
calculation, the following linear combinations of the first 
and last J = 2 functions are convenient: 

/3 
(Y2—Z?) (3Z2—R?) 


Li(y+0-)+1(y-0*)—(2+0*)—(2-0-)] 
V3 
= (X?— ¥?)—4(32?— R?) 


(12)-#[2(x*0-)—2(x-0*)—i(yt0-) — 
—1i(y-0*)—(2*0+)—(2-0-)]. 


The coefficients of the zero-order functions on the 
right are the (| A) used in the text. The Cartesian super- 
script notation on the left indicates the way in which each 
function transforms under spatial rotations. In the case 
of triplet functions these transformation properties are 
not readily apparent upon inspection of the linear com- 
binations on the right because the transformation pro- 
perties of the spin functions are not made explicit by the 
notation. The Clebsch—Gordan series reduces the 12 
zero-order Cartesian functions in (A.1) to a tensor 
(J = 2 states), axial vector (triplet J = 1 states), scalar 
(J = 0 state) and polar vector (singlet J 1 states). The 
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fact that the space parts of X’, Y’, and Z’ transform as an 
axial vector is worth emphasizing; this has been done by 


adding primes. 


APPENDIX B 


Quantities of the general form 
OrK(H, p’) = | Fo(u)*O¥ K(p’) dr 


have been called ‘off-diagonal in localized excitation’’ 
They may be written in terms of non-orthogonal local- 
ized excitation functions using equation (3.16). The re- 
sult (to first order of excitation overlap) is 


(B.1) 


1 
OY E(u, p')— -- 5 > [Osx(h, v)QLK(y, H')+OYX(u, v)OrK(yp’)], 
L py 


where the Q,x are defined by equation (3.14) and 


7 


OY K(u, p’) [ D7()*O®D x(p’) dr, = (B.3) 


which may in turn be written as a linear combination of 
matrix elements between zero-order states f(A): 


OK (y, p’)= > z (HIA)*(H'A)grK(A, A’) 
ss 
\ A 


where 


(B.4) 


grK(A, r’) = | fx(A)*OFK(’) de. (B.5) 


Since fy and fx are single determinants, LOWDIN’s 
formulas for transition matrix elements‘) are applicable. 
For brevity we use in the following the terminology and 
notation associated with equation (49) of reference (51), 
which we denote by (L49). Our sets u and v are the sets 
’ oo", oes 


or ’ PIA ) ? T2(TA)y +++ 


OKI", DK, 5 PINK)» PIAKA» «+= + 
[see the discussion associated with equations (3.9) and 
(3.10)].. While these sets internally consist of ortho- 
normal functions, a member of the first set is not usually 
orthogonal to a member of the second. When OQ 1, we 
are computing the determinant Duy. The most efficient 
way to do this is to arrange it so that the first two rows 
are associated with 9,7)4 and 9x)‘(7,) and the first two 
columns with 9 7)(xK,’) and 9x,’ (see the discussion of 
Section 4(c) with regard to using A and A’ as quantum 
number designations). By using the Jacobi identity (see 
reference (32), equation 103, or reference (38), equation 
143) on the first two rows and columns, and neglecting 
all terms of order higher than 2 in overlap, one obtains 


(for Duy) 
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O7K(A, Xd’) —S7,, Kx, Kj" 


Here ground-state functions are used on both atoms in 
functions on both 


have (after spin 


K and excited-state atoms 1n 
K) \s an example, 


summations) 


Ss 
S 


we might 


Oj K(xx) = —Syepz, K2pxSJ4s, Ks: 


equation (1.49) is again employed, 
Jacobi identity a careful 
The zero-order atomic Schr6- 
equation is to kinetic-energy 
terms, and when all contributions to equations (B.2) are 

An interesting part of 


H 
repeate d use 
order-S 


Hs, 
of the 
terms. 


When @) 
with 


search for 


and 


dinger used eliminate 


equations (4.27) result. 


ition (unexpected but not surprising) is that in 
JK 


ncluded, 
the deriv: 
order S? one of the terms contributed by Q/*(y, py’) is 


Ov kp, pw’ [RE \+SF%n')], 


) is the total energy of the crystal to zero order 
This 


exactly can- 


where FE" 


in overlap when one atom is 1n an excited state wp. 


divergent quantity is, however, 
two terms in the bracket of equation (B.2); 
bracket, the term L K, 


the term L am ph. 


apparently 
) the first half of the 
1 in the second half, 
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EXCITON STATES IN CRYSTALLINE ARGON*+ 
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Abstract—The formalism of the preceding paper is applied numerically to exciton states in crystal- 
line argon arising from the atomic 3p°4s configuration. Under the assumptions that higher con- 
figurations do not perturb the energies and transition probabilities and that the LOwpIN sym- 
metrical orthogonalization process converges at terms of order S?, the FRENKEL model predicts two 
exciton absorption lines at 9 eV (+-1 eV) separated by 0:2 eV and having a combined integrated 
absorption coefficient of the order of 10° cm ~!eV. The estimated computational error in excita- 
tion energy arises not from the neglect of any important interactions but from difficulties in evalu- 
ating two- and three-center integrals and from the natural inaccuracy of the atomic HARTREI 

Fock functions. Exciton effective masses are relatively insensitive to the direction of exciton 
momentum, are of the order of +5 electron masses, and are found to depend primarily on exchange 
and overlap interactions rather than the HELLER—Marcus long-range interaction. It is suggested 
that closely related overlap and exchange terms may be of considerable importance in the attractive 


part of crystal binding energies, particularly in the rare gases. 


1. INTRODUCTION 
In the classical model of the exciton introduced 
by FRENKEL and PEreRvs,"~*) the trial functions 
used to describe excited states of a crystal are 
constructed solely from wave functions of free 
atoms, so their detailed form is assumed known 
at the outset. Consequently, it is possible in 
principle to make a numerical computation of 
excitation energies, exciton band structures, and 
integrated absorption coefficients once a suitable 
crystal Hamiltonian has been chosen. No com- 
putation based directly on this model seems to 
have been made, however, and the use of the 
model, although profuse, has been qualitative or 
at most semi-quantitative. This situation is 
understandable in spite of the relative simplicity 
of the approach, because technical problems such 
as that of writing usable orthonormalized functions 


*Based on part of a thesis submitted to the University 
of Rochester, Rochester, New York, in partial fulfill- 
ment of the requirements for the degree Doctor of 


Philosophy. 
+Research supported in part by the U.S. Air Force 
through the Air Force Office of Scientific Research of 
the Air Research and Development Command. 
tPresent address: Department of Physics, University 
of Illinois, Urbana, Illinois. 


have only recently been solved, making a com- 
putation ‘‘in principle” possible in actual practice. 
Also, the enormous amount of arithmetical work 
involved has now been made feasible by the advent 
of high-speed computers. 

In the preceding paper)§ the single-valence- 
electron FRENKEL model used by HELLER and 
Marcus,®) by DExTER and HELver,“) and by 
DeExTER‘) was extended to include the necessary 
complications of the intermediate coupling of 
singlet and triplet exciton states and overlapping 
of atomic wave functions in the solid. The pur- 
pose of the present paper is to report the results 
of a numerical application of this formalism to 
the low-lying excited states of solid argon. The 
crystalline rare gases have generally been ccn- 
sidered best suited for an application of the 
FRENKEL—PEIERLS theory because they consist of 
cubic lattices of tightly-bound closed shells of 
electrons in the ground electronic state and have 
relatively large lattice constants because of the 
absence of strong covalent or ionic binding. 
Argon, rather than another rare gas, was chosen 
because it has neither a large number of shells 





$Throughout, reference (4) will be called and 


“yp? 
its equations will be referred to as (1.2.1), (1.3.7), &c. 
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of electrons (such as krypton and xenon have) 
nor an extremely high fundamental optical exci- 
t energy (as helium and neon have) and 
because HARTREE—Fock functions for the ground 
state of the atom were available.) Excited-state 


atomic HARTREE-Fock functions were computed 


ti 
atl 


9) 


for use in this work. ' 
Only excitons built from the twelve 
ates of argon 3p°4s are treated. Nothing quanti- 
is known the 

the solid, since HARTREI 


not available for the atom and would probably 


those 
about higher single-exciton 
Fock functions 


not be trustworthy unless computed with explicit 
configuration interaction.* The neglect of pertur- 
bation of the 3p°4s configuration by other states 
is discussed further in Section 5 

the 
are described, while Section 3 is devoted 
the 


parameters 


In Section 2, general methods of com- 


putation 
T 
t 


results of 
the 


Oo a more detailed discussion of 


computations of particular and 
estimated errors in their values. The parameters 
of Section 3 are used in Section 4 to predict band 
structures, € xciton effective masses, and integrate d 
absorption coefficients. Section 5 contains a general 


revic | appraisal of this calculation, along 
with a brief discussion of its implications to the 


inding energy problem 


2. GENERAL REMARKS ON THE COMPUTATION 
for 
the 


The we and three-center integrals necessary 
were evaluated numerically by 


it by LOwpIN@ 


method described by and used 


As 


> constant representative of a real argon crystal, 
a 7:10ao (nearest-neighbor 


recent density measurements by 


different notation by KUNIMUNE.(@! 


a somewnat 


distance) 
with 

1 , , sa 
this value corresponds to the experi- 
of the nearest-neighbor distance at about 


1 differs 


a density of 1 


the 


764 g cm, and only 


y from experimental value of a at lower 
9 


and excited-state‘ 
constant 


temperatures. Ground-state argon 


funct interpolated and tabulated at 
intervals of 


were 
0-05ao for use in computing the necessary 
x-functions. The interval 0-05a0 
was small enough to yield a reasonable picture of the 


wave functions as they varied rapidly near the nuclei 


was chosen because it 


and large enough to keep the functions “‘short’’, i.e. to 
keep them from comprising an excessively large number 
of tabular entries. Moreover, it was small enough to 

*While the (3p53d1P;) and (3p°5s!P1) terms of atomic 
argon are well separated from the (3p54s!P) term, into 
which they can be mixed by perturbation methods, 


they are separated from each other by only 0-1 eV. 


S. KNOX 


ensure accuracy in a Simpson’s rule computation of 
a-functions and an even number of intervals could be 
fitted into the region r = 0 tor 7:10ao. In most inte- 
grations subsequent to the «-function computations, it 
was found possible to reduce integration time by a 
factor of two without loss of accuracy by using an 
interval of 0-10ap. 

Beéause of the large spatial extent of the argon singlet 
and triplet 4s functions, it was necessary in many 
instances to extend the computations out through third 
neighbors and in through 1s functions on the neighbors. 
Occasionally it was possible to obtain some of the 
interactions by extrapolation, but this was done only in 
cases where justified by experience in calculations in- 
volving similar wave functions and by the smallness of 


| Phi 


| 
O-6} 


Comparison of the square root of the radial 
a free argon 4s electron (from the 


Fic. 1. 
charge density of 
1P term) with that of a 3p electron (from the ground 


state). The 
7:10ao from the center of the 4s electron. Ps, and P4, 


3p electron is centered at a distance a 


are given in units of ao 


the contribution. Fig. 1 illustrates the large overlapping 
of the 4s(7P) function with a 3p (ground state) function 
on a nearest neighbor 
The work described 
out at the University of Rochester Computing Center, 
using an IBM type-650 Magnetic Drum Data Processing 
Machine. Three (18) with 
identical input and output formats were found sufficient 
for the basic computations; their jobs were: (1) to 
and 3; 


above and below was carried 


machine-language programs 


compute LOwpINn «-functions for / = 0, 1, 2 
(2) to make a table or perform a single integration of 
the quantity (const.) r”f(r)g(r); and (3) to compute the 


useful double integral 
x il 
| r-lf(r) (r’/r)!o(r'\dr'dr+ 
0 


0 
+ ( r-1g(r) [ (r’/r)¥(r')dr'dr. 


0 0 
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The integrations made use of Simpson’s rule, and, in 
case (3), a special adaptation of Simpson’s rule for odd 
numbers of intervals.(4) Finally, in combining all the 
energy parameters to obtain band structure and effective 
masses, two programs in BLISS language) written 
by the author and one subroutine for matrix diagonal- 
ization (supplied by the Computing Center) were used. 


3. COMPUTATION OF BASIC ENERGY 
PARAMETERS 
Localized excitation parameters 
The matrix we wish to compute and diagonalize 
has elements of the form 
(wk| H| u'k) 


Ex(p, p’)+ > exp(ik» Rv)Hsx(1 1’) (3-1) 
ew 
K#J7 


(see Section 4(a) of I.). In order to obtain excita- 
tion energies one must first compute the localized- 
excitation parameters which appear in £) and 
which are defined by equations (1.4.16, 17, 18, 


Table 1. 


Contributions to 1E and 
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19). The “electrostatic” energy 25*1E is the change 
in the total first-order energy of the argon crystal 
when one atom is changed from its normal con- 
figuration to a state of definite multiplicity 2S+ 1 
in the 3p°4s configuration. Equations (1.4.20) 
are used in obtaining 25+14 from HARTREE—Fock 
functions. The quantities ¢ and A are simply 
related to the matrix elements of the spin-orbit 
term (1.4.10) of the crystal Hamiltonian and are 
computed from equations (1.4.25). The lattice 
sums involved in applying these equations to a 
face-centered cubic crystal are straightforward 
and are described in part II.D.3 of the author’s 
thesis.26) Only the essential features of the 
numerical work will be presented here. 

Table 
putation of the electrostatic energies. ‘The three 


1 summarizes the results of the com- 


columns labeled ‘‘nth nbrs.’’ show contributions 
from entire shells of mth the 
convergence of the contributions with increasingly 
distant shells is actually better than one might at 


neighbors; thus 


3E, the electrostatic energy of the 


pure singlet and triplet crystal states relative to the ground state. 6 4 


is the atomic electrostatic energy (relative to the atomic ground state 


) 
and the other & represent correction terms (defined in reference 4) 


which we have called Coulomb, exchange, LOwvin, and_three-center 
interactions. Probable computational errors and a discussion of the 
calculation are given in the text. The last column shows how the atomic 


energy difference is modified as the crystal corrections are successively 


added. Energies are measured in electron volts. 


Ist 2nd 


Interaction 


Singlet 
£ 


4-780 
3-329 
0-934 


Triplet 
Oa wens 
; 4-470 
3-360 
0-919 
6-990 
1:759 


Cum. 
total 


3rd 


nbrs. 


11-357 
6-093 
a3i3 
1-146 
9-439 


0-204 
0-271 
0-034 
0:372 
0-137 


11-188 
6:356 
2:660 
1-666 


-188 
*832 
‘696 
-994 
628 


0-138 
0-133 
0-023 
0-234 
0-060 
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first suppose. The average contribution per 
neighbor may be found by dividing by 12, 6 and 
24 in the respective columns; e.g. the total con- 
tributions to !F per neighbor fall off with distance 
as 0-138, 0-021 and 0-0057. That this is not a 
regular exponential drop is not surprising, because 
of several factors such as large overlap of nearest 
neighbors (which, because of cancellation effects 
in the case of 4s-3pc overlapping, behaves irregu- 
behaviors of Coulemb and 


larly), different 


exchange interactions with increasing distance, 
and larger probable errors in the third-neighbor 
computations [for example, one finds 1 (third 
neighbor) lf; the 
true ol 
evident, however, that the twelve fourth neighbors 
something of the 


which is well within the 


(second neighbor), while 


opposite is contributions to 3]. It is 


would contribute order of 
0-02 e\ 
probable numerical error to be discussed shortly 


total’, 


in each term, 


The last column, ‘cumulative will be 


aiscussed as we pr ceed 
according to 


We now consider Table 1 rows 


The quantities 6 4 are the computed pure-singlet 
and pure-triplet energies of the free atom, taken 
from reference (9), in which a probable error of 
+0-5 eV is given for both quantities 


6c consists primarily of pure electrostatic 


Coulomb overlap energy, 1.e. it is caused by the 


breakdown of the formula e?/R for the interaction 


between two spherical distributions each of total 


l 
charge e (one of which be a on a 


nucleus). ‘The important 
equation (1.4 20b)] is 


may 


Quantity here [see 


(r)|°CY(r) dr, 

where C¥(r) is the classical potential at r due to 

all atoms, in their ground atomic states, except 

J. The 2) must be evaluated 

numerically as the difference between two nearly 
the 


contributions to (3 


equal quantities [see equation (I.4.21)], 1.e. 
parts corresponding to the interaction of the 4s 
electron with the electrons and with the nuclear 
charge of the neighboring atom. For this reason 
it was found necessary to demand that the radial 
functions be normalized to eight decimal places 
to ensure a consistent computation. A test of this 
consistency and a means of determining the 
accuracy of the integration technique was the 
the interaction between 


following: electrostatic 


S. KNOX 
electrons at centers A and B was evaluated first 
by expanding the square of B’s wave function in 
spherical harmonics about the center A, and 
then by expanding A about B. The results of these 
tests, in which Simpson’s rule actually entered 
three times (once in the « function and twice in 
the double integral) were found to be surprisingly 
good, with errors of the order of 0-05-0-1 per 
cent. This high accuracy was necessary, however, 
because upon subtracting the electron—nucleus 
interaction, the probable error of the result was 
changed to several per cent. For example, in one of 
the worst cases, one had (0-13412362+0-00008) 
(—0-00141+ 
0-00016)e?/ap. In addition to the computational 
the the HARTREE—-FocK 
atomic wave functions are not necessarily accurate 


errors, fact that free- 
at large r must be considered. The actual Coulomb 
overlap interaction caused by a nearest—neigh- 
boring pair, say a 4s and 3p, is small indeed, 
being about —0:03 eV, but there are 72 such 
pairs contributing to the total. The tightly-bound 
ground-state Coulomb overlap interactions were 
much smaller than the estimated error in the 4s 
interactions and so could be neglected. In con- 
sideration of all the foregoing, the two computed 
values of &¢ (each of which, incidentally, contains 
overlap corrections to the extent of about 20 
per cent) have an estimated computational error 


They lower the atomic energy to 


of 3 per cent 
about 6 eV (see the last column of Table 1). 

6 [equation (J 4.20b)] posed a problem of a 
completely different nature from that of &¢. 
Although the integrations involved 


accurate, 


numerical 


were the series expansions for these 


particular exchange integrals* had poor conver- 
gence. It seemed impractical to compute several 
x-functions for / > 2, 
appeared to be a pattern in the convergence of 
the / 0. T, 


this pattern was exploited. Often the pattern 


and since there usually 
2 terms of the exchange integrals, 


was simply that the /th term contributed a fraction 
m~' to the partial sum through the /th term; 
since in each case m was equal to or greater than 


2, the limit of the partial sums for /-o0 could be 


computed by elementary means. In a few cases 


43 was evaluated and the / = 3 term computed, 


oO 


each time confirming the convergence pattern. 


*Reference (16), p. 288. 
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Again a computational error of 7-8 per cent is 
estimated. Note that after the inclusion of @ x 
the atomic energy is ‘‘perturbed” to the extent 
of about —9eV, according to the cumulative 
totals in Table 1. Except for the overlap correction 
embodied in &¢ (about —1 eV), these cumulative 
totals are the results which would be obtained 
by computation in the approximation which 
neglects explicit overlap quantities. 

é,, the LGwnpIN term, is the most accurately 


determined quantity and has a probable error of 


some 0-005 eV.*Since simple overlap integrals 
play the leading part here, we take this oppor- 
tunity to list several for general reference (‘Table 2). 


Table 2. Several 
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representative 
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is involved along with a series expansion of three- 
center integrals. The problem of series conver- 
gence is somewhat lessened here because of can- 
cellation of many terms with / > 0 during lattice 
sums; however, combined computational errors 
in @7 are still rather high and are estimated at 
10 per cent. The cumulative totals of the two 
E’s are now brought up to the reasonable value 
of about 9 eV (see Table 1). The contributions to 
the & 7 are positive, and although each of the 
three-center interactions is quite small, there is a 
very large number of them. These large, positive, 
S-dependent terms have been encountered in 
previous computations. (17:18) 


overlap 


integrals 


(computed with the argon wave functions of references 
8 and 9). All 4s functions belong to the singlet term 


except those which are 


primed (triplet). 


All 


other 


functions belong to the ground state except the one 3pc, 
primed, which also belongs to the triplet excited term. 
These quantities are dimensionless and are functions of 
the atomic separation R, given at the head of each 


column (a 7:10a0). 


Standard nomenclature for p 


functions in a diatomic configuration ts used. 


R 


0-08058 
0-08466 
0-1282 

0-1234 

0-00272 
0-5494 

0-02697 
0-00440 
0-00034 
0-01993 


S( 4s, 3pc) 


S(As : 3po) 
S(4s, 3s) 
S(4s’, 3s) 
S(4s, 15) 
S(4s, 45) 
S(3pa, 3pc) 
S(3p7, 3p7) 
S(3po, 2pc) 
S(3pa', 3pc) 


The large positive contribution &7 comprises a 
purely three-center part and a two-center part 
which may be included formally in the equations 
for the former. It is found that the two-center 
part actually contributes about half of Gr, since, 
although it involves many fewer centers, an 
electron is missing at one of the centers, effectively 
leaving a full point charge to interact with an over- 
lap charge distribution [see equations (1.4.20b)]. 
The discussion of errors in &7 follows closely 
both that of @¢ and & x, since Coulomb overlap 


R= +/2a 3a 


‘01717 
‘01337 
‘01850 
‘01549 
00039 
+2063 

‘00028 
‘00002 


0-:03929 
0:03796 
0:04556 
0:04163 
0-00092 
0:3435 
0-:002135 
0-000220 
t0-000013 


0:001385 -00020 


Combining the foregoing estimates of per- 
centage error according to the r.m.s. value of the 
numerical errors, we find 

lf 9-439+0-995 eV 

3B — 9-294+40-921 eV 


or, more realistically, 1F =9-441-0eV, ?F = 
9-340-9 eV. It is immediately evident that one 
of the important energy parameters, A, defined by 


A = 1E-3E, (3.4) 
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- 


is not known accurately. From equation (3.3) we 
find that A has the value 0-145 eV, but with a 
very large uncertainty. This uncertainty is un- 
fortunate, since a large amount of work went into 
its (each interaction occurring in 
2S+1F was done twice, once with singlet and once 


computation 


with triplet functions). Some thought was given to 
evaluating A with differences in wave functions, 
but this process would not necessarily be more 
accurate or even easier, since the difference in 
atomic wave functions on the tail is not extremely 


1] 2 
ana 


ell known, cross terms enter in order-S? 

ities. In subsequent computations we have 

not only the computed value of 0-145 eV, 

also other arbitrary values, to test the sensi- 
tivity of our final results to changes in A 

[he spin-orbit parameter, which has the com- 

puted value ¢, 0-1157 eV in the free atom, 

is changed only slightly in the solid. A retains its 

Hence we have 


C= 0-1159 eV, 


atomic Vaiuc 


A 1-001. 
These quantities were computed from equations 
(1.4.25) 


excelles t 


The calculated values of and A. are in 
values 


(9) 


agreement with experimental 


derived from the atomic argon spectrum 


Excitation transfer and exchange parameters 
The k-dependent part of the matrix element 
(3.1) Wak 


which we and 


the interactions and 
have called ‘excitation transfer” 


defined in 


involves Vor 


“excitation exchange’, respectively, 
equations (I.4.27b, c). The former is essentially 
HELLER—Marcus 


which has been generalized in I by 


the dipole-dipole interaction 


the addition 
of order-S2 corrections to the atomic transition 
moments involved. In computing the k-dependent 
quantity 


S exp(ik > Ry) Vrx(xa%4) (3.6) 
— 
K#J 


V (x,%,) 


(notation and summation conventions are the same 
as those in I), we first assume that for all values 
f Ryx, Vsx(x2%g) is expandible in a multipole 
the dipole-dipole term 
term 


series in which only 


contributes. Then 
8V7x(xx%3), which is important only at small 


values of Ryx. Hence we write 


we add a correction 


Vsx(x4%,) 


(O/2no)(5,,Rx°?—3RK, * Rxg)Rx 5+8V 7 K(x_%,). 


S. KNOX 

We have set R,; 
with the 
defined by 


0 for simplicity, and Q is a 


constant dimensions of an energy, 


QO = 2no(M,M,—Am,Amz,), (3.8) 


where mo is the number of lattice points per unit 
volume, M, is a corrected atomic transition dipole 
moment, and Am, is the correction to the atomic 
transition dipole moment. The last two quantities 
are defined and discussed in 
Sections 4(c) and (d) of I. Since we are concerned 


quantitatively 


with transition moments associated with a single 
configuration, the quantitity (Q/2n9) is given by 
M*—(Am)2, where the leading term of M has the 
form 


(3.9) 


m= |e | daso+(¥)tdspz,+(r) dr. 


M and Am evaluated using equations 


(1.4.35, 36, 37, 42) and the detailed lattice sums 


were 


of reference (16), assuming that the x, function 
lay along a cubic axis. The results were 


M 0-4535 eao 


_ (3.10) 
Am 0-0748 eap, 
where ap = 0:5292x 10-8 cm. We therefore have 


O ()-4( 2 Noé 2a92 0-04304 eV. (3.1 1) 


4(23a)-3, 


7:10 ap is the nearest-neighbor distance 


In obtaining (3.11), we have used mp 
where a 
in the face-centered cubic argon crystal, and 
e?/ao 27:21 eV 2 Ry. If we now substitute 
equation (3.7) into (3.6) and make use of the 
sums Y, defined by (1.4.43), 


lattice equation 


we obtain 


(0-02152 eV) Dy(x,% 2) +5V 4(x,%,) 


where 


> exp(tk « Rxz)6V K(x, %,). 


K#J 


dV (x,% 2) 


Two examples of the first term of equation (3.12) 
are shown in Fig. 2 for the case of k lying in the 
(100) direction. 


(3.7) 
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Fic. 2. The k-dependent interactions for k lying in 
the (100) direction. The ordinate is the value of the 
interaction concerned in electron volts and the abscissa 
is gq = (4\/2/m)ka, which corresponds to gx of reference 
(19). Primed and unprimed sums indicate evaluation 
with triplet and singlet functions, respectively. Wp’(xx) 
and Wp(xx) cross and are degenerate with W ,’(zz) 
and W,(zz), respectively, at g = 0. The exchange 
interactions Wp contain the correction 20V% discussed 
in the text, while 2Vz is in each case due solely to 
dipole-dipole interactions. 
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factor by which the dipole-dipole approximation over- 
or underestimates (Vzx)o can be computed. Let us 
suppose that the true value of the leading term is p 
times as large as its dipole-dipole part. Our assumption 
is that the dipole-dipole approximation for the whole 
quantity Vx breaks down by exactly the same relative 
amount as it does in the calculable leading term, i.e. 
we set 5V 7x equal to (p—1) times the dipole—dipole 
part of Vsx. An approximation of this type seems 
reasonable and probably gives a more reliable result 
than would the almost interminable exact computation. 
It should be emphasized that the validity of the dipole— 
dipole formalism for Vx is limited only by the two- 
center approximation when J and K are well-separated 
(see I, Section 4d); the correction term for which we 
have just proposed an approximation is only a small 
fraction (~0-1) of the total interaction, which further 
justifies the use of the approximation. 

Since 6V sx falls off rapidly with increasing Ryx, the 
lattice sum in equation (3.13) may be evaluated shell 
by shell using equations (1.4.45). Computed values 
will be given later in this section. 


We now turn to the excitation exchange inter- 
actions. ‘The quantity to be evaluated is 
Wel 5s) = > exp(ik« Rxy)Wyx(x,x,), (3.14) 
K#J 


where 


—(J4sJ3px |e" ryo|K4sK 3px,) 


+2573 p2,,K3p% dras(Cy8+CK*) db x45 ar 


+3Syas,Kas | $y3pr,(Cr??+CK*”)bxapx, at. 


The ‘‘correction’’ term, defined by equation (3.13), 
is extremely difficult to evaluate directly from the 
definition of 5Vz7x [equation (3.7)]. This direct evalu- 
ation requires the computation of every interaction 
appearing in equation (1.4.27b), and even for the one 
case in which J and K are situated as nearest neighbors, 
over 60 kinds of three-center interactions are involved. 
The following approximation is therefore made. When 
J and K are proximate, even the leading term 


(Vix)o (JAKN'|e2 rj2| JAKA’) 


of Vyx cannot be determined accurately by simply 
taking the dipole-dipole term of its multipole expansion. 
However, it is possible to evaluate this leading term 
exactly with a few integrations, using ordinary methods 
of classical potential theory.* Then for each Ryx the 





*See, for example, the formalism of reference (10), 
pp. 15-20 and 96-100. 


Equation (3.15) is the result of applying equation 
(1.4.27c) to the argon 3p°4s problem. The Coulomb 
potentials Cy” and Cx” are to be regarded as 
spherically symmetric [because of the use of the 
atomic HARTREE-Fock equations in deriving 
(1.4.27c)], and may in fact be replaced by 
e?/|Ry—r| and e?/|Rx—r|, respectively, since the 
principal contribution to the integrals involved 
comes from a region of space where the shielding 
of Z-—1 nuclear charges is essentially complete. 
The numerical evaluation of each of the terms 
in equation (3.15) posed no difficulties and the 
results of the computation are shown in Table 3. 
Examples of the k-dependent sum (3.14) are 
shown in Fig. 2. Note that the energies associated 
with exchange-like interactions are of the order 
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Table Excitation exchange interactions (in 

electron volts). Values in parentheses are those 

which include the correction 26V 7x to the corre- 

sponding excitation transfer interaction. Primes and 

lack of primes indicate evaluation with triplet and 

singlet functions, respectively. Values of R are given 
at the head of each column (a 7:10ap). 


R 


0-1042 0-003589 0-00025 
0-08728) 
0-01600 0-000382 0-000022 
(0-01384) 
0-09796 


0-01512 


0-003788 0-00027 


0-000383 0-000026 


of magnitude of the dipole-dipole interactions. 
This is an important departure from the estimate 
made by HELLER Marcus®) in 
with alkali halides. They felt that exchange inter- 
actions would be about one-tenth as great as the 
dipole—dipole Here have an 
oscillator strength smaller than unity, leading 


and connection 


interactions we 
to a smaller dipole-dipole term, and, what is 
more important, a considerably larger overlap 
than these authors assumed. It is probable that a 
numerical computation using the excitation model 

an_ alkali conclusions 
similar to those of this paper. In Fig. 2, 


halide would lead to 
we have 
included the correction term 26V;(x,xg) in the 
W lattice sums corresponding to singlet states; 
the computed values of 28V;~ may be inferred 
from Table 3 

One feature of the numerical calculation based 
is worth special mention. 
Consider the W (a) 
equation (1.4.40) and the associated discussion] 
The (a) 
is seen to be intrinsically the 
product of two 3pc functions is negative in the 


on equation (3.15) 


largest interaction, [see 


first term of (3.15) contributing to VW 


POsItly e. since 


important range of the integration variables. 


Thus, if the latter two terms of equation (3.15) 


were dropped on the grounds that they involve 


positive 
+(0)-0857 
This would contribute a negative curvature 
energy near k = (). It turns out 


wo terms of equation (3.15) 


overlap, we would obtain a 
quantity, and its value is in fact W,(a) & 
eV 
to the 
that the last 


magnitude 


7 
explicit 


exciton 
are 


greater in than the first, and are 
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intrinsically negative, having the combined value 
of —0-1899 eV. It will be seen in the next section 
that the excitation exchange terms are the more 
important in determining the effective mass of 
the exciton in argon. It is thus possible to change 
the computed argon  exciton-band structure 


radically by neglecting explicit overlap terms. 


4. NUMERICAL RESULTS 
Band structure in directions of high symmetry 
The principal results of the band-structure 
computations based on I and on the parameters 
computed in the last section are shown in Figs. 
5-7. In discussing them, however, it is expedient 
to look first at some simpler bands. In each of 
the following reduced-band scheme diagrams, the 
abscissa is chosen to correspond to the parameter 
gx of CoHEN and Kerrer.“*) It extends to the 
edge of the first Brillouin zone in each case. Unless 
otherwise noted, the ordinate is the energy of 
the idealized crystal relative to the ground state. 
The states Y, Y’ and ZX of I have been labelled 
Ly, 3Y and 3ZX, respectively, here. 





Pure multiplet transverse bands for k lying in 
the (100) and A 0-:145eV_ neglecting 
k-induced mixing. The abscissa is q (4\/ 2/m)ka, 
and the limit of the first Brillouin zone falls at qg = 8. 
The ordinate is the energy of the idealized crystal relative 


Fic. 3 
direction 


to the ground state. 


Fig. 3 shows a band built from a pure singlet 
Y atomic state along with two triplet bands. The 
1Y band is the band which would actually exist 
if spin-orbit coupling to ?Y were negligible. We 
have retained the spin-orbit splitting between 
3Y and ?ZX, however, and these two bands run 
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parallei at a constant separation ¢. ‘The crystal- 
induced mixing E,(?Y, 3Z7X) is also set equal to 
zero [see the matrix (1.5.1)]. Hence, Fig. 3 simply 
shows the diagonal elements of the (1Y, ?Y, 3ZX) 
matrix as a function of k. Especially to be noted 
is the fact that the singlet state lies below the 
triplet Y state near k = 0; this is caused by the 
dipole-dipole interaction, which is not present 
in pure triplet exciton bands. The possibility of 
this inversion was not considered by other writers 
in discussions of triplet exciton states, (29-2) 


(100) 

SPIN-ORBIT COUPLED, 
k - UNCOUPLED 
BANDS 

O=0*145 ev 


ECTRON VOLTS 


et 





4. Spin-orbit coupled transverse exciton bands 
0-145 eV, 


ordinate 


Fic. 
for k lying in the (100) direction and A 
mixing. Abscissa and 


neglecting k-induced 


scales are the same as those in Fig. 3. 


In Fig. 4 we have “turned on’ the spin-orbit 
interaction between !Y and *Y. Note that these 
two states have repelled each other to such an 
extent that “!Y” is nearly degenerate with °>ZX 


(100) 
4=Ol45eV 





Fic. 5. Exciton bands for k lying in the (100) direction 
and A 0:145 eV. Solid indicate transverse 
states and dashed longitudinal 
and ordinate scales are the same as those in 


lines 
Al SCISSAa 
Fig. 3. 


lines states. 
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at k= 0. 
degeneracy which cannot be resolved on the scale 
of Fig. 4 and which also appears in the next three 
figures. It should not be mistaken for a symmetry- 


This is simply an accidental near- 


induced degeneracy; the two states are actually 
separated by several thousandths of an electron 
volt near k = 0. 

Fig. 5 shows the final form of the transverse 
bands (heavy lines) and, in addition, the longi- 
tudinal bands (dashed lines). Note the marked 
change in width of the transverse bands from Fig. 
4. The band called 'Y is a bit but 
HIY, which can participate in optical absorption 
because it is coupled to the pure singlet state 
even at k = 0), has been considerably broadened.* 
The UIZX band, which at k 


and therefore optically uninteresting, is never- 


narrower, 


0 is pure triplet 


theless an important perturbing state in the rest 
of the band. Regarding the longitudinal states, 
LX lies above "LX because of the positive sign of 
the longitudinal dipole-dipole lattice sum near 
k = 0. "YZ is everywhere uncoupled from LY 
and MLX, but is included as a companion to 
m7 X. The fact that these two are degenerate at 
k = 0 is a result of symmetry. Six uninteresting 
triplet bands are not shown in Fig. 5. 





Fic. 6. Exciton bands for k& lying in the (110) direction, 
with A 0-145 eV. Solid transverse 
states with excitation parallel to the fourfold crystal 
axis (Z), alternate dashes and lines indicate transverse 
states with excitation parallel to the twofold crystal axis 


lines indicate 


(Y), and dashed lines represent longitudinal states (X) 
(4/7)ka, and the limit of the first 
The ordinate is the same 


The abscissa is g 
Brillouin zone falls at q = 6. 
as in Fig. 3. 


* The symbols distinguishing a band are intended to 
suggest the atomic pure multiplet function which is 
principally mixed into the band near k 0, and are 


seldom ‘‘good quantum numbers’’. 
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Fig. 6 shows the rather complex structure of 
the (110)-direction bands. Here nine generally 
distinct bands are found because of the splitting 
of transverse states. MTY and !Z happen to lie 
quite close to one another. It is interesting that 


the characteristic cosine-like behavior is often 


nissing here; examination of the detailed form of 
he longitudinal (110) lattice sum reveals that the 


Fourier harmonic is at least as important 


the first, which helps explain the shape of LX. 


na 


is a complicating factor, too, in UY and Z, 
hich contain “‘longitudinal”’ lattice sums. Another 
re is the attempt of 47Z and ULXY to cross, 

h is impossible because they combine strongly. 

s also occurs in the case of MITY and MZX, 


j 
al 


Finally, the (110) direction is not perpendicular 


to a face of the first Brillouin zone at its boundary, 


S the 


bands are not necessarily flat at g = 6 


oF 
—— 
"a 

J 


4 





iton bands for k lying in the (111) direction, 
0-145 eV. 
i dashed lines longitudinal states 
2 3(4ka/z), 


at q + 


Solid lines indicate transverse 


The abscissa 
first Brillouin 


~ 


is the same as in Fig. 3. 


and the limit of the 


The ordinate 


Fig the (111)- 
direction bands. Symmetry-wise they follow the 
(100) the 


similarity of the irreducible representations of the 


shows relatively regular 


pattern of the direction because of 
groups of the two k vectors. The only noteworthy 
aspect of this structure is the rather broad ‘“longi- 
tudinal” lattice sum (LX and !Y contain “longi- 
tudinal”’ lattice sums). 

The entire computation of band structures was 
repeated for two more values of A, in view of the 
uncertainty connected with the computation of 
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this quantity. The results are typified by the 
resulting bands in the (100) direction, and these 
are shown in Figs. 8 (A 0-00 eV) and 9 (A = 
1-00 eV). In both of these figures the ordinate is 


IOC 
(lOO 


4 = 0000 eV 








Exciton bands for k lying in the (100) direction 
0. The ordinate is energy in electron volts 


Fic. 8 
with A 
relative to the pure triplet crystal energy 3. In all 
other respects the notation is the same as that in Fig. 5. 


chosen such that 3£ = 0. In neither case is the 
shape of the 'Y band appreciably changed. When 
A leV, the singlet and triplet states resume 
their normal relative positions, but then LS 


n i 
4 6 


q— 





Fic. 9. Transverse exciton bands for k lying in the (100) 
with A 1:00 eV. Notation and scales are 
the same as those in Fig. 8. 


direction 


coupling is applicable and triplet states are much 
less important, optically. If A were as poorly 
computed as this case allows, the model would 
predict only one discernable absorption line. 
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W(LX) 
W(HLX) - 
WEY) 
WELY) 
0-153 
[m*(LY)]-} 0 
0 
0-187 
[m*(HILY)]-1 | 0 
0 


W(EX) 

W(HLX) 

W(EY) 

W(HLY) 

W(EZ) 

W(i1Z) 
0-153 0 

[m*(LY)]-! | 0 0-088 
0 0 


(m*(HLY)]—1 


W(1Z) 
W(i1Z) 


(100) direction 


9-568+4(0-121)k2a2+ ... 
9-060-+4(0-0541)k2a2+ ... 
8-956-+4(0-0828)k2a2+ ... 
9-131-+4(0-1009)k2a2+ ... 


[m*(IZ)}> 


(110) direction 
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0-153 


0 


9-568+4(0-1092)k2a2-+ ... 
9-060+4(0-0296)k2a2-+ ... 


8-956+4+ 


8-956+ 


1(0 0828)k2a2+ ... 
9-131-+4(0-1009)k2a?+ ... 
1(0-0987)k2a2+ ... 
( 


9-131-+4+3(0-1213)k2a2+ ... 


[m*(1Z)} 


(111) direction 


0-183 () 
0 —0-029 


—(0-038 


0 


W(LX) 

W(HLX) 

W(EY) 

Ww(lLy) 

0-173 

[m*(LY)]-! = { -0-028 
0 

0-212 

[m*(HLY)]-1 — {00% 

0 


—(-014 0 
—()-069 0 


— 0-088 


—0-018 0 | 


9-568-+3(0-1072)k2a2+ ... 
9-060+4(0-0254)k2a?+ ... 

W(iZ) 8-956+4(0-0934)k2a2+ ... 
W(HIZ) = 9-131+4(0-1145)k2a2+ ... 
0-173 


(oom 
0 


0-212 
0-036 
0 


0-014 
[m*(1Z)] - 
0-039 

0 [m*(1Z)]-2 0-013 
0-051 
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(b) Energies and effective masses near k 0) 
Equations of the form (1.5.19) and (1.5.20) 

have been used to determine the behavior of the 

various optically interesting exciton states near 

k 0 [for pp. 82-91 of 

(16)]. For the three symmetry directions just 


discussed, the following expressions result. Ener- 


details, see reference 


gies are given in electron volts and reciprocal 
effective mass tensors in units of reciprocal electron 
Complete tensors are shown only for 
the 


o directions (the X, 


mass 
columns 
correspond to the k, 6, —Z, 
Y directions in the k frame; see Fig. 1 of [.). 


transverse states, and rows and 


anc 


1 
[hese energy expressions are, of course, the 


asymptotic forms of the corresponding bands 
near k 
the 


value of A, we have made a comparison of four 


6 and 7). Again, as a check 


0) (Figs. 5, 


sensitivity of our computation to the 


cases. Complete effective mass tensors were com- 


| j 


puted and the numbers given in Table 4 are the 


k*) components of these tensors for various 


states of transverse polarization and directions of 


k. We see from this table that changing A over a 
range of 1-5 eV results in a variation of the effective 


>. 


KNOX 

masses of only 5-20 per cent. Two other hypo- 
thetical cases were also considered: in one, the 
contributions from second and third neighbors to 
the W, (excitation exchange lattice sums) were 
set equal to zero, and in the other, all the W, 
were set equal to zero (both with A held at 0-145 
eV). The results are shown in the last two columns 
of Table 4. It is seen that the second- and third- 
neighbor contributions to (m*)-! are about 5-8 
per cent of the total, which demonstrates that 
indeed to 


these contributions were 


include, but that convergence in the sum over 


necessary 


neighbors is quite good. The last column of 
Table 4 essentially indicates the contribution to 
(m*)~1 of the HELLER-MARCUS excitation transfer 
interaction. This contribution ranges from about 
12-20 per cent. 

In summary: the computed effective masses of 
tightly-bound excitons in the lowest set of excited 
states of argon lie in the range 4:45-6-55 electron 
masses, the lighter ones generally being associated 
with the “mostly-triplet” states. Probable com- 
putational errors in these quantities are smaller 
those in the 


than energy computation, being 


Table 4. Reciprocal effective masses of transverse excitons in solid argon. Unit: reciprocal electron 
mass. 6 and ¢ are spherical co-ordinates of k with respect to the (001) axis. The designations Y 


and Z simply 


except in the 


distinguish between transverse states and do not refer to pure states of polarization 
three simple symmetry directions. See the discussion in the text for an explanation 


of the last two columns. 


Directior 
otk 


(100 


\(eV) 
W(a) 
0-05 only 


“O00 1-000 


0°'dk? component of (m*)~! 


0-122 
0-217 
0-123 
0-145 
0-217 
0-263 
0-137 
0-248 
0-122 


‘0282 
‘0095 
‘0282 
-104 

“0095 
“0355 
‘(794 
‘0269 
‘0282 
‘0858 
‘0348 
‘0847 
‘0605 
‘0858 


0-139 
0-139 
0-125 
0-139 


0-132 
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estimated at 2-4 per cent. None of the masses 
depends strongly upon the direction of propa- 
gation. At least 80 per cent of the reciprocal 
effective mass is due to the excitation exchafige 
interaction whose negative sign, which leads to a 
positive effective mass, is due exclusively to 
terms which are purely “overlap” in character, 
i.e. involve a factor which is an actual overlap 
integral S [see the second and third terms of 
equation (3.15)]. It is because of the large over- 
lapping of nearest-neighboring excitations that 
interaction is 
than the 


this exchange-like much more 
important, quantitatively, HELLER- 
Marcus dipole-dipole interaction. The latter is 
responsible for the splitting off, at k ~ 0, of the 
longitudinal exciton states and thus it maintains 
considerable qualitative importance. 


(c) Integrated absorption coefficient 
We now turn to equation (1.6.13), which con- 
sists in an expression for the integrated absorp- 


\ 


tion cross-section &, due to states in a single 


p®s configuration participating in absorption of 


light. We repeat this equation for reference: 
8a2N(e? he) En/n( Ex) |(W,, 
x (f /t) 2/p > Me 1+ [Ex( pu, LL) 2W ie 


Here N is the number of atoms in the crystal, 
FE, is the peak absorption energy associated with 


“fi )* 4 


(4.1) 


a transition from state 7 to state f, n(E,) is the 
index of refraction of the crystal at this photon 
energy, W,, is the first-order energy of the singlet 
state « which is mixed into f according to the 
coupling coefficient (f|), p is a unit vector des- 
cribing the polarization of the incident light 
wave, M,, is the dipole matrix element computed 
earlier, and Ey (u, «) is the k-dependent part of 
the energy of the state yx. Since the transverse 
exciton states are nearly degenerate in the vicinity 
of R 


longitudinal states, we 


() and are energetically distinct from the 
may consider excitation 


simply of the transverse states under a transverse 


MT 1’(9-13 eV) 


A 0-145 eV 


| 1’(8-96 eV) 


since: either p is fixed and can excite only one 
transverse state; or, p is randomly distributed in 
the transverse plane and can excite either of the 
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perturbing field. We replace |p~- M,\?. by 
two states with a probability of one half.* 
the 


We 
shall evaluate absorption co- 


efficient, 


integrated 


no( Xf N), (4.2) 


tg = | up dE 


which is equal to the number density of lattice 
points mp times the integrated absorption cross- 
section per atom, (L;/N). The various quantities 
appearing in (4.1, 2) have been evaluated in 
connection with the band-structure computations. 
Since we necessarily deal with k x 0 because of 
the momentum selection rule, and there are no 
striking directional effects in the transverse bands 
in this vicinity, it is possible simply to take for 
an energy £y a limiting value as k->0; likewise, 
coupling coefficients in the limit k-0 may be 
used with This automatically 
excludes “J = 2” states WIZ X, since 
\(f|!Y)|? vanishes as (ka)* for such states (see 


high accuracy. 


such as 


I., Section 5a). Thus we shall be interested in 
only two possible final states, 'Y and "IY (or 'Z 
and 'IZ). The following computed values are 
used in equations (4.1) and (4.2): V (yy) 

—0-0902 eV, W, (vy) = —0-246 eV, 1E(= W,) 

9-44 eV, M?—(Am)? 0-200 ap2, 
4(2'a)-8, where a = 7:10 ao 
137-0 


If £, is measured in eV, the result is 


and 1m 
Atomic constants 


used are e?/hc | and e2/ag 27-21 eV 


(f |. Y)|2(0:777 x 108)(9-44/ Ex)em-! eV. 


n( Efi)’ ¢ d 
(4.3) 


It is not possible to give a computed value for 
n(E,,) because of its dependence on the details of 
the higher excited states of the argon crystal, 
which are not considered in the present computa- 
tion. However, coupling coefficients and energies 
corresponding to each of the three values of 
A have been used in equation (4.3) with the 
following results (m is taken arbitrarily as unity): 


0-263 x 106 cm7! eV) 
(4.4) 
0-550 x 10cm! eV) 


*In actual fact, we use M?—(Am)? rather than M?, 
in order to eliminate fourth-order overlap terms, exactly 


as in the evaluation of 1 R(X_Xp 
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0-000 eV 


14'(8-99 eV) 


1-000 eV 


(T11,,’(8-21 eV) 


nd “IIT” 


the transverse exciton bands of 


superscripts correspond to 


rscripts OI 


The energy in parentheses following ,’ is 
f the optically preparable exciton state. 


or even elaborate 


qualitative 


breadth following 


ne shape and 
and FRENKEL") is outside the scope of 
present work, but we shall speculate briefly 
the possible absorption lines arising from 
ns to our exciton states. It is fully realized 

es are in all probability not simple, @ 
they are, and that their 


half 


that 


are roughly 


ssume¢e 
the te exciton 
n, if one could possibly prepare a 
the (111) 
0-145 eV 


should be resolved (see Fig 7) 


irradiate in 


crystal and 


} ri 1; . 
the absorption lines for A 


(4.4)] 


ld be such that the peak absorp- 
1 7x10®cm-! at 8-96 eV 
9-13 eV Roughly the 
the 


leV [« quations 


and 
same 
d fo lines in case 
ions (4.5)] but for A 

at 8-21 eV would be very weak. In 
the 


one expects in this simplified 


direction and with A in 
P ee ] 1 : 
» moderately overlapping bands, 
1 has at least twice the 
coefficient of the 


absorption coefficient, regard- 


absorption other. 
grated 
reason) of the positions and relative 

vill be 0-78x 106 cm-1 eV for 

the vicinity of 9 eV. If absorption charac- 
can be 


teristic of tl solid 


observed, it 


pure crystalline 


will be quite interesting to see 


whether two components exist and whether the 


intensity ratio is consistent with the splitting.* 


* The 
DD I 
appears 
NELSON 


1957) 


only data on optical absorption of solid argon 
to be contained in unpublished work of J. R. 
and P. L. HARTMAN (Cornell 
HARTMAN kindly 

from a letter in which he 


University, 
granted 
notes that 

980 


Professor has per- 


mission to quote 
and 


absorption bands 


9-0 eV). 


structureless appear at 


1380A (12-8 and 


(7 ’(9-25 eV) 


( %'(9-02 eV) 


S. KNOX 
0-087 x 106 cm 


0-726 x 106 cm 


0-796 x 108 cm 
(4.6) 


0-009 x 106 cm! eV} 


Finally, it might be noted that explicit overlap 
corrections contribute some 30 per cent of the 
integrated absorption coefficient and double 
exciton mixing causes a reduction of 5 per cent 
in the value computed with zero-order ground- 


state wave functions 


5. DISCUSSION 


The exciton formalism of FRENKEL“) and 
subsequent workers-”) has been applied to the 
low-lying states of solid argon, i.e. those states 
built from the atomic 3p°4s configuration. Com- 
plicated exciton bands with energy minima at 
k = 0 in the region of eV (+1 eV) relative to 
the ground state the 


t excitons 
having effective masses of from 4-5 to 6°5 electron 


result, various 
masses (+0-2 electron masses). Optical absorption 
total 
integrated absorption cross-section of the order 
of 0-8 x 106 cm=! eV. 


argon wave functions wit 


to these states should take place with a 
Large overlap of the excited 

h neighboring free-atomic 
functions necessitated summing interactions over 
42 neighbors (the first three shells). The estimated 
error of 1 eV in the position of the exciton band is 
not a result of neglecting any of the contributions 


| 


to the interactions involved; it is partly due to 


difficulties in numerical evaluation of two- and 
three-center integrals and partly to the inherent 
the HARTREE-FOCK 


latter, the estimated error could 


inaccuracy of 
the 
probably never be brought below 5 


functions. 
Because of 
per cent, the 
error which obtains in excitation energies com- 
puted for the free atom.) The only experimental 
data entering the computation of energies and 
effective masses are the Rydberg and the lattice 
constant of solid argon,“*) the latter of which 
could in principle be computed by a second-order 
treatment of the argon binding energy. In addition, 
the fine-structure constant is used in computing 
absorption coefficients. 

The approximations and assumptions inherent 
been discussed in 


in the formalism used have 
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I, and in most cases we shall merely list them here. 
The HEITLER-LONDON model is assumed valid 
for the ground and excited states, and to test its 
validity in the latter case is in fact one purpose of 
this calculation. Energies are computed in a static 
approximation and integrated absorption co- 
efficients are computed on the assumptions that 
BoRN—OPPENHEIMER wave functions are applicable 
to the vibrating crystal and that the CoNDoNn 
approximation is valid. The crystal to which our 
results apply is assumed to contain a very large 
number of atoms. This is a serious limitation only 
if absorption properties of very thin films or fine 
polycrystals are to be studied. Aside from the 
effects of surface states, which become relatively 
more important in these cases,@2) the dipole— 
dipole interaction here no longer provides as 
effective a splitting of longitudinal and transverse 
states in the optical region of exciton momentum 
space. Semiclassical radiation theory is assumed 
valid in computing transition probabilities in 
absorption. 

Finally, three points pertaining to this par- 
ticular computation must be discussed. They are: 
(1) the assumed validity and accuracy of the 
HARTREE—-Fock functions for atomic argon, (2) 
the neglect of perturbations on the pure 3p°4s 
exciton states by other single exciton states, and 
(3) the question of convergence of the LOWDIN 
orthonormalization series at terms of order S?. 
Of these, (1) has been discussed in reference (9), 
where it is shown, on the basis of computed 
energies and oscillator strengths, that the Har- 
TREE—FOcK solutions are reasonably good descrip- 
tions of the free argon atom in the 3p°4s terms. 

As to (2), perturbations by higher states in the 
free atom appear not to affect the general details 
of the mixing within the 3p°4s configuration, as 
far as a KING-VAN VLECK spectrum analysis can 
indicate.(9-23) If perturbations by higher states 
within the free argon atom amount to as much as 
1 per cent in the 3p°4s term splittings, the corre- 
sponding crystal perturbations could be a factor 
of ten greater than those in the free atom without 
upsetting the picture drawn by the present cal- 
culation. Although overlap effects would be 
enormous for higher atomic trial states, it is not 
a priori true that the energy of the corresponding 
crystal state would be lowered so much as to 
cause thorough mixing of higher states with those 
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of 3p°4s. We have seen that there is a considerable 
positive overlap energy which effectively cancels 
much of the negative overlap energy. With regard 
to second-order corrections contributed by double 
excitons: only a 4} per cent correction to the 
absorption coefficient is made by these states, so 
the corresponding energy correction is expected 
to be relatively much smaller. Such corrections 
would be classed as of the “van der Waals” type. 

With regard to (3), it is possible to infer from 
the overlap integral S(3s, 4s) alone (see Table 2) 
that neither the condition for con- 
vergence nor that for divergence of the ortho- 


sufficient 


normalization series* can be met in the argon 
states under consideration. Summing over nearest- 
neighbor 3s shells only (indicated by the prime), 


we have the following result: 


S Sasa = 12(—0-1234) = —1-481. (5.1) 


It is evident that the completion of the sum over 
all the lattice has little chance of bringing this sum 
above +1, which would prove divergence, since 
the overlap of 4s with p functions contributes 
nothing to the sum and each of the other sets of 
s shells contributes very little. On the other hand, 
when absolute value signs are included on S45, «, 
the partial sum (5.1) becomes +1-481 and a 
condition for convergence can never be obtained 
by adding more terms (the sum over absolute 
values must be less than 1). The application of 
LOWDIN’s rigorous criterion for convergence 
[equation (3.44), reference (10)] is difficult for 
such a large number of highly overlapping func- 
tions. Hence, it is not possible to decide whether 
the S? approximation is good. An evaluation of 
the HEITLER-LONDON model by comparison of 
our computed results with experiment must there- 
fore be made regarding the S? approximation as 
an important qualifying restriction. 

In the introduction to I, we discussed the role 
of excited states in the formulation of a HEITLER 
LONDON computation of binding energies. Briefly, 
the results of the present calculation have the 
following bearing on this formulation. The energy 
of a system in a state yu has the following form in 
second order of perturbation: 


4 


*Reference (10), equations (3.29) and (3.68), respec- 


tively. 
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is the trial ground-state function, an appro- 


trial double exciton or doubly excited 


localized excitation state « will mix with yw. If 
x involves two excited states of the same multi- 
plicity, (|H\«) will be non-zero and of the form 
2Vixk+Wax (x singlets), Wx’ (« triplets), &c. 
In conventional treatments of second-order terms 

the binding energy of a solid, the Wy x are 
“van 


1 


neglected and 2V;x contributes the common 
ier Waals’”’ 


Make 


energy. It is not possible for us to 
a numerical estimate of second-order 


data, 


even 


tributions in argon using the present 


states built from atomic configurations 


han 3p°4s must 
(5.2) 


certainly be included 


he expression However, it is clear 


two important points must be recognized. 


conventional van der 
‘ energy 3p As 
V*— Am*)/m*|(Eatomic/Eecrystai) 1-72 


computed 


ot the 


due to states will be 


times as 


as that which would be using 


probabilities or polarizabilities 
have found that the quantities 
magnitude as 


Both of 
overlapping of 


the same order of 


in the 3p°4s configuration these 
large 


are due primarily t 


functions, an is every reason 
iat the corresponding overlap effects 

It there- 
that the Waals 


nergy accounts tor only part of the HEITLER 


in higher configurations 


traditional van der 


LONDON attractive binding energy of crystalline 
The attractive potential due to excitation 
sizable negative 


erms contributes a 


decreasing exponentially with distance 
because of the overlap nature of the interactions 
Thus the effective two-body potential in 
argon may be best represented by a mixture 


\lorse Although 


essentially different kind of lattice sum is intro- 


and exp-6 potentials no 


duced, the existence of a sizable Morse attraction 


may have some bearing on the current 


problem of relative stability of lattice types in 


the crystalline rare gases. 


(24) * 


*While all of the rare gases except helium crystallize in 
the tace-centered cubic lattice, theory predicts a hexagonal 


Discussions of this discrepancy 


closed-packed lattice 


to remove it are given in reference (24). 
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HALL EFFECT IN COPPER AND Cu,Au AT LOW 
TEMPERATURES* 


W. F. LOVE 


Physics Department, University of Colorado, Boulder, Colorado 


(Received 9 September 1958) 


Abstract—The Hall coefficient in single crystals of copper and Cu,Au in the ordered and disordered 
states has been measured at temperatures down to 4°K. No dependence of the Hall coefficient on 
orientation in copper has been found. In all cases the Hall coefficient is found to be appreciably 


temperature-dependent. 


1. INTRODUCTION 

Komakr and S1povov"!) have reported that the Hall 
coefficient in ordered CugAu is positive, while in 
disordered CugAu it is negative. The natural inter- 
pretation of this phenomenon is that upon order- 
ing a new Brillouin-zone boundary is formed, cor- 
responding to the superlattice reflections, which is 
just sufficient to contain the one electron per atom 
present in this alloy. Because of overlapping of 
electrons across this boundary, both electrons and 
holes will be present, and the holes predominate in 
determining the sign of the Hall coefficient. Pre- 
sumably the electron energies in the disordered 
alloy will be far removed from a zone boundary 
and the Hall coefficient will then be negative. If 
only one type of carrier is present, simple theory 
predicts a temperature-independent Hall coeffi- 
cient in a metal. With both electrons and holes 
present, the two-band theory applies and the Hall 
coefficient will then depend on the mobilities in 
both bands as well as the concentration of carriers. 
Consequently, one would expect to see an appreci- 
ably greater temperature-dependence of the Hall 
coefficient in ordered CugAu compared to dis- 
ordered CugAu. For this reason measurements of 
the Hall coefficient in CugAu have been made. 

The temperature-dependence of the Hall coefh- 
cient in copper was also studied for comparison 
with CugAu. 

* This research was supported by the United States 
Atomic Energy Commission and by the Council on Re- 
search and Creative Work of the University of Colorado. 
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2. EXPERIMENTAL 

The circuit for measuring the Hall coefficient is 
essentially the same as that outlined in a previous 
publication.2) To ensure thermal equilibrium, 
measurements were made with the sample im- 
mersed in a liquid. Hall leads were soldered to the 
specimens with Wood’s metal. The magnetic field 
used was approximately 9 kG. No field-dependence 
of the Hall coefficient was found in these experi- 
ments. 

The oriented single crystals of copper used in 
this investigation were grown from _ spherical 
oriented seeds in a graphite crucible by the 
Bridgman technique in a vacuum electric furnace. 
The copper used was provided by the American 
Smelting and Refining Co., and was stated to have 
a purity of 99-999 per cent or better. The resulting 
crystals were in the form of plates 14x 2x 0-020 
in. They were then milled to a uniform thickness 
with an uncertainty of 0-0002 in. The milling was 
carried out under liquid nitrogen with cuts not ex- 
ceeding 0-001 in. to minimize any strains or de- 
formation as a result of the process. After machin- 
ing they were annealed at 450°C for 30 min and 
then etched. No visible change in structure or 
orientation was revealed on the etched specimens. 
The samples were oriented in an optical gonio- 
meter. 

The CugAu samples were prepared by melting 
the two ingredients together in a graphite crucible 
in a vacuum, using induction heating to ensure 
thorough mixing. The resulting slug was then 
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1. Plot of the temperature-dependence of the Hall coefficient in a pure single crystal of 


copper. 


remelted in a vacuum single-crystal furnace and 
grown as a single crystal by the Bridgman tech- 
nique. No attempt was made at orienting the 
crystal, since no anisotropy was expected in the 
Hall coefficient. Two specimens were cut from this 
single crystal and machined to uniform thickness 
by the technique mentioned above. One specimen 
was ordered by a heat treatment extending over a 
15-day period. The other specimen was annealed 
at 550°C for 2 hr in a vacuum and quenched in 
water. The resistivities in Q-cm x 10-6 of the an- 
nealed and quenched specimens were 5-14 and 


12-7, respectively, as compared to the values 4-69 
and 11-3 reported by Sykes and Jones.) 


3. RESULTS 
Fig. 1 shows a plot of the temperature-depend- 


ence of the Hall coefficient in a single crystal of 
copper, Cu 4. The orientation of this crystal is 
given in Table 1. Similar results have been re- 
ported by other The maximum 
shown has been reported previously by ALTER- 
THUM.) This maximum can only be inferred from 
the slopes in the liquid-hydrogen and liquid- 
since not even reasonably accur- 


workers. (4-7) 


nitrogen regions, 
ate measurements with the present apparatus are 
possible in the intermediate region. It has been 
observed also in a sample of commercial copper. 
The points between the ice point and liquid- 
nitrogen temperatures were obtained in air as the 
dewar was slowly cooled down. The accuracy is 
poorer in this region due to thermal fluctuations. 
The appreciable temperature-dependence of the 
Hall coefficient in pure copper suggests that two 





HALL EFFECT 
types of carriers are present even in pure copper, 
since a metal with a single-type carrier should have 
no temperature-dependence. The presence of both 
electrons and holes in copper would require con- 
siderable deviations of the Fermi surface from 
spherical symmetry. For this reason, it was decided 
to measure the Hall coefficient in oriented single 
crystals to see if there were any anisotropy. 

Four different crystals of copper were studied, 
and the results are shown in Table 1. The direc- 
tions of the measuring current and magnetic field 
with respect to the crystalline axes are given by the 
angles @ and ¢ shown in the diagram. 

The maximum variation of the Hall coefficient 
in these different crystals is 6 per cent. Variations of 
5 per cent have been observed in measurements on 
the same sample for separate runs, possibly due to 
the influence of re-soldering the Hall contacts. 
Consequently, one can only conclude that no aniso- 
tropy greater than 6 per cent exists in the Hall 
coefficient. However, Prpparp’8) has shown re- 
cently that the Fermi surface overlaps the 
Brillouin-zone boundary in the (111) direction, 
which would account for the presence of holes in 
copper. The magnetoresistance experiments of 
Oxson and Ropricuez) confirm this result. 
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Table 1. Compilation of Hall-coefficient data on 
oriented single crystals of pure copper 


Tem- 
perature 


(°K) 


Hall 
coefficient 
(cm?/C x 10-5) 


Crystal 


Specimen orientation 








There is also the possibility that the scattering 
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Quenched Cu,Au 








Fic. 2. Plot of the temperature-dependence of the Hall coefficient in ordered 
and disordered Cu Au. 
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mechanism may produce a temperature-dependent 
Hall coefficient even for only one type of carrier. 
The temperature-dependence of the Hall coefh- 
cient in ordered and disordered CugAu is shown in 
Fig. 2. The change in sign reported by KoMar and 
Smporov") is observed. Their values at room- 
are +1-72x10-5cm?/C for the 


temperature 
—6-40~x 10 for disordered 


ordered and 5 em3/C 


CugAu. The appreciably greater value which is 
obtained in these results for the ordered CugAu 
is possibly due to a somewhat higher degree of 


order in this specimen. 


4. DISCUSSION 
The Hall coefficient for a two-band model of a 
metal containing m electrons and mg holes per unit 
volume is given by: 

] 1 441> — No p19" 
Ry "» 

€C (Njp44-+ N22)" 
where x; and ygare the mobilities of electrons and 
holes respectively. Because of the unknown factors 
in this equation, it is difficult to reach any con- 
clusions on the effects of ordering on the band 
structure in CugAu, since ordering will cause 
significant changes in all the The 
change of the Hall coefficient of ordered CugAu on 


parameters. 


cooling to low temperatures is consistent with the 


LOVE 


notion that m) and me are of the same order of mag- 
nitude. Since ordering changes both yp and 2, it is 
difficult to draw any conclusions as to which factor 
accounts for the change in sign of the Hall coefhi- 
cient upon ordering. The relatively small changes 
in the Hall coefficient of disordered CugAu on cool- 
ing indicate that any holes present have much 
smaller concentrations than the electrons. 
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Abstract—Heat-capacity measurements on the ethylsulphates of lanthanum, cerium, praseodym- 
ium, neodymium, dysprosium, ytterbium, and yttrium between 1:4 and 20°K are described. In 
addition, specific-heat results for the cerium salt between 0°6 and 1:2°K are presented. For the salts 
of lanthanum and yttrium, the specific heat is entirely due to lattice vibrations, while for those of 
neodymium and ytterbium, there is a small contribution from magnetic interaction, negligible above 


+ 


For the salts of cerium, praseodymium and dysprosium, a Schottky anomaly indicating the 
presence of excited electronic energy levels was found, and it was possible to determine the position 
of these levels with accuracy. The maximum of the Schottky anomaly of cerium and praseodymium 
ethylsulphates was found to be somewhat larger than the one calculated from statistical mechanics, 


and this specific-heat excess is discussed. 


1, INTRODUCTION 

THE series of the rare-earth ethylsulphates has 
been the object of numerous experiments. Cerium 
ethylsulphate, for example, was one of the first 
salts to be cooled by adiabatic demagnetization.) 
The magnetic properties of these salts have been 
extensively investigated by susceptibility measure- 
ments and Faraday rotation) and by paramagnetic 
resonance at hydrogen and helium tempera- 
tures.) ELLIOTT and STEVENS“) made a thorough 
theoretical investigation of the magnetic properties 
and the energy levels of certain salts of this series. 
Although the specific heat of the paramagnetic spin 
system of several salts has been measured by the 
paramagnetic-relaxation method, direct calori- 
metric measurements have not been published so 
far. In this paper, we shall give an account of heat- 
capacity measurements on the ethylsulphates of 
lanthanum, cerium, praseodymium, neodymium, 
dysprosium, ytterbium, and yttrium between 1-4 
and 20°K. 

Heat-capacity measurements on all these salts 

* Now at the Gordon McKay Laboratory, Harvard 
University, Cambridge, Mass. 

+ Now at the National Physical Laboratory, Tedding- 


ton, England. 
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seemed interesting, since it was possible to investi- 
gate systematically an isomorphous series of 
crystals; in particular for the salts of certain ele- 
ments such as praseodymium, where the energy 
levels of the ground state lie very close together, it 
seemed possible to gain information on the energy 
and degeneracy of these levels. The advantage of 
specific-heat measurements at low temperatures is 
that the contribution of the Schottky anomaly, 
which accompanies the process of populating 
higher energy levels, can be of the same order of 
magnitude as the lattice specific heat. Hence, by 
estimation of this lattice contribution from neigh- 
boring salts such as those of lanthanum, neodym- 
ium, or ytterbium, which have no such anomaly, 
and subtracting it from the total specific heat, the 
anomalous contribution can be accurately obtained. 
The position of the energy levels can then be deter- 
mined by fitting a Schottky function to the results. 

It is well known that the Schottky anomaly can 
be derived from the partition function Z 
Ye(A;)e~*’7, where g(A;) is the degeneracy of the 
energy level having an energy A; (expressed in 
degrees K). 

The specific heat is then obtained from the 


relation 
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(1) 


C2 
Cs= RTT In Z. 


From the value of the experimental specific-heat 
maximum, one can decide, for example, if one is 
in the presence of two doublets separated by an 
energy gap, or a singlet lying above a doublet, 
since from equation (1) Cs,,,, iS approximately 
0-87 cal/mole-degree in the first case and 0-45 
cal/mole-degree in the second one, irrespective of 
the splitting 

On certain occasions, specific-heat measure- 
direct information about the 


ments more 


levels than magnetic measurements. Paramagnetic- 


give 


resonance experiments, for example, made on the 
‘““concentrated”’ difficult to 
interpret because of the broad absorption lines. In 
the substance “‘diluted”’ with an isomorphous dia- 


salt are sometimes 


magnetic salt, where the resonance lines are well 
defined, the distribution of the levels may have 
changed) because the crystalline elect: ic field is no 
longer the same 

Specific-heat measurements can be used to con- 
firm the splittings determined from absorption 
spectra such as those obtained by HELLWEGE and 
co-workers on rare-earth salts.(?) While the deter- 
mination of the Schottky anomalies was the main 
interest in the present work, it was also hoped to 
gain some information about the variation of the 
lattice specific heat of this series of salts as one 
rare-earth ion is replaced by another in the lattice. 


2. GENERAL PROPERTIES AND PREPARATION 
OF THE SALTS 


The ethylsulphates form a homologous series of 
salts with the general formula M(C2H5S0,4)3-9H2O 
where M is the rare-earth ion. The 
crystals grow in hexagonal prisms parallel to the 


trivalent 
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trigonal axis. Their detailed structure has been 
investigated by KeErTELaar®) and reviewed by 
ELLiIoTT and STEvENs.) Yttrium does not belong, 
strictly speaking, to the rare-earths. Several chem- 
ical and physical properties of its salts, however, 
place it among the rare earths. In fact, the dimen- 
sions of the yttrium ion are between those of 
holmium and dysprosium, and the ethylsulphate of 
yttrium is isomorphous with those of the rare- 
earths. 

The thermal and magnetic properties of the 
paramagnetic ions at very low temperatures can 
often be expressed in terms of a spin Hamil- 
tonian.) ‘The total heat capacity of the paramag- 
netic salts is the sum of the lattice contribution 
which roughly follows a 7? law, and the magnetic 
contributions C,,. ‘To a good approximation : 


(2) 


Here Cys is the effect of the interaction be- 
tween the electrons and the nuclear spin of the 
paramagnetic ion and C4jp is due to dipolar inter- 
In addition, there 


Cm ( 'stCh.t.s. +Caipt+Caaa. 


actions between these ions. 
might be a term Cyqaq resulting from another type 
of coupling between the rare-earth ions. At tem- 
peratures above 2°K, the three last terms in equa- 
tion (2) are often small. In several cases, they can 
be determined by the method of paramagnetic 
relaxation. Ch +5. and Cgip can also be calculated 
from paramagnetic-resonance data.0-11) 

The chemical preparation of these salts was 
from rare-earth oxides except for cerium, which 
was obtained as the nitrate. The source of the rare 
earths and their purity are given in Table 1. 

The crystals were grown over a period of several 
weeks by slow evaporation of a saturated aqueous 
solution of the ethylsulphate. From a batch of 


Table 1. Source and purity of rare earths 


Element Provenance 
Johnson, Matthey 
British Drug House 
Dr. J. Marsh 
Johnson, Matthey 
Dr. J. Marsh 

Dr. J. Marsh 
Johnson, Matthey 


Standard and impurities 


0-1 per cent PreOs, 0:02 per cent Nd2Os 


0-1 per cent other rare earths 


0-1 per cent NdeOs 
“‘Specpure’’ 


0-5 per cent other rare earths 


< 0-5 per cent other rare earths 
$e » 
Specpure 





HEAT CAPACITIES OF 
crystals only the most perfect and transparent ones 
having an average weight of about 0-5 g, were 
selected for the measurements. For each salt, the 
density p of several crystals was measured by the 
elementary gravitation method and found to be 
the same within }$ per cent. The results are com- 
pared to those from X-ray data of KETELAAR®) in 
Table 2. It will be seen that the density from our 


Table 2. Densities of rare-earth ethylsulphates 


Element Molecular 


700-0 
710°5 
626°4 


measurements is consistently lower by about 
1-2 per cent in comparison to the X-ray data, 
possibly because of the presence of some water 
inclusions in spite of the slow rate of crystalliza- 
tion. 


3. EXPERIMENTAL 

The heat-capacity measurements were made in a 
low-temperature cryostat described by SMITH and 
Wo cotrt.(2) About 30 g of crystals were put in the 
small thin-walled copper calorimeter, and special 
care was taken to prevent the crystals from losing 
their water of crystallization during the operation 
of sealing-off the calorimeter. The mass of the 
sample was checked after the experiment and no 
change of mass could be detected. The thermal 
contact between the crystals was made by helium 
exchange gas at a pressure of about 0:2 mm Hg at 
helium temperatures, which was introduced into 
the calorimeter through a thin German-silver tube. 
The specific heat of the crystals was obtained by 
subtracting that of the empty calorimeter from the 
total. The temperature was measured with a carbon 
thermometer between 1-3 and 4°K and with a 
constantan thermometer above these tempera- 
tures. No difficulties were experienced from tem- 
perature inhomogeneities in the calorimeter; the 
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temperature drifts, about 1 min after the heating, 
were very small and linear with time. For some of 
the specimens, several series of measurements were 
carried out, which were reproducible within the 
limits of experimental scatter—about 1 per cent. 

No account was taken in the final results of the 
somewhat low density of the crystals. The error 
introduced by the presence of other rare-earth im- 
purities in a certain sample was found to be smaller 
than 2 per cent, the experimental error in the mea- 
surements. 

To analyse the data into contributions from lat- 
tice and spins, it was necessary to assume that the 
lattice specific heats of the salts varied only a little 
from one rare-earth ion to the next. At tempera- 
tures where the Schottky anomaly is large com- 
pared to the lattice heat capacity, any error from 
this assumption is relatively small. On the other 
hand, at temperatures above the Schottky maxi- 
mum, the error may be quite important. 

Consequently, the energy splittings were 


Table 3. Specific heats of the ethylsulphates of 


lanthanum, neodymium, ytterbium, and yttrium 
(in cal/mole-degree) 


La?* 


T(°K) 





0-00490 
0-00975 
0-0173 
0-0289 
0:0480 
0-0765 
0-128 
0-195 


0-00550 
0:0117 
0-0202 
0:0334 
0:0561 
0-0905 
0-1480 
0-216 
0:371 0-305 0-281 
0-518 0-431 0-381 
0-685 “f 0-505 
0-875 . 735 0-650 
1-340 
1-91 
2°53 
3-30 
4-10 
4-94 
5°85 
6-80 
7:90 
9-05 
10-20 
11:45 
12°65 


0-0063 
0-0127 
0-0233 
0:0391 
0-0631 
0-0980 
0-150 


0-0118 
0-0184 
0-0295 
0-0479 
0-0750 
0-110 
0-173 
0-253 
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determined from the low-temperature “tail” of the 
anomaly by comparing the experimental Schottky 
anomaly with equation (1). For 7/A < 0-25, the 
specific heat is very dependent on the value of A, 
and therefore A can be determined with accuracy. 
If we consider, for example, a system of two doub- 
lets separated by a splitting A, then, for an error of 
6 per cent in the Schottky specific heat, A will be 
known to better than 3 per cent. 

In a system of three doublets, the determination 
of the splittings will be unambiguous too, provided 
that the two excited doublets do not lie too close 
together. At the lowest temperatures the specific 
heat will then be due to the process of populating 
only the doublet with the smaller energy, A;. One 
first obtains this splitting from data at the lowest 
temperatures and later the larger energy, Ao, by 
fitting the theoretical curve to the experimental 
one at higher temperatures. 


Table 4. Specific heat and entropy of cerium 


ethylsulphate (in cal/mole-degree) 


0-0190 0-00130 
0-0376 32: 0-00376 
0-067 ‘0633 0-00858 
0-113 103 0-0235 
0-262 2 0-0600 
0-425 

0-585 


0-765 
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0-957 


0-887 
0-850 
‘$50 
‘900 
-100 
46 


ae +b WwW 


n 


We WNW & bn 
> ‘ 
eee ee ee ee 


WwWN SS 
mon ui 


uw > 


© OO = 


MEYER and P. L. 


SMITH 


4. RESULTS 

The experimental points of some of the measure- 
ments are presented in Figs. 2-5. In each figure, 
the heat capacity of a salt with a Schottky anomaly 
is compared with that of a salt having none. 
Smoothed values of molar heat capacities and 
Schottky entropies S’ = S—RI1n2 are given in 
Tables 3-6. 
Table 5. Thermal properties of praseodymium 
ethylsulphate (in cal/mole-degree) 


( Schottky 


~ 
S"gchottky 


0:0037 
0220 
0531 


‘0810 
‘0750 
-1020 
-1702 ‘113 
‘254 -178 
-369 -261 
-490 +333 
‘605 382 
-730 -419 185 
‘880 -44() 225 
-465 -261 

-478 -290 

-480 331 

+357 

-415 

-470 

520 

-560 

*629 

660 

‘679 

-700 

‘718 

-733 

-740 


‘0038 
‘0118 
‘0260 
‘0484 
‘0774 
‘110 

‘144 


un & &WwWN hd 


The splittings of the energy levels were deter- 
mined from measurements at a temperature below 
2-5°K for cerium ethysulphate and below 7°K for 
the praseodymium and dysprosium salts. 


Nd3+, Yb?*, and Y3* 

Since the salts of lanthanum and yttrium are 
diamagnetic, their total heat capacity is due to 
lattice vibrations. Nd**+ and Yb?* have only one 
magnetic doublet populated at low tempera- 
tures.(4:13) Their lattice specific heats were ob- 


La’*, 


tained by subtracting the magnetic specific heats, 





HEAT CAPACITIES 
Table 6. Specific heat and entropy of dysprosium 
ethylsulphate (in cal/mol-degree) 


T(°K) Crota 


Cc 
Schottky 


S Schottky 





5 0-:0165 — 
0 0-0215 0:0034 
°§ 0-0434 0:0190 
‘0 0-1000 0:0630 
0-143 
0-259 
0-387 
0°526 
0-686 
0-850 


0-0004 
0-002 
0-00743 
0-0248 
0-0513 
0-0711 
0-1348 
0-1918 
0-2590 
0-960 0-3305 
060 0-407 
‘170 0-483 
Po 
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respectively CT?/R = 1-13 x 10-304) and CT2/R = 
4-40 x 10-4) from the total. No Schottky anomaly 
was detected for these two salts, showing that the 
next excited level lies at least about 60°K above the 
ground doublet (see Section 5). 

The lattice specific heat of the four salts can best 
be presented by a plot of Cjatt/7? as a function of 
T (Fig. 1), since the order of magnitude of this ratio 
does not change at low temperatures. It will be 
seen that there is a systematic decrease of C)at: 
with increasing molecular weight from La®* to 
Yb** and that the temperature variation of Cit is 
very similar for these salts. Yttrium ethylsulphate, 
however, which has the smallest mass per mole has 
the smallest specific heat. 


Ce* 

The ground state of the cerium ion is 2F'5 2 and 
it is split by the crystalline field of the lattice into 
three Kramers doublets. At low temperatures, only 
the two lowest doublets, characterized to a first ap- 
proximation by the quantum number J;—+5/2 and 
Jz=+1/2, are populated.“ Measurements of the 
magnetic susceptibility, paramagnetic resonance, 
and magnetic specific heat“) showed that in the 
doublet Jz = +5/2 lies 
+1/2 by an energy 


concentrated salt the 
lowest, separated from J; 





| 











| 
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12 16 20 °K 


Fic. 1. Lattice specific heat of several rare-earth ethylsulphates, plotted as C 


in cal/mole-degree. ‘?) 


La*+; @ Ce*t; 


x Nd3+; \7 Yb3+; [7 Y3+. 
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Fic. 2. Specific heat of cerium ethylsulphate and lanthanum ethyl- 
Ce®* as measured by SMITH: Ce** present work. The 
drawn curve is the Schottky anomaly calculated for a splitting of 6-7°K 


sulphate: 


The dashed curve is the experimental Schottky anomaly obtained by 
subtracting the lattice contribution of Nd** from the total specific 


MOLE DEGREE 


CAL 


heat. 


Fic. 3. Specific heat of cerium ethylsulphate and lan- 
thanum ethylsulphate: x Ce*+ as measured by SMITH: 


Ce** present work; 


La®*. 


La® 


A = 6-6°K. The calorimetric measurements are 
presented in Figs. 2 and 3, together with earlier 
unpublished measurements by SMITH on a less 
carefully prepared sample. They show the expected 
maximum of the heat capacity near 3°K and are 
compared to the Schottky anomaly calculated for a 
splitting of 6-7°K, which gives the best fit at low 
temperatures. Below about 2-5°K the lattice con- 
tribution is almost negligible in comparison to C's. 
In order to cover completely the low-temperature 
tail of the Schottky anomaly, the measurements were 
extended down to about 0-6°K. Two single crystals 
of cerium ethylsulphate were suspended on cotton 
threads in a special cryostat, cooled by adiabatic de- 
magnetization below 1°K, and heated up by a 
small constantan heater as described elsewhere.(® 
The temperature was measured from the magnetic 
susceptibility, which obeys Curie’s law down to 
about 0-5°K.“7) The results from these measure- 
ments are presented in Fig. 4 and agree with the 
splitting of (6-7+0-1)°K. 

The departure at temperatures below 0-8°K from 
the calculated curve is due to the contributions 
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Fic. 4. Specific heat of cerium ethylsulphate below 
1°K. The drawn curve is the Schottky anomaly cal- 
culated for a splitting of 6:7°K. 
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of dipole-dipole interaction and of the electric 
quadrupole—quadrupole coupling between the 
cerium ions, Cgq.48) While Cgip was calculated to 
be 1-93x 10-4R/T?,98) Cgq was experimentally 
found to be (1:2+0-1)x 10-8R/T?, in agreement 
with the data of Cooke et al.5) Here Ch ¢ s (), 
since the stable cerium ions present in the salt 
have no nuclear spin. 

The experimental Schottky anomaly, obtained 
by subtracting Cjatt of the neodymium salt from 
the total specific heat, is appreciably larger at the 
maximum than the one calculated from statistical 
mechanics (Fig. 2). This excess specific heat, 
which was also observed for the salt of praseo- 
dymium, will be discussed in Section 5. At tem- 
peratures above 9°K, the Schottky specific heat is 
expected to be very small compared to the lattice 
contribution. After subtracting the ‘“high- 
temperature tail” of the Schottky anomaly which 
is given by Cs = RA?/4T? cal/mole-degree, the 
lattice specific heat was plotted in Fig. 1 as C/T®, 
and was found to agree very closely with that of the 
neodymium and ytterbium salts. 





CO 
o °K 


Fic. 5. Specific heat of praseodymium and neodymium ethylsulphates : 


Pr3+ present work. Drawn curve: measurements below 1°K. 


[| Neo- 


dymium ethylsulphate. 
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The praseodymium ion Pr** has an even num- 
ber of electrons and so does not show a Kramers 
degeneracy. The ground state, ?H4, is split by the 
crystalline field into three doublets and three 
singlets. The nuclear spin of the only isotope 
present, !4!Pr, also gives an h.f.s. splitting. BAKER 
and BLEANEY®®) observed paramagnetic resonance 
in the salt diluted with 


(19) 


of the lowest doublet of Pr? 
yttrium ethylsulphate. Because of the distortion of 
the crystalline lattice, this lowest doublet is re- 
solved into two singlets separated by an average 
splitting Ap. The heat capacity due to this splitting 


9) 


and to the nuclear h.f.s. was found to be 0-16/T? 


MEYER and P. 


L. SMITH 
ments below 4°K could have been confirmed by 
the paramagnetic-relaxation method, and such an 
experiment was attempted by us. It is unfortunate 
that for practical reasons this method was not 
suitable for such a large specific heat, but it gave an 
order of magnitude for the heat capacity which 
agreed with the value obtained calorimetrically. 


Dy** 

The ground state ®/j5 2 of the dysprosium ion 1s 
split into five Kramers doublets by the crystalline 
field. The presence of the ions !®1Dy?+ and 168Dy3 
which possess a nuclear spin J = 5/2 causes, in ad- 
dition, hyperfine structure splittings. From sus- 
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Fic. 6 
curve: observed 
cal/mole-degree above 1-5°K, giving a splitting of 
Apo 


surements below 1°K.6) 


0-53°K, in reasonable agreement with mea- 


The present calorimetric measurements (Fig. 6) 
showed also that a singlet becomes populated at 
The Schottky anomaly 
the lattice 


temperatures above 2°K 


was obtained by subtracting 


again 
specific heat of the neodymium salt and 0-16/T? 
cal mole-degree from the total specific heat. The 
splitting between the singlet and the lowest doublet 
was found to be (16-7+0-3)°K, in excellent agree- 
ment with the value A 17-0°K obtained from 
the absorption spectrum of this salt by HELLWEGE 
et al.*1) It is also in qualitative agreement with the 
value A = 23°K y Baker and 
BLEANEY®) from susceptibility and paramagnetic- 


calculated by 


resonance data 
It would have been gratifying if our measure- 


rT 


20°K 


Schottky anomaly of praseodymium ethylsulphate. Dashed 
Full curve: calculated for a splitting of 16°7°K. 


ceptibility and paramagnetic-relaxation specific- 
it was found 


99) 


heat measurements below 3°K, 
that only one doublet, characterized by approxi- 
mately J], = +9/2,) was populated at the lowest 
temperatures. The experiments of Cooke et al.(*) 
gave CgiptCnh ts 0-0150R/T?, while our pre- 
sent measurements gave 0-0134R/72. The theory of 
E..iott and Stevens) predicts an excited doublet 
Jz = 0-84|47/2> + 0-54|3£5/2» lying close above 
the lowest one, and recent preliminary measure- 
ments of the absorption spectrum of this salt by 
GRAMBERG and KaAHLE3) even show the presence 
of two doublets close to the ground state, the 
splittings being respectively A; = 20-0°K and 
Ao = 30-0°K.* Our experiments confirmed the 
presence of these two doublets, and the calculated 


Note added in proof: More recent data of the absorp- 


tionspectrum(23) give A; = 23-0 °K and Ag = 29-1 °K. 
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Fic. 7. 
Dashed 


curve: observed. 


splittings Ay 


Schottky anomaly could be fitted within experi- 
mental error to the calorimetric data by taking the 
value A; = (22-540-5)°K and As = (33-7°+ 
+1-0)°K (Fig. 7), which agrees satisfactorily with 
the optical data. C ,, was obtained here by subtract- 
ing Catt of ytterbium ethylsulphate from the total. 


5. DISCUSSION 
The lattice specific heats of many hydrated salts 
as described in recent papers'?4) show departures 
from a 7? law at temperatures below 20°K. In 
particular there is a maximum of the ratio C/T? 
around 10-15°K. The same behaviour is observed 


33-7 


——_——— 


——= 0 


Ce 5+ Pr3t Dy3+ 


Fic. 8. Energy levels of cerium, praseodymium, and 
dysprosium ethylsulphates, expressed in °K. 


22°5°K and Ag 


Schottky anomaly of dysprosium ethylsulphate. 


Full for 


calculated 
33°7°K. 


curve: 


with the series of the ethylsulphates. Here, in ad- 
dition, there is a minimum at about 2°K. It is inter- 
esting to note that even near 1°K, the true Debye 
T? region has not been reached. 

The energy levels determined from the Schottky 
anomaly are summarized in Fig. 8. There is evi- 
dently an upper limit in the size of the splitting 
which can be determined from heat-capacity mea- 
surements because the Schottky anomaly, which is 
only of the order of 1 cal/mole-degree, shifts with 
larger splittings to higher temperatures where the 
lattice specific heat is of the order of 10 cal/mole- 
degree. The Schottky anomaly is then only a com- 
paratively small effect, as opposed to A-type 
anomalies which are easily detectable at high tem- 
peratures.2>) The upper limit of a measurable 
splitting should be therefore about 70°K. 

The most unexpected result in this series of 
measurements is the excess specific heat in the 
Schottky anomaly of the cerium and _praseo- 
dymium salts which occurs near the maximum of 
the anomaly. As a result, the entropy increase S’ 
due to the population of the excited levels may be- 
come larger than the theoretical values R In 2, re- 
spectively Rin 3/2 (Fig. 9). These results are 
difficult to explain. Assuming for example, that an 
interaction between the lattice waves and the para- 
magnetic electrons broadens the energy levels, one 
would indeed obtain another specific-heat distri- 
bution as a function of 7, but with a maximum 
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smaller than for the ordinary Schottky anomaly. 
At high temperatures, S’ would again tend to 
Rin2 and R1n3/2, since N new doublets or 
singlets are fully populated. There is the possibility 
of a new degree of freedom in the lattice created at 
the temperature of the Schottky maximum, but it 
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salts showing a Schottky specific-heat maximum 
between 2 and 10°K. In particular, holmium 
ethylsulphate might be suitable, since from para- 
magnetic-resonance data, a splitting of about 
8°K is to be expected between the two lowest 
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Schottky entropy S’ 


8 9 10 °K 


S-R In 2 of cerium ethyl- 


sulphate. Dashed curve: experimental. Full curve: calculated 


for a splitting A 


is hard to explain the connection between this 
effect and the population of excited electronic 
levels. This excess in entropy and specific heat can- 
not be attributed to the population of even higher 
levels, since one would in this case expect a differ- 
ent temperature variation of C's and SS’. 

The discrepancy above 7/A = 0-3 between the 
theoretical and experimental specific heat may 
throw doubt on the value of the splittings, parti- 
cularly in the case of praseodymium ethylsulphate, 
where the maximum of Cs is shifted to higher 
temperatures. All that can be said here, however, 
is that the splittings were determined from mea- 
surements below about 7°K with an accuracy of 
about 3 per cent. For praseodymium ethylsulphate, 
it is difficult to explain the discrepancy between the 


splitting obtained from calorimetric data and that 
from the calculations of BAKER and BLEANEY.®) 

As both authors have now left the Clarendon 
Laboratory, further calorimetric measurements on 
the ethylsulphates have to be postponed, but 
clearly it would be interesting to investigate more 


6°7°K. 
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Abstract—Single crystals of praseodymium ethylsulphate have been cooled below 1°K by adiabatic 
demagnetization and the susceptibility, expressed in terms of the magnetic temperature 7*, was 
measured as a function of 7, using cerium magnesium nitrate as a thermometer. The specific heat 
was measured by electrically heating the sample. A systematic departure of the susceptibility from 
Curie’s law and an anomaly in the specific heat were found. The results were interpreted and con- 
firmed the existence of a variable splitting of the ground doublet, as predicted from paramagnetic- 


resonance experiments, with a root-mean-square value of Ao 


1) the one in the diluted salt 


1. INTRODUCTION 

PRASEODYMIUM ethylsulphate (abbreviated to PES) 
is a member of the isomorphous and paramagnetic 
series of the rare-earth ethylsulphates. Most of 
these salts are magnetically anisotropic, and their 
magnetic properties can be expressed in terms of a 
tensor with its principal directions parallel and per- 
pendicular to the trigonal crystalline axis. In PES, 
the *H4 ground state of the free praseodymium ion 
is split by the crystalline field into three doublets 
and three singlets.“ At temperatures below about 
3°K only one doublet, characterized by cos @| Jz 

+2>—sin 6| J, = $4),@*) is populated. This is 
not a Kramers doublet, since Pr? 
number of electrons, but it is actually split into 
two singlets separated by a small energy A. Prob- 
ably because of the random fluctuations in the 
crystalline field, this splitting is not sharply defined, 


has an even 


but obeys a certain distribution as described below. 

BAKER and BLEANEY) observed paramagnetic 
resonance of these two lowest levels in the salt 
diluted with yttrium ethylsulphate and, in addition, 


the nuclear hyperfine structure absorption lines of 


\41Pr, the only isotope present. They were able to 
represent their results by the spin Hamiltonian: 

W —g BH,S,+AS1,+A7,S7+AySy (1) 
0-107°K. 


with S = 1/2, / 2,2 1-525, A 


(0-53 +.0-04)°K, which is much 


B is the Bohr magneton, g, is the splitting factor 
parallel to the crystalline axis zs and H; is the mag- 
netic field applied parallel to this axis. g,, the 
splitting factor perpendicular to the axis, is zero 
and therefore the susceptibility varies with the 
temperature only along the direction of the crystal- 
line axis. Ay and A, are parameters to account for 
the small splitting A, and one has the relation: 
A? = A;?+A,7?. 

The energy levels of Pr? 


H H, are then: 
+3[A?+(g 


where m is the nuclear magnetic quantum num- 
ber and —/ m i, 

BAKER and BLEANEY®) interpreted the asym- 
metrical line shape in their experiments by assum- 
ing a Gaussian distribution P of A; and A, 


in a magnetic field 


Wm BH+Am)?}}, (2) 


l 
P(Az) 


exp(—Az/Ao*); 


] 
exp(—Ay?2/Ao?) (3) 


P(Ay) 
Aoz? 


and found for their sample the root-mean-square 
splitting Ag = 0-16°K. From specific-heat mea- 
surements on the concentrated salt above 1°K,) a 
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much larger splitting, Ag = 0°-53°K, was calcul- 
ated. Recent resonance measurements by BAKER 
and BLEANEY®) also gave evidence that Ao was larger 
in the concentrated salt than in the diluted one. It 
seemed of interest therefore to measure the thermal 
and magnetic properties of this substance at very 
low temperatures, where a large effect from Ap was 
to be expected. In this report an account is given 
of the determinations of these properties on single 
crystals of undiluted PES below 1°K, using the 
technique of adiabatic demagnetization. 


2. EXPERIMENTAL 
In most paramagnetic salts investigated below 
1°K so far, the absolute temperature scale has been 
determined from the relation 


T= oe 


where C* is the magnetic specific heat dO/dT*. T* 
is the magnetic temperature defined by extrapola- 
tion of Curie’s law for a spherical sample, and S is 
the entropy.) S is generally calculated as a func- 
tion of the magnetic field and the temperature, 
from which the sample is demagnetized, and 
account is taken of the splittings in the lowest 
states.‘8) Since, for Pr?* in the ethylsulphate, the 
disposition of the lowest levels was not well known, 
this method could not be used. Instead, the mag- 
netic temperature 7* was determined directly as a 
function of the absolute temperature, using as a 
thermometer cerium magnesium nitrate (CMN) 
which obeys Curie’s law down to about 0-006°K. 
This double-sample thermometry has been used 
before on powdered specimens, ®) but since it was 
essential to make the measurements on single 
crystals, a somewhat different technique had to be 


5S 


sT*) | 4 —0 


developed. 


In our arrangement, PES, in the form of four single 
crystals shaped to a rough ellipsoid of 4 cm length and 
1-5 cm diameter, was thermally connected by thin an- 
nealed silver ribbons to two single crystals of CMN (see 
Fig. 1). Since the PES crystals have g 0 and the 
CMN crystals have g, ~ 0,1-12) they were suspended 
with the crystallographic axis respectively parallel and 
perpendicular to the sample axis, so that their sus- 
ceptibilities could be measured by two pairs of con- 
centric coils. The bonding substance between the salts 
and the ribbons was Apiezon Oil J, and ordinary cotton 
thread was used to press the ribbons against the salts. A 
small resistance heater was wound on the ribbon. The 
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sample, which formed a quite rigid unit, was suspended 
on cotton threads inside a long cylindrical holder which 
was then fixed inside a demagnetization apparatus des- 
cribed earlier.{9) At temperatures between 4-2 and 1-:2°K 
the susceptibilities were measured as a function of tem- 
perature (calculated from the vapor pressure of the liquid 
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Fic. 1. Sketch of the specimen holder showing the 

specimen and the coils. The helium cryostat surrounding 

the holder is not shown. Left side: Arrangement for the 

determination of the 7—7* relation. Right side: Set up 
for the specific-heat measurement. 


helium in the cryostat), and a graph of the susceptibility 
against 1/7 was plotted to provide a calibration of the 
magnetic temperature measurements below 1:2°K. The 
specimen was then magnetized in fields up to 20 kG at 
1-:2°K, the field being parallel to the crystal axis of PES. 
After about 10 min, the helium ‘‘exchange’’ gas in the 
chamber of the cryostat containing the specimen was 
pumped away and the cryostat temperature lowered to 
0-85°K. This ‘“‘baking-out process’’(!4) gave a satisfactory 
thermal insulation, the rate of heating after the demag- 
netization being of the order of 50-60 ergs/min. While 
PES cooled only to about 0:25°K, CMN cooled to an 
appreciably lower temperature because of its small 
specific heat, but it warmed up very quickly, and thermal 
equilibrium in the sample was reached within 1 min. The 
problem of heat transfer in a similar sample at tempera- 
tures below 1°K has been experimentally investigated,°) 
and it could be shown that for the same heat leak as 
quoted above, the temperature difference between CMN 
and PES above 0:2°K was less than 0:002°, which is 
within the experimental error of the measurement. From 
these susceptibility measurements, the relation between 
T and T* was obtained. 

For the specific-heat measurements, the four single 
crystals, weighing 7-65g, were glued onto a thin silver 
ribbon 0-1 mm thick, on which a small electrical Con- 
stantan heater of 1200 Q was attached. The heater was 





HORST MEYER 





‘oo * 

| > - 

| > 2-2-2209 _ 
gL 

| 


~— —tng-»-0-9-9-~9-9 











Fic. 2. Warming-up curves during the measurement of the specific 
heat. The susceptibility X,,, which is a measure of the temperature, is 
expressed in arbitrary units of the coil mutual inductance JM. 


connected to the leads outside the cryostat through very was then suspended in the same demagnetization cryostat 
thin, tinned Constantan wires which became super- as described before. After cooling the sample, the tem- 
conducting at low temperatures and had therefore a nigh perature was measured again through the parameter 7*. 
thermal and a negligible electrical resistance. The sample Heat of the order of 2 x 10-° W was supplied for periods 


Fic. 3. The relation between T* and T for praseodymium ethyl- 

sulphate. @ Experimental points. The full curve is calculated from 

equation (8) for a splitting A = 0-°55°K. The dashed line rep- 
resents Curie’s law. 
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of about 30sec by passing current through the Con- 
stantan resistance. Immediately after switching on the 
heat, a particular phenomenon already observed by 
DuGpDALE and MacDona.p(!6) was in evidence: the 
specimen ‘‘cooled’’ down at first and then warmed up. 
This phenomenon, which occurred near 1°K as well 
as at about 0-2°K, is shown for two typical heating-up 
processes in Fig. 2, where, for convenience, the sus- 
ceptibilities in arbitrary units are plotted rather than the 
temperatures. No explanation could be given for this 
mysterious effect. The heat, however, seemed to be 
quickly distributed inside the sample, since the drift 
rates 1 min after the heating were small and linear with 
time. 

From these measurements, C* dO/dT* was ob- 
tained, and was then converted into the true specific heat 
by virtue of the relation C = C* - dT*/dT. The specific 
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Fic. 4. Specific heat of praseodymium ethylsulphate. 

@ [Experimental points. The full curve is calculated 

from equation (8) for a splitting Ao = 0-5°K. The dashed 

curve is obtained from equation (6) and A 0:5°K, 
assuming no gaussian distribution. 


heat of the silver, calculated from the data of Corak et 
al.,“7) was found to be negligible in comparison with that 
of the salt. 

The most important limitation of the accuracy of our 
measurements was the small paramagnetic susceptibility 
of PES, and for practical reasons it was not possible to 
increase the sensitivity of the measuring coils or the size 
of the sample. The correlation between T and 7* was 
determined to about -+4 per cent at the lowest tempera- 
tures, while C* was found with an error of +-3 per cent 
at the lowest temperatures and about 6 per cent at the 
highest ones. The largest error at low temperatures was 
introduced when calculating C. This was because the 
ratio dT*/dT, cbviously less accurately known than the 
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T-—T* relation, drops rather sharply below about 0-5°K. 
The errors in C are indicated in Fig. 4. 


3. RESULTS 

Between 4-2 and 1-2°K, the susceptibility was 
found to obey Curie’s law with g 1-55, in good 
agreement with BAKER and BLEANEY’s results. 
Between 1-2 and 0:85°K, where CMN was used as 
a thermometer instead of the vapor pressure of 
helium in the cryostat, the susceptibility started to 
deviate slightly from Curie’s law. The results 
below 1°K are given in Table 1, and the experi- 
mental points are shown in Figs. 3 and 4. There is 
a large specific-heat anomaly and also a strong devi- 
ation from Curie’s law. 


Table 1. The relation between T*, T, C*, and C for 

praseodymium ethylsulphate (C and C* are expressed 

in cal/mole-degree. Ceaic 1s obtained from equation 
(8), assuming Ag = 0:5°K) 


0-655 
0-600 
0-540 
0-480 
0-415 
-365 
325 
+385 
*255 
-234 
-210 
-189 
-154 


‘126 


‘680 
-728 
-776 
‘820 
-920 
1-018 


-650 
-700 
-75C 
“800 
-900 
1-000 


4. DISCUSSION 

The susceptibility and specific heat of PES can 
be obtained by straightforward derivation from the 
spin Hamiltonian equation (1)). Let us first cal- 
culate these properties for a constant splitting A. 
We will neglect in this treatment the effect of the 
dipole-dipole interactions, which is expected to 
be negligible in comparison to the other contribu- 
tions. By expansion of the energy of the levels 
(equation 2) in powers of H, one obtains 


Wm Wo m+ Wi mH+ We mH”, (4) 
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Wom +3[A*+(Am)?}} 


g,BAm 


W m = 
4Wo m 


A*m? 


eens | 
4u “0m 


; g 282 
Wo m 


8W?o m 
The is then obtained from VAN 


VLECK’s well-known formula”) 


susceptibility x 
2W2 m| exp(— Wom/kT) 


> exp(—Wom/AT) 


m I 


At high temperatures, this formula gives Curie’s 
law Ng *8?/4kT, as expected for a doublet with 
>) 


spin S = 1 
The specific heat is derived from the partition 
function, Z, and 


where 


exp(— Wo m kT). 


a 3 


m 


] 


Now 
(equation (3)), the probability of having at the 


since there is a Gaussian distribution 


same time A; and A, can be written: 
9 


P(A) dA -exp(—A?/Ao?) dA. (7) 


0 
where 


A? = A,*+Ay,’. 


The parameter Apo can be interpreted as the root- 
mean-square value of the splitting. The suscepti- 
bility and the specific heat are then finally given by 
| X (A, T)P(A) dA, 


0 


X (Ao T) 


C(Ao, T) = { C(A, T)P(A) dA, 


0 


MEYER 


which can be evaluated graphically. X, is relatively 
little influenced by the Gaussian distribution, and 
the values given by equation (10) are not very 
different from those derived from equation (5) 
with A = Ap. On the other hand, the specific heat 
is markedly changed because the distribution of A 
flattens the maximum of the anomaly (Fig. 5). 
However, at values of T > Ap, one has with good 
accuracy 
CT? 
R 


which is the same as if there were only one split- 
ting, Ao. It is therefore from specific-heat measure- 
ments below about 0-6°K that one can tell whether 
or not there is really a Gaussian distribution of the 
splitting. 

The calculated X, and C values were compared 
to the experiments for different values of Ag, and 
the parameters Ag = 0-55 and 0-50°K, respectively 
gave the best fit with the two experimental curves. 
They are in satisfactory agreement, considering 
that the measurements could not be done more 
accurately and that systematic errors may have 
been introduced. 

At the low-temperature end, the fit with theory 
becomes less satisfactory, which suggests that a 
Gaussian distribution of the splitting may not be 
the correct one. In the resonance experiments of 
BAKER and BLEANEY on the concentrated salt, the 
shape of the line did not agree with that of a 
Gaussian distribution. Therefore, although such a 
distribution may be a reasonable approximation in 
a very diluted salt, the situation may be rather 
different in a concentrated salt because of the pos- 
sibility of co-operative effects in the distortions. 


5. CONCLUSION 

Praseodymium in the ethylsulphate is the first 
rare-earth ion with an even number of electrons to 
be cooled below 1°K, and was chosen because its 
particular energy-level distribution deserved some 
attention. The average Ao = (0:53+ 
0-04)°K obtained accuracy sub- 
stantially better than from paramagnetic-resonance 


value of 
was with an 
experiments. The temperatures that can be reached 
by demagnetizing from our fairly large magnetic 
fields are not very low, partly because of the large 
specific heat. This salt offers a good application of 
the method of direct temperature measurement 
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using CMN, which works best at temperatures 
above 0-1°K. It would not be suitable for nuclear- 
alignment experiments on 142Pr, which has been 
cooled to much lower temperatures in other sub- 
stances. (20) 
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Abstract 


The magnetic resistivity is separated from the total resistivity for ferromagnetic and 


antiferromagnetic metals. It is shown that the magnetic resistivity at temperatures above the Curie 


point is given by CS(S 


t PM AC 


stant having a value of 


1), where S is the spin and C is a temperature-independent con- 
30 X10~® Q-cm for all transition metals and alloys and approximately 


7-5 x 10~-§ Q-cm for the rare-earth metals. The theory of FRIEDEL based on an exchange interaction 
between the current carriers and the atomic spins is also shown to be applicable to non-half- 


integral spin metals such as nickel and cobalt 


1. INTRODUCTION 

In a series of well-known papers, Motr(-*) has 
interpreted the resistivity of nickel in terms of 
the current carrying s-electrons being scattered 
into the d-band, the sharp drop below the Curie 
point being associated with the filling of half of 
the d-band which makes it unavailable for scat- 
tering. In recent years, with the rare-earth metals 
exhibiting a similar type of resistivity behaviour, 
the theory has again been investigated, since the 
f-electrons responsible for magnetism in these 
metals are not considered to have band-type 
characteristics 

FRIEDEL and DI 
magnetic resistivity of free electrons in metals of 
By using the Born approxi- 


GENNES") have calculated the 


half-integral spin 
mation and assuming an exchange interaction of 
the form Gd(R—R»)Sr - Sp between the spin of 
the atom §, at position R, and the spin of the 
conduction electron Sp, they have shown that at 
temperatures well above the Curie point the 
and is 


resistivity is temperature-independent 


given by: 


ko (mG)? 


koso 
: S(S+1) (1) 
f 2é 4a 2eh3 


ko = (327N)’, 
N is the 


where fi?ko/2m is the Fermi energy, 


number of atoms/cm®, og the incoherent cross- 
section per magnetic atom, € the number of 
conduction electrons per atom, S the spin of the 
magnetic atom, and G the coupling constant. 
The above expression is valid when the relative 
energy loss of the electrons on collision is small, 
and this is approximately correct above the Curie 
point, 7;. Their derivation applies to metals such 
as gadolinium of well-defined half-integral spin, 
and they specifically exclude metals such as 
nickel and cobalt with nonhalf-integral spins 
which they contend should be treated in the 
band approximation (cf. Motr“-%)), CoLes®) has 


recently made an excellent survey of the literature 


in terms of the temperature-dependence and 
magnitude of the magnetic resistivity. It is the 
purpose of this note to extend the analysis in terms 
of the dependence of pyaq on S(S+1) and to 
show that the FRIEDEL theory can be applied to 
nonhalf-integral spin metals by simply using the 
Van VLECK model for these cases. 


2. SEPARATION OF MAGNETIC RESISTIVITY 


We begin by assuming the total resistivity, 
pr, of a magnetic metal to consist of the sum of 
magnetic, lattice, and residual resistivity, po. The 
lattice resistivity is due to the thermal motion 
of the atoms and is approximated by the well- 
known Gruneisen function, pg. We thus have 
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pt = pmaat+pa+po 
6/7 
pq = (AT5/05) | Z5dZ/(e2—1)\(1—e-*), (2) 


ty 


0 
where @ is the characteristic Debye temperature 
and A is a constant of the metal. The residual 
resistivity, po, is due both to impurities and alloy 
disordering and is assumed independent of 
temperature. At high temperatures (7'> 7; and @), 
the Gruneisen function reduces to AT/40, the 
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3. RESULTS 

As an illustration, this separation has been 
performed for «-iron and is shown in Fig. 1. The 
high-temperature magnetic resistivity is seen to 
approach a constant, as predicted by FRIEDEL 
and DE GENNES.") Its value of 80 «Q-cm indicates 
a large contribution to the total resistivity, while 
the low-temperature resistivity indicates a neg- 
ligible contribution of the residual resistivity 
(< 0-1 wQ-cm). Since the spin of iron (S = 1-1) 
is quite close to a half-integral value and might 








Fic. 1. 


py, the total, pyac, the magnetic, and, pg, the lattice 


components of resistivity for iron as a function of temperature. 
Included is the total magnetic cross-section for long-wavelength 


neutrons, Cyaq. 


magnetic resistivity becomes pyac (equation (1)), 
and we have 


pT PM 1GtAT 40+ po. 


From the slope, dpy/d7, at high temperatures we 
can determine A/4@ from equation (3) (both 
pmaG and pg are constant); while, from the low- 
temperature resistivity where the magnetic and 
attice resistivities approach zero, we can deter- 
latti istiviti pp ] ; in deter 


mine po. This allcws us to evaluate the sum of 


lattice, pg, and residual, po, resistivities as a 
function of tempcrature (@ is obtained from 
specific heat) and the sum is subtracted from the 
total resistivity, pr, to yield the magnetic resistivity 
as a function of 7’. 


be expected to obey the FRIEDEL expression, it 
was of interest to attempt a similar separation 
for a metal of nonhalf-integral spin (for the 
moment disregarding the meaning of S for non- 
half-integral spins).. This was done for nickel 


(Fig. 2). Here again we find the magnetic resis- 
tivity approaching a constant, suggesting that the 
FRIEDEL expression may not be as limited as was 
stated. We therefore proceeded to make such a 
separation for all magnetic metals for which we 
could find data, and the results are indicated in 
the second and third column of ‘Table 1, where 
we have tabulated pyaqg and the experimental 
high-temperature slope, dp7/dT, used to evaluate 


A/4é. 
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py, the total, pyac, the magnetic and, pg, the lattice components of resistivity for nickel as a 
function of temperature. 


Table 1. The high-temperature magnetic resistivity, pmac, the atomic Bohr magneton values, pp,. 

the high-temperature resistivity slopes, dpy/dT, the number of conduction electrons per atom, £, the 

deduced coupling energy parameter, G, and the VAN VLECK configurations for the various metals and 
alloys used for our analysis.* 


Substance PM AG LB dpr/dT é G VAN VLECK 
(2Q-cm) (Bohr magnetons) (nQ-cm/deg) (eVA) | configuration 
Fe! / . 3-0 x 107 . 16-2 (0°8)3d? 
(0°2)3d3 


AuMn’") : Au-0(0° : = (0°5)3d? 
Mn-3°5 . (0°5)3d® 


Fe-2-7"1 (0°7)3d? 
(0°3)3d8 

(0-7)3d9 

3-3 x10 )-7 (0-3)3d1° 


(0-7)3d8 
2:5 x 10-2 ‘7 5: (0°3)3d9 


*The only substance omitted from this analysis is «-Mn, since its high-temperature resistivity decreases 


rapidly with temperature, making the separation unfeasible. 
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Table 1 (continued) 


PMAG LB 
(H#Q-cm) 


Substance 


(Bohr magnetons) 


VAN VLECK 
configuration 


dpr/dT G 
(uQ-cm/deg) (eVA®) 





Au-0(14) 


Au3Mn(/?) Mn-4:1 


1:3 x10-? 18-7 3d® 





Mn-3-4(1) 
NisgMn’) Ni-0-4 





Nif®) 





0-402) 





Cu —()( 15) 
Mn-1°6 


Cuo'15Mno.g5(15) 
Cu-0113) 





Cu(1°8%Mn)!®) 








+See Appendix. 


(0-4)3d6 
(0°6)3d? 
(0°4)3d9 
(0-6)3d1° 


13x 10-4 





(0°6)3d9 
0-6 14°5 (0-4)3d1° 
(0-4)3d} 
(0°6)3d° 
(0°4)3d! 
(0:6)3d? 


4:2 x10-? 





6:0 x 10-2 





1:0 x10-? 


44-5 x10-? 





15:0 x10-? 
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4. ANALYSIS OF RESULTS 
In order to analyze our results in terms of 
equation (1), we must extend the FRIEDEL and 
DE GENNES derivation to the case of nonhalf- 
integral spins. The coefficient S(S+1) in equation 
(1) arises as the expectation value ¢.S*>, where S 
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Aus3Mn). 
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Rev. Mod. 


is the atomic spin. The question simply reduces 
itself as to the value of «S25 for nonhalf-integral 
spin metals such as nickel. VAN VLECK“) has 
proposed that nickel consists of 60 per cent of 
the atoms in 3d% states (one Bohr magneton) 
and 40 per cent in 3d! states (zero Bohr 
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magnetons). With this model <S?) ~ 0-6 3(4+1)+ 
0-4 0(0+1) = 0-45.* We have the VAN 
VLECK model for the metals and alloys in Table 
1 of nonhalf-integral spin, and their configurations 
are given in column 6. We then plotted pyac 
versus S(S+1) in order to ascertain the values of 


used 


the coupling constant G. In the case of the alloys, 


the different atomic species have different values 


2 4 6 


A. S. MAROTTA 


of AuMn, FeNi, cobalt, AugMn, NigMn, nickel 
and copper (1-8 per cent manganese), £ can be 
determined from the Bohr magneton value. For 
example, in FeNi the iron atom has 8 electrons 
outside the argon core and a Bohr magneton 
number of 2-7. If we require that the 3d shell is 
first filled to maximum multiplicity (5 electrons) 
and then continue to fill the d shell with paired 





100 —_;—__}_+- 


90} 








4 


5 6 


= pj $j (Sj +1) 


The high-temperature magnetic resistivity, Pyac, 


versus 


1) for various transition metals and alloys and for rare- 


earth metals 


accounted for in the 
F RIEDE! S(S+1) 
SpiSi(Si+1), where p; is the fraction of atoms 


of spin, and this can be 


expression by replacing by 


S; and S;(S;+1) is the VAN VLECK expec- 
value. The results of this plot are given 1n 


of spin 
tation 
Fig. 3. In order to ascertain the values of G listed 
in Table 1, we require values for é. In the case 


model is strictly applicable only for static 


*This 
configurations of 3d° 
mass of the holes is large, it is a reasonable approxi- 


and 3d!°, but since the effective 


mation 


Bohr 


are 


electrons to give the observed magneton 
number, the remaining 


to be conduction electrons. For iron in FeNi we 


electrons assumed 
have 5 electrons with spin up, 2-3 electrons with 
spin down, leaving 0-7 current carriers. 
For nickel in FeNi this same analysis also gives 
0-7 current For gadolinium, erbium 
and dysprosium, the Hall 
measurements) to determine £, while for iron 
Cuo.15Mng.g5, and chromium we have used the 
value 0-7 which is an average between the high 


as 


carriers. 


we have’ used 
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and low values (1-0—0-4) for the other transition 
metals. (Since G depends on the square root of 
€, this is not a large source of error.) Table 1 
includes the values of € and the calculated values 
of G from equation (1). 


5. DISCUSSION OF RESULTS 
The most significant point is the surprisingly 


linear variation over a wide range of spins of 


pmaa for all transition metals and alloys (Fig. 3) 
and the rather narrow range of values of G. The 
average value of the exchange potential for the 
transition elements is thus about 1-5 eV/atom. 
The rare earths also show a linear variation, but 
with a lower value of G and a lower value of the 
exchange potential (~ 0-11 eV/atom). A second 
point is that the rare-earth metals are proportional 
to S(S+1) rather than /(J+1); the respective 
values of J for gadolinium, dysprosium and 
erbium are 7/2, 15/2 and 15/2. This lends further 
support to the idea that the basic interaction is 
of the exchange type, since the fundamental ex- 


change interaction is only with the spin, S. 
Recently ANDERSON and LEGVOLD have made a 
similar analysis for the rare earth metals adding 


several previously unpublished points. (Phys. Rev. 
Letters 1, 322, 1958). 

The value of the exchange potential of 1-5 
eV/atom for the transition metals and 0-11 eV, 
atom for the rare earths would lead, though, to a 
marked polarization of the current carriers, and 
this can be ruled out from the neutron experiments 
of SHULL on iron in which it is shown that less 
than 0-lug can be due to 4s electrons. Rather 
than discard the FRIEDEL treatment, which is 
based on free electrons, we might assume that the 
current carriers are far from free electrons and an 
effective mass m*~10m is not unreasonable, 
particularly if we assume the current carriers to 
contain a large d admixture. (In order to explain 
the anomalous Hall effect in terms of spin-orbit 
coupling, we must invoke such an argument.) 
Taking m* = 10m and a Fermi level of ~ 12 eV, 
we can reduce the value of the exchange potential 
to ~ 0:03 eV/atom, which is surprisingly close 
to the value of the exchange integral obtained 
from the Curie temperature (J = 0-O0leV_ for 
iron and nickel). This suggests that the exchange 
interaction giving rise to ferromagnetism and 
and antiferromagnetism is intimately connected to 
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that giving rise to the resistance anomaly.* Further 
support for this comes from the fact that the 
exchange interaction as determined from resis- 
tivity is at least an order of magnitude greater in 
the transition metals than in the rare earths, as is 
also found from their Curie temperatures.(°) 

Since the resistivity is proportional to the 
cross-section per atom (equation (1)), it is not too 
surprising that the correlation of atomic spins 
is quite similar for conduction electrons as well 
as for neutrons. This is shown in Fig. 1, where 
we have included the total magnetic cross-section 
of iron for long-wavelength neutrons. The neutron 
and conduction electron would 
agree only if the wavelength of both were the 
same, and this possibly explains the difference 
in the vicinity of the Curie point. 


cross-sections 


6. CONCLUSIONS 

(1). The origin of the magnetic resistance of 
ferromagnetic and antiferromagnetic metals is 
consistent with an exchange interaction between 
the current carriers and the atomic spins, and to 
this extent the s—d scattering mechanism of Morr 
appears superfluous. 

(2). This exchange interaction may be identical 
to that giving rise to ferromagnetism and anti- 
ferromagnetism and is supported by the fact that 
the ratio of this interaction between transition 
metals and rare earths is quite similar for both 
resistivity and Curie points. 
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APPENDIX 


Determination of pyag for Cu(1-8 per cent Mn) and 
NisMn 
In the case of copper (1°8 per cent manganese), the 
resistivity at absolute zero consists of the alloy-disorder 
scattering term plus a magnetic term due to the dis- 
ordered arrangement of atoms of different spin, and can 
be represented as: 


po( MAGNETIC ) 


Cpmnpeu(Smn— Seu)? ~ Cpmn( Sun)’, 


70 pQ—cm = po(0-75)(0-25)+ C[pmnS mn(Sun+1)+pniSni(Snit1)] 


25 per cent manganese: 
10 per cent manganese: 19 »Q-cm 


Solving tor 


po and C, we determine the magnetic resistivity to be pyac 


A. S. MAROTTA 


since Se, = 0 and pey 1. At temperature above the 
Néel point (JT; ~ 18°K), we have: 


pmMaG & CoPmnSmn(Smn+1). 
Therefore 


0-4 pQ cm CpmnSmn 


PMAG—po( MAGNETIC) 


Smn(Smn+ 1) 


Syn 


PMAG 0-4 pQ-cm = 1:2 hO-cm 


For NisMn the Curie point for the ordered alloy and 
the critical temperature for ordering are quite close and 
prevent a straightforward separation. The total ad- 
ditional resistivity (pyaqg+ po) is 70 pQ-cm. At 10 per 
cent manganese, the additional room-temperature re- 
sistivity over pure nickel is 194Q-cm, and this is due to 
the po term plus the magnetic resistance due to dis- 
ordering on atomic sites (it is well below the Curie point). 
We thus have: 


po(0-9)(0-1)+ CL pmnpwi(Smn—Syi)?] 


43 nQ-cm. 
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Abstract 
F-centers in LiF and NaF. The microwave absorption spectra show a set of nearly resolved transi- 
tions; each crystal has an odd number of almost equally spaced lines symmetrically located about a 
central resonance. The spectra are found to be isotropic with respect to relative orientation of the 
100-axis and the applied magnetic field. The scalar magnetic hyperfine interaction and the spectro- 
scopic splitting factor are determined from experimental data. 

The experimental results are interpreted on the basis of the DE BOER model of the F-center, and 
determine the probability density of the F-electron wave function at the sites of the nearest-neighbor 
nuclei. The line breadth of the inhomogeneously broadened spin packets is obtained from the de- 
pendence of the spectrum on the ratio of line width to hyperfine interaction. The packet breadth is 
attributed to unresolved hyperfine interaction with further nuclei, and yields an estimate of the scalar 
hyperfine interaction with the next-nearest-neighbor nuclei. 

The observed spectroscopic splitting factors, corrected for the hyperfine interaction shift, are 
found to be smaller than the free-electron value. This difference is attributed to spin-orbit coupling 
with excited states of higher orbital angular momentum, and it yields an estimate for the expectation 
value of (1/r°). 

The predictions of the theory of inhomogeneous broadening on the dependence of the absorption 


The method of paramagnetic resonance is used to study the magnetic-energy levels of 


upon microwave power are confirmed. 


1. INTRODUCTION 
AMONG the major problems in the study of the 


did not clearly differentiate among _ possible 


models for the F-center. The DE BOER model is 


defect solid state are the obtaining and justifying 
of a model for the defect. This has also been true 
for F-centers, although, since DE Borr’s") pro- 
posal, there has been general agreement that his 
is the most likely model. Paramagnetic-resonance 
techniques afford a very sensitive method for 
investigating paramagnetic impurities such as 
the F-center. Early resonance studies of F- 
centers®~® confirmed their paramagnetic property, 
and the smallness of the deviation of the spectro- 
copic splitting factor from the free-electron value 
seemed to confirm the association of a “free” 
electron with the F-center. However, these studies 


* This work was supported in part by the U.S. Army 
(Signal Corps), the U.S. Air Force (Office of Scientific 
Research, Air Research and Development Command), 
and the U.S. Navy (Office of Naval Research). 
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very specific. It puts the electron at a negative 
(halogen) vacancy in the alkali-halide crystal and 
thereby implies that there are definite symmetry 
properties in the magnetic interactions between 
the paramagnetic electron and the surrounding 
nuclear moments. Since these early studies did 
not yield resolved hyperfine splittings, the DE 
Boer hypothesis was not conclusively verified. 
Recently, resolved hyperfine interactions have 
been observed in LiF and NaF.(?-1% The work 
that will be described is an amplification of earlier 
results.-9 Although the present results are 
similar in many ways to those given by Lorp,®) 
we feel that, because of the differences and of the 


importance of corroborative evidence in a problem 


of this sort, a detailed presentation of our results 
is desirable. 
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2. THEORY 


(a) Energy levels and wave functions 

In states in which the electronic wave function 
has a predominantly S-like character, the major 
hyperfine interaction is the scalar or contact 
magnetic hyperfine interaction. That this is the 
major interaction for F-centers in the alkali 
halides is shown experimentally by two facts: 


the effective g-value is close to the free-electron 


value; the interaction is isotropic in the sense that 

energy levels are independent of the angle 
between the steady magnetic field and the principal 
crystalline axes. The first fact points to the small- 
ness of the orbital part of the electronic angular 
momentum. The second shows that the dipole 
dipole term is much smaller than the contact 
term. For this shall calculate the 


scalar interaction between the F-center electron 


reason, we 


and the set of equidistant nuclei which comprises 

hbors in the DE BOER 
These account for the 
energy-level splittings. The similar interaction 
between the F-center 
neighbor nuclei is not resolved by paramagnetic 


the nearest neig model. 


will gross 


interactions 


and the _ next-nearest- 


resonance* and is believed to contribute to the 
broadening of the observed spectrum. 
The magnetic energy of the F-electron may be 


desc ribed by: 


Hmaz = SeBeS2B;+ 
+ > gnBul*B:+ 


/ 


— 


S, 1, ms, mi| Hmag| S, 1’, ms’, mi 


and M. 


W. P. STRANDBERG 
where B = B; is the steady external magnetic 
field, A, = (87/3)geBegnBn is the magnitude of 
the contact hyperfine interaction,“?) ge, Be, gn, 
and 8, being the g-factors and Bohr magnetons 
fer electron and nucleus. The summation is over 
nearest neighbors. Because of the equivalence of 
neighbors and the isotropic character of the 
operators, we may choose a system of quantum 
numbers in which J? and J, are diagonal, where 


The corresponding quantum numbers are 7 and 
mj. 

We may write the wave function for the F- 
center electron and the nuclear spins as: 


db = A(r) (7, m;) (2) 


where ¢(r) is the spatial part of the F-center wave 
function, and «, 8 are electron spin eigenfunctions. 
We consider that the m-electron hyperfine inter- 
action has been reduced to the interaction that 
involves only the F-electron in the manner des- 
cribed by GourarRy and ApriANn.“3) We may 
thus write: 


op 


Hmag VeSz + Yn I+ 
+ A(I,S,4+41+S-+41-S*) 
where 


LePeBz; 1 I,4+7l, 


2nBnBz; St = SziSy. 


With the wave functions (2) the operator (1) 
has the matrix given by: 


O(ms, Ms )O(m, m4 )\(Yems+ynmi)+ 


+ Ad(i, m; 1’, m'){d(ms, ms')my ms+48(ms', Mms+1) /[(t—m+3)(i+m+})]}, (4) 


* 'The double-resonance method has revealed the next- 
nearest-neighbor and dipole-dipole interactions in KC] 
and has confirmed our assignment of relative magnitudes 
to the interactions. Lorp‘*®) has recently obtained data 
on LiF by the double-resonance method 


where m = m-+mzs;. With7 = 3/2, this is a 19x 19 
matrix. However, since it is diagonal in m, it 
factors into blocks which are at most 2 x 2 matrices, 
each characterized by a value of m. The eigen- 
values of a typical 2X2 matrix are given by: 
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A 
ed : +ynm+ 


Yn)? +4D?2+ A2m2+2Am(ye—yn)]*, 


(5) 


+3[(yve— 
where 


A 
D = [(2—m+4)(1+m+4]. 


“ 


The wave functions which diagonalize the 
submatrices may be written: 


by Tyax(2, m—})+ ToBx(t, m+3)) 


6 
wo = —Toxy(1, m—})+ TB y(1, m+4)} °) 


where 


T. / _— VI (ve 
1 C 


Ts / E V [(ve 


24 [(ve— 


We obtain to second order in A 


A 


(y 
€,(m) ; +ynm+ 


A 
€ (m—1) anne gt ynm— yn 


The energy levels €, given in equation (5) are 
functions of the three parameters A, Bz, and m. 
It is convenient to re-express them as a function 
of A/B, and thus obtain a set of universal curves. 
We obtain thereby 


iy 
N+ a gt SnBum \ ((Ze € 


where 
ex, A 


+ —.@= —; h= 
hBz hB, 


Planck’s constant; 


and f, and Bn are expressed in mc/G. The reduced 


—yn)?+4D?2+ A2m? fp 2a Am(ye— 
2V/[(ve—yn)?+4D? 4. 42m? 24.2, Am(ye 


—yn)* 2t.4))24. 42m? + 2AM ye— 
yn)? +4D2+. 42m? 2+ 2Am( yp 
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energies "4. have been plotted over a wide range 
of values of 6 in Fig. 1. 


(b) Transition frequencies 

With the assumption that the 
contributing to equation (5) sufficiently describe 
the energy levels, the exact transition frequencies 
can be obtained from equation (5). 
Ye>yn, coupling to the microwave field is effected 
primarily through the §-B,y interaction, and 
transitions will occur from the e«, to e«_ 
Consequently, the most probable transitions will 
obey the ” Ams = +1; Am; = 0, 
and we expect transitions ¢«,(m) =< «_(m—1). For 
A/Bz<l, it is convenient to compute transition 
frequencies by expanding the expressions for 
e, in powers of A/(ye—yn). 


interactions 


Because 


levels. 


“cs 


selection rule 


ma 


ae )] 


Yn)— Am—(ye ny 


—yn)] 


(3) 
A*(m—1) 


~ m—1)— — 
2 ( 4(ye—Yn) 


Rewriting this, we have 
AE(m) = hv(m) 


SeBeBz [ + 


9 


~[i(t+ | )—m?)| + Am;. 


< 


—gnBn)* +6°[1 [1(?-+1)+4 }+ 26m(geBe —£nBn)} ? 


The absorption spectrum predicted by equation 
(9) is easily interpreted. With LiF and NaF as 
examples, the nearest-neighbor nuclei have spin 
3/2, and therefore 19, and mj; varies from 
+9 to —9. To first order, the hyperfine 





Fic. 1. Reduced magnetic energy as a 


function of magnetic field and contact 


hyperfine interaction for S 4 








Arn 
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transitions will be symmetrically located about 
LeBeBz, and separated by A, thereby giving 19 
resonances. In addition, there is a constant shift 
and an m;-dependent shift that are proportional 
to (A/B:)?. For A =40G and Bo = 3000G, 
the second-order correction is 0-8 per cent at its 
maximum value when m = 0. This correction is 
appreciable and measurable at microwave fre- 
quencies and should be taken into account in 
g-factor analyses. 


(c) Intensities and line shape in the hyperfine 
spectrum 

The relative intensities of the 19 nearest- 
neighbor absorptions that correspond to different 
m, values have been interpreted) as arising from 
the relative statistical weights of the mj; states 
which are determined by the number of arrange- 
ments of the m, that are consistent with 


6 


m > M4. 


a= 


The relative statistical weights for the six nearest- 
neighbor nuclei are listed in Table 1. 


Table 1. Relative statistical weights of the nearest- 
neighbor m, states 


mi 9 1 mi 4 216 
mi 8 6 mi 3 336 
mi 7 21 mi 2 456 
mi 6 56 mi + 546 
m = +5 120 mi 0 580 


For our crystals, in which only the nearest- 
neighbor interactions yield resolved lines, all 
other nuclei contribute to the observed width of 
the resolved lines. The line width, or spectral 
distribution, of the resolved lines will depend, for 
each set of equidistant nuclei, on the relative 
statistical weights of the total component of 
nuclear spin of that set. For LiF and NaF, the 
12 next-nearest-neighbors of spin 4 have the 
relative statistical weights listed in Table 2. 
These statistical weights are determined by 
simple combinatorial analysis. It is not sufficient 
to include only the next-nearest neighbors in 


x 
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Table 2. Relative statistical weights of the next- 
nearest neighbor mj, states 


mi 6 | mi 2 495 
mi 5 12 mi 1 792 
mi + 66 m = 0 924 
mi = 3 220 








calculating the line shape, since the following 
shells are separated by mere fractions of the 
lattice spacing. However, the width of the resolved 
lines may be used to give an upper bound to the 
next-nearest-neighbor interactions, and the actual 
line shape is best determined by fitting the 
observed spectrum to theoretical curves. 

To facilitate quantitative analysis of the experi- 
mental data, a set of charts was prepared showing 
the spectrum that was obtained by superposing 
resonances that are spaced according to equation 
(9) with individual line intensities determined by 
the statistical weights of Table 1. Normalized 
charts were prepared for the ratio 0-6<A/W<3-0 
(A represents the contact hyperfine interaction 
with the nearest neighbors, and W, the full width 
between the peaks of the derivative of the absorp- 
tion shape, (y’”’). The resultant spectrum is quite 
critically dependent on this ratio. Charts were 
prepared for Gaussian and Lorentzian line shapes. 
We found that the Gaussian curves fell off too 
rapidly in the skirts and could not reproduce the 
observed spectra. Much better agreement was 
obtained with the Lorentzian shape. The choice 
of a Lorentzian line shape is consistent with the 
findings of other workers.“61% Several of the 
charts are shown in Fig. 2 for values of A/W for 
which the spectrum is a rapid function of this 
ratio. It is evident that for A/W < 1, the resultant 
spectrum rapidly blends into one unresolved 
line, and for ratios that are close to one, the 
transitions corresponding to m; > 5 are virtually 
unresolved. 


(d) The theory of inhomogeneous broadening 

It is evident from the discussion of line width 
and line shape that the F-center absorptions are 
inhomogeneously broadened. This type of broad- 
ening results from the fact that the effective local 
magnetic field for each F-center, and consequently 
its paramagnetic-absorption frequency, depends 
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on the parameters A and m; of each “shell” of 
nuclear moments. The dependence 
the 


surrounding 


of the paramagnetic-resonance signal on 
impressed microwave power level has been dis- 
cussed by Portis.“® He obtains an equation for 
y’”’ (w) with the assumption that the Bloch equa- 
tions can be used; that the individual spin packets, 
Section 2(c) are much 


which we summed in 


narrower than the over-all spectrum width, and 
that the individual spin packets have a Lorentzian 


shape. The relation is: 


l 
vy (op) = gwh(w— wo) 
x 5X0 ( 


-~ . 


0 


where /(w—wo) is the broad over-all line shape; 


the 
centered at the value w’ of the spectral distribution 


g(w—w’) is individual spin-packet shape, 
ol local frequencies; and Br+ is the microwave 
field strength at the sample. Here, 7% is related 
to the width of the spin packet, and yo is the 
static susceptibility. The saturation behavior is 
easily obtained in the limit y?B?,-7)/T» 1/75" as 
long as the spin packets are narrower than the 
over-all width (w— oo). We obtain: 


large B-p a XO 


Xx (Ww) 


Since the detected resonance signal is proportional 
to B, sy’, the signal will increase as the square 
root of the microwave power in the saturation 


region. 


3. EXPERIMENTAL METHODS 


(a) Microwave and associated apparatus 


were obtained with a _ high- 


The 


2K25 klystron frequency-stabilized directly to the cavity 


Microwave spectra 


sensitivity microwave source Was a 


spectre ymeter. 


containing the sample with a d.c. microwave dis- 
criminator. For this reason, only the imaginary part of 
the r.f. sample susceptibility was detected. The sample 
absorption was modulated at 6000 c/s by sinusoidally 
the field. The high-Q 


7000) reflection microwave cavity, which 


modulating static magnetic 
(loaded Q 
was made of quartz coated on the inside with a thin 
silver layer, was operated in the TEo11 mode. The micro- 


wave power that was reflected from the cavity and 


and M. 


(w—w’)?+(1/727)+y° 
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amplitude-modulated by the sample absorption was 
linearly detected in a matched IN23B silicon diode. The 
signal sidebands were linearly translated to a signal with 
a carrier at 6000 c/s, amplified in a 6000-c/s amplifier, 
and then detected in a phase-sensitive manner before the 
final bandwidth narrowing around zero frequency. ‘The 
final output, which was proportional to (dx’/dBz) for 
small modulation amplitude, was displayed as a function 
of the linearly swept magnetic field on a recording 
milliammeter. The and the 
apparatus for controlling and sweeping the magnetic 
(18,19) 


signal-detection system 
field have already been described. 
The sample crystal was inserted along the longitudinal 


(10) 


y) 


axis of the microwave cavity, and could be rotated inside 
the cavity to vary the angle between the 100-axis and the 
static field. The cavity coupling could be adjusted ex- 
ternally to accommodate the decoupling effect of the 
high-dielectric-constant sample. 

Magnetic-field measurements were made by graphical 
interpolation from field markers on the spectrum. The 
field markers were calibrated by a secondary standard, 


0) All experimental 


with a proton resonance probe. 
values were obtained as an average over many identical 
runs. 

For g-factor determination, the microwave frequency 


I 


wh(w—wo){ : ). (11) 


4 yy (1172) B,y 


was measured by using the sharp DPPH resonance to 
establish a field-frequency point in conjunction with a 


proton-resonance field measurement. 


(b) Optical equipment 

All optical measurements were made on a Beckman 
Model DU quartz spectrophotometer. Data were taken 
for each 10 mp over a range of 200-600 mz. For un- 
colored alkali-halide crystals, air was used as the com- 
parison sample in the Beckman spectrophotometer. An 
uncolored crystal from the same batch was used for 


comparison with the colored crystals. 


(c) Sample preparation 

The alkali-halide crystals were obtained from the 
Optovac Company and from the Harshaw Chemical 
Company in the form of parallelepipeds cleaved along the 
100-axes. The size of the crystals was approximately 
4x12 cm. The crystals were colored at room tempera- 
ture by exposure to 1:2-MeV gamma rays from a ®°Co 
source at M.I.T. 
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(d) Experimental procedure 


First, optical and microwave runs were made on un- 
irradiated crystals to determine the presence of prior 
coloration or of paramagnetic impurities in the range of 
the F-center absorption. The crystals were colored and 
examined by optical and then by microwave means. As a 
rule, the spectra were obtained for the first time within 
24 hr of irradiation. Samples and 
examined for varying irradiation dosages. The micro- 
wave runs for each irradiated sample included angular- 
dependence runs to establish the extent of anisotropy of 
the absorption. 

In addition to determining the shape of the para- 
magnetic absorption, the magnitude of the hyperfine 
interactions, and the field-frequency position of the ab- 
sorption, experiments were conducted to examine the 
dependence of the absorption signal on microwave field 
strength. This was done to check the theory of inhomo- 
geneous broadening outlined in Section 2. Consecutive 


were prepared 
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and symmetrically located about the center line. 
The midpoint of the central line will be referred 
to as the centroid of the spectrum. The chart 
that is shown was taken with a 45° angle between 
the static magnetic field and the 100 crystal 
direction. The splittings and centroid position 
were independent of this angle. 

Fig. 4 shows paramagnetic-resonance spectra 
from three different LiF crystals irradiated for 
4,1, and 2hr. Although different ordinate scales 
were used because of the different signal strengths, 
it can be seen that the resonances become more 
clearly defined with increasing irradiation. ‘The 
hyperfine splittings were invariant to different 
irradiation dosages and were isotropic. ‘The 
2-hr sample shows 9 (higher-resolution charts 


bed 





300 400 


500 


WAVELENGTH (mp) 


Fic. 5. Optical absorption spectrum of irradiated NaF. 


of attenuation of the microwave 
cavity were made. Microwave 


runs for various degrees 
power incident on the 
power was measured by monitoring the power reflected 
from the cavity. This was done by measuring the recti- 
fied d.c. crystal current from the detector crystal. We 
assumed that the crystal detection law was constant over 
the power range that was investigated, and the rectified 
d.c. crystal current was taken as a linear function of the 
incident microwave power. For each degree of attenua- 
tion, the detector crystal was rematched and the cavity 
reflection coefficient was determined so that all crystal- 
current readings could be referred to the same reflection 
coefficient. 


4. EXPERIMENTAL RESULTS AND INTERPRETA- 
TIONS 

Fig. 3 shows a typical NaF paramagnetic- 

resonance spectrum. There are from 13 to 15 

well-resolved resonances, almost equally spaced 


showed 11) well-resolved resonances almost 
equally spaced and symmetrically located about 
the centroid. 

Figs. 5 and 6 show optical spectra from irradi- 
ated NaF and LiF samples. Both curves show a 
very strong absorption in the well-known F- 
band 0-22) at approximately 340 my in NaF and 
at 250 my in LiF. The F-band absorption is 
saturated on both charts because the transmission 
thickness of the crystal in the optical spectre- 
photometer was quite large (} cm). Considerably 
weaker absorptions in the M-band,(2-21-28) at 
510 mp in NaF, and at 440-450 my in LIF, are 
also visible. For the irradiation times used in this 
study, the integrated area of the M-band absorp- 
tion was always much smaller than the corre- 
sponding F-band strength, and hence the relative 
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400 500 


WAVELENGTH (my) 


Fic. 6 


influence of the M-centers on the microwave 
The NaF optical chart 


shown and the microwave chart refer to the same 


results was minimized 


sample. The LiF optical chart shown was made 
from the 2-hr irradiated sample. The symmetry 
properties of the resonances, their scalar nature, 
and the odd number of almost equally spaced, 
symmetrically located resonances are all in agree- 
ment with the DE Borr model for the F-center, and 
with the analysis of the magnetic and hyperfine 


Hamiltonian in Section 2 


a) Evaluation of A and \4(0)|? for interaction with 
nearest-neighbor nuclei 
[he value of A for nearest-neighbor nuclei 
was taken as an average of different samples and 
runs on a given sample. The splitting was measured 
on the first three lines on either side of the cen- 
troid, 


where the second-order corrections are 


Optical absorption spectrum of irradiated LiF. 


least, and was adjusted for these corrections. 
The values that were obtained were the same, 
within observational error, for different irradiation 
dosages. ‘The average value was equated with the 
product 87/3g¢BegnBn|¢(0)|?. The collected results 
are given in ‘Table 3. The indicated spread 
results from the difficulty of reading the splitting 
for incompletely resolved lines. 


(b) Evaluation of A and |4(0)\? for interactions with 

next-nearest-neighbor nuclei 

The interactions of next-nearest-neighbor nuclei 
are estimated from the broadening of the nearest- 
neighbor resolved lines. ‘The assumption is made 
that the width of the nearest- 
neighbor from unresolved 
contact hyperfine interactions with the next- 
nearest-neighbor nuclei. This assumption is 
plausible, since FEHER’s") result is that the dipolar 


mean-square 


resonances results 





16(0)|?aticas 
Aba 


alide 


19(0) |" nas je 


- ; 
1 a alkali 
(1 / halide 





Table 3. Evaluated results on NaF and LiF 


38-6+0:5G 
6°18 x 1028 cm-3 
11-8+1:5G 
0°52 x 1023 cm-3 
1-996 +0-0004 1-987 +0-0004 
3-14 x 1024 cm-3 
0:79 x 1074 cm-3 


‘9 x 1028 cm-3 
7°5+1:5G 


0:33 x 1023 cm-3 
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interactions are smaller than A by a factor of 10 
for next-nearest neighbors in KC1. The mean- 
square width is determined from a statistical 
averaging of the next-nearest-neighbor inter- 
actions, and is compared with the mean-square 
width obtained from the data. 

The statistical analysis has already been given 
by Kip et al.) If we neglect the second-order 
corrections that do not contribute appreciably 
here, the energy of a particular resonance is 
given by: 


12 
hv = gePeBen +A > le (12) 
Oe 1 


in which we sum over next-nearest-neighbor 
halide nuclei, and use a simple product represent- 
ation of nuclear-spin functions. The mean-square 
deviation in resonant field is therefore given by: 


(AB)? ay 


3/2 and we obtain: 


(14) 


For the fluorine nuclei, 1, - 
(AB)? ay = 3A2, 


where A is now expressed in gauss. The next- 
nearest-neighbor contact interaction is therefore 
given in terms of the mean-square deviation of 
the resonant field for a given line by: 


A = (4 <(AB)2 Yay). (15) 


The mean-square deviation, <(AB)?>ay, was ob- 
tained from the ‘absorption spectrum as follows. 
The appropriate A/W ratio was determined from 
comparison between experimental and theoretical 
charts, and since the nearest neighbor A is taken 
directly from the spectrum, a value for W which 
is defined as the full width between the peaks of 
(dX"’/dBz) is obtained. Since the Lorentzian shape 
does not have a finite second moment, the Lorentz- 
ian line shape that was used was fitted with an 
exponential tail at the point where the Lorentzian 
line had fallen to 20 per cent of its peak value. 
This choice is arbitrary, but the nature of the 
approximations that were made would appear to 
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warrant it. The Lorentzian shape was fitted to 
the distribution given in Table 2 for next-nearest- 
neighbors and had the same area as that distri- 
bution. The mean-square width is defined as: 


© 


| x2f(x) dx 


-—-@ 


((A*) Dav = ——— 
[ f(x) dx 
" =@ 


where f(x) = 4/(44+-x?) for —4 <x < 4; f(x) 

e~4|7l for —co <x < —4; and f(x) = e~4 for + 
4 <x < ©, from which we obtain ( <(Ax)* ay)? 
0-79 x [full width at half power of f(x)], and since 
for the Lorentzian shape [full width at half 


power of f(x)] 
\ [ (Ax)? lay 


‘Therefore 


l~ a . 
V3W, we obtain: 


0:79 V3W. (17) 


Anatides = V[(9°79)?W?]. (18) 


The values of A/W that were chosen as giving a 
best approximation to the data were: A/W = 1:8 
for LiF and A/W = 2-6 for NaF. The results are 
listed in Table 3. 


(c) Comparison with theoretical calculations 

Gourary and ApriANn(®) calculated |¢4(0)|? for 
nearest and next-nearest neighbors in LiF with 
a ground-state F-center wave function obtained 
through a variational treatment of a modified 
Hartree equation from which exchange terms are 
omitted. Their results give the correct order of 
magnitude for LiF, but are higher than ours. It 
is possible that the neglect of exchange could 
account for this, because calculations of atomic 
Hartree functions for alkali and halide ions give 
consistently higher values near r =O to the 
p-functions that are calculated without exchange, 
as compared with those calculated with exchange. 
A larger value of the wave function near r = 0 
would indicate a larger contact hyperfine inter- 
action. 
(d) Spectroscopic splitting factors and _ their 

interpretation 

The spectroscopic splitting factors were ob- 
tained by correcting the g-factor of the centroid 
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of the for the second-order 


hyperfine correction. The values are averages of 


resonance pattern 


many runs and samples and are independent of 
orientation. The corrected values are given in 
Table 3. The deviations from the free-electron 
value go = 2-0023 fall within the range of measure- 
ments on other alkali halides. Kip et al.) quote 
the following values for g: KC1 1-995, NaCl 
1-987 and KBr 1-980. It is interesting to note that 
for the same halide their results show a greater 
Ag = go—g for the lighter alkali ion. ‘The same 
variation is present the 
proper analysis of such systematic shifts would 
that are not 


here for fluorides. A 


rest on accurate wave functions 
available. 

The small negative shifts, Ag = go—g, in the 
g-factor are usually attributed to a residual spin- 
orbit coupling. An analysis of the spin-orbit 
coupling with applications to the F-center has 
been given by Aprian.@4) He obtains for the 


contribution to Ag from ion «: 


l | . 
[Hor) , (19) 


7 'B2 (X24 y2 

Ag, 4Z, id (X, +Y, ) ‘Uy(r) 
(AE) R,’ 73 

in which the total Ag is given by a sum of equation 
(19) over all contributing ions. In equation (19) 
R, Xuit Vaj+Zak is the position vector of 
ion « with respect to the F-center; Z,’ is the 
effective charge of ion «; up (r) is the spatial 
dependence of the residual p part of the F-center 
wave function when it is expanded about the ion 
a; AE is an assumed average excitation energy 
of the excited states of the F-center. Since at least 
the nearest and next-nearest ion shells will con- 
tribute to Ag, obtain both <alkali 
1/r?| alkali> and 1/r3| halide» from a 
single measurement of Ag. In the interest of 
obtaining an estimate of <|1/r*|> for nearest and 
next-nearest neighbors, we offer the following 
Independent measurements") of 
(1/r*) for and next-nearest neighbors 
have been made for F-centers in KC1. Since the 
P or nonspherically symmetric part of ¢ deter- 
mines both Ag and <1/r®) and since Ag is practi- 
cally the same for KC1 and NaF, we assume that 
the ratio of <1/r®) for alkali and halide ions is 
the same (i.e. 4) for both crystals. The effective 
charges2) are: Z’y*+ = 8; Z’z,4 =1; and Z’p- = 
The values for AF are taken as the energy of 


we cannot 


halide 


suggestions. 
nearest 
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the center absorption in the F-band. With these 
assumptions, we obtain: 


482 /1° 
at db 
AE \r3/ n3 


(20) 


The values of <1/r? for Ng*+ and F- are given in 


Table 3. 


(e) Inhomogeneous broadening 


The condition for saturation is that 


pee Bry Ty To ~ 
h? 

Under normal conditions this requirement will 
be met, as some representative values indicate. 
For the very conservative condition 7; T2 

10-6 sec, By + 1 G, we have a saturation factor 
of 2-56 > 1. Actually, estimates®5) of 7; and T> 
for KCl at room temperature give 7) = 8X 
10-6 sec. Under such conditions, and with milli- 
watts of microwave power incident on the cavity, 
we expect that the absorption signal, which is 
proportional to y’’B?,;Q,, will not vary linearly 
with the microwave power (see Section 2(d)). 
This was confirmed for our sample by measuring 
the relative signal that was obtained as the micro- 


A 
To % 


wave power was varied. A representative series of 


Table 4. 


Variation of signal strength with incident 


power 


Run ratio Signal ratio | Power ratio |(Power ratio)!/? 


0-81 
0-77 
0-71 


2 0-79 
3 0:78 
4 


0-72 


0-66 
0-60 
0-50 


measurements is given in Table 4 for four con- 
secutive runs with varying power levels. The 
measured signal was proportional to the square 
root of the power, which indicated that operation 
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indeed took place well into the region of saturation 
under conditions of inhomogeneous broadening. 
For all measurements with varying power level, 
the line width was constant within measurement 
error, which, again, is in agreement with theory. 


5. CONCLUSIONS 
By resolving the hyperfine structure and 
allowing the symmetry properties of the para- 
magnetic absorption to be studied, the method of 
paramagnetic resonance differentiates clearly in 
favor of the DE BoER model of the F-center. 
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SCILLATORY MAGNETO-ABSORPTION IN GALLIUM 
ANTIMONIDE JA-1149* 
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Abstract—High-resolution magneto-absorption measurements made at photon energies just above 
the intrinsic absorption edge in GaSb have revealed an oscillatory spectrum having a strong re- 
semblance to the corresponding spectrum for direct transitions in germanium. Eight successive trans- 
mission minima were observed in magnetic fields up to 38-9 kG at both 1-5 and 4:2°K, using polar- 
i incident radiation. The value of the energy gap found is &, = 0-813 +0-001 eV and is shown to 
attributable to direct transitions of electrons between the valence and conduction bands. The 
effective mass, m* (0-047 +-0-003)mo, was determined by considering transitions from the 


vy holes to the conduction band and employing the data of the E||B spectrum. The existence of 


ructure, although not resolved, is indicated by the unsymmetrical character of some of the 
transmission minima. The first absorption line is believed to contain exciton absorption. The in- 
ability to resolve the fine structure and exciton absorption is attributed to line broadening and over- 
lapping due chiefly to scattering by the high impurity density in the sample. 


1. INTRODUCTION Landau-level transitions. The following discussion 
MAGNETO-ABSORPTION studies have been used will describe the achievement of the primary aims 
successfully to obtain information about transition and mention some interesting spectral features ob- 
processes, band structure, and effective masses of served 
current carriers in semiconductors,“-®) and the 
present report concerns the extension of this work 2. EXPERIMENTAL 
to GaSb. This study is the first application of the hia sieaieniliaciciin tates animal » eile 

xperiments were performed on a single 
crystal sample of GaSb about 4 p» thick, mounted 
on glass and having 1016-101’ impurities/cm%. 
Measurements were made at 1-5 and 4-2°K in the 
spectral region of the intrinsic absorption edge, 
using constant magnetic field up to 38,900 G. An 


low-temperature, high-resolution, magneto- 
spectrophotometric system developed for studying 
magneto-absorption effects) to an intermetallic 
compound semiconductor. Previous studies of 
InAs and InSb were made at room temperature 
with @ prism dispersion sy stem of relatiy ely low operating chromatic resolving power up to 20,000 
resolution.) ‘The primary aims of the experiment ApS a le ae ele Retain 

. was achieved. Representative transmission curves 
obtained are shown in Fig. 1, in which the ratio 
of the transmitted intensity at maximum field to 
that at zero field is plotted as a function of energy 


were to measure the low-temperature energy gap 
and electron effective mass, as well as to determine 
whether the interband transition is direct or in- 


jirect. In addition we attempted the observation of ; ; E ‘ 
: 7 I for two orientations of the electric vector of the 


exciton magneto-absorption and the resolution of. a" maine 
linearly polarized incident radiation relative to the 


fine structure of the absorption due to interband ie 
pane —s . magnetic field, which was parallel to the [111] 


re ' axis. The fact that an oscillatory spectrum is found 
* The research reported in this document was sup- i na : (2,3) that 
; , é ? < rs Sté vase) =6spec — -ans 
ported jointly by the Army, Navy, and Air Force under rather than a st aha — ectrum Cee . 
contract with the Massachusetts Institute of Technology. the energy gap being observed involves a direct 
320 
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transition of electrons from the valence to the con- 
duction band.* 

The motion of the transmission minima with 
field is shown in Fig. 2 for several values of the 
field intensity. The shift of the respective minima 
to higher energy with increasing field and the 
associated increase in intensity of the magneto- 
absorption is clearly evident. 


1, (8) 


Ty (0) 
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shoulders characteristic of overlapping multiple 
lines. The second transmission minimum in the 
spectrum for E)|B is broader than that for E| B 
and the mean position is shifted to higher energy. 
These characteristics are completely analogous to 
the earliest observations in germanium.) The 
fine structure was eventually resolved“ in ger- 
manium, using the present apparatus, but for 


.870 890 


Fic. 1. Oscillatory magneto-absorption in GaSb at photon energies slightly 

greater than the direct absorption edge. The plot shows the ratio of the 

transmission of infrared radiation at 38-9kG to that at zero field versus 

photon energy. The magnetic field was applied along the [111] crystal direc- 

tion. The crystal was about 4 p thick, the temperature was 1:5°K, and the 
incident radiation was polarized as indicated. 


3. RESULTS AND DISCUSSION 

The low-temperature transmission curves of 
Figs. 1 and 2 are very similar to those obtained for 
the direct transition observed in germanium at 
room temperature with the lower-resolution 
prism spectrometer.” For both polarizations, the 
existence of fine structure, although not resolved, 
is indicated by the unsymmetrical character of 
some of the transmission minima. The first 


transmission minimum of Fig. 1 shows two 


*It has been shown theoretically) and _ experi- 
mentally(®) that the magneto-absorption spectrum ex- 
hibits a series of absorption edges for indirect transitions 
and an oscillatory behavior for direct transitions. 





GaSb the relatively large impurity concentration 
broadens the lines and prevents the resolution of 
the fine structure. 

Since the minima of 
correspond to transitions between Landau (or 
magnetic) levels of the valence band and the 
conduction band, a line spectrum of the magneto- 
absorption data at 38-9 kG, shown in Fig. 3, can 
be used to obtain the effective mass. The dotted 
lines refer to the positions of the unresolved 
shoulders in the first transmission minimum. In 
order to obtain a value for the electron effective 
mass, we assume that the fifth, sixth, seventh, and 
eighth lines in the E\|B spectrum are heavy hole 


Fig. 1 


transmission 
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9.82 0.83 0.84 0.85 0.86 


Fic. 2. Oscillatory magneto-absorption for three values of the 
magnetic field intensity showing the motion of the transmission 
minima with field. These spectra were observed at 4:2°K with 
E\'B and with the magnetic field B along the [111] direction. 


0.85 


Fic. 3. A line spectrum constructed from experimental data showing the positions of the trans- 


mission minima for a temperature of 1°5°K and a dc magnetic field of 38-9 kG oriented along 
the [111] crystal direction. The dashed lines denote the positions of the unresolved shoulders 
in the first transmission minimum. The uncertainty in energy values shown is +0-0003 eV. 





OSCILLATORY MAGNETO-ABSORPTION IN 


transitions having the selection rules An = 0, —2, 
as was the case for germanium. This assumption 
is justified by the extraordinary similarity of the 
spectra of GaSb and germanium except for the 
position on the energy scale. The average energy 
difference between these lines in Fig. 3 is A@ = 
h(we1+we2) = 0-0107 eV, where we = eB/m* is 
the cyclotron resonance frequency and 1 and 2 
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that that of silicon. From the expression 1/u* = 
1/m*+1/me*, we find the mass of the electron, 
m* = (0-047+0-003)mo in GaSb. 

The direct energy gap may be determined 
accurately from plots such as those shown in Fig. 
2. When the photon energy of the transmission 
minima as a function of magnetic field intensity 
is extrapolated to zero field, as shown in Fig. 4, 





(electron volts) 
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Fic. 4. A plot of the position of the transmission minima 
in terms of photon energy as a function of dc magnetic 
field intensity for EB at 4:2°K with the magnetic field 
along the [111] direction. The lines drawn through the 
points have been extrapolated to zero field to determine 
the direct energy gap. The lowest line, containing ex- 
citon absorption, extrapolates to a point below the gap. 


refer to the conduction and valence bands respec- 
tively. The combined (or reduced) effective mass 
for the hole and electron is therefore p* 

(0-042+0-002)my. Although we have no detailed 
knowledge of the valence bands in GaSb, we can 
estimate the effective mass of the heavy hole by 
assuming that the lower and upper bounds are 
those of germanium and silicon, m* = 0-38 mo 
and 0-56 mp, respectively. This is reasonable 
because the reported mobility of holes in GaSb 
is smaller than that of germanium and larger 


an accurate value of the energy gap, Gy 

0-813+0-001 eV is obtained. This determination 
was made without the use of the lowest line of Fig. 
4, which we believe to contain exciton lines which 
would extrapolate to a value below the energy 
gap.) This value of the energy gap is somewhat 
larger than that by Roserts and 
QUARRINGTON, ©) 0-787 eV. Their 
measurements of absorption coefficient versus 
photon energy were made on relatively thick 
samples (70-300), compared to the 4y thickness 


estimated 


who gave 
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52+ 

used in the present work. By unsuccessfully 
attempting to fit their absorption curve to the 
theoretical results of BARDEEN et al.) for direct 
transitions, they concluded that they were dealing 
transitions involving a band ex- 
0 and requiring the 
It is now 


with indirect 


tremum displaced from k 
emission or absorption of a phonon. 


that they studying the same 


apparent were 


edge as that reported here. Further- 


absorption 
more, their conclusion of an indirect transition 
from a displaced band is unlikely in view of our 
oscillatory magneto-absorption results. DuMKE) 
has shown that, even for transitions between two 
bands with extrema at k = 0, an “indirect” process 
involving an optical phonon is possible. Such a 
process would account for the finite width of the 
absorption edge even at very low temperatures. 
Since DuMKE’s theoretical result was not available 
when the earlier work was done, it was not possible 
to get a correct estimate of the gap by a curve- 
fitting procedure. This probably accounts for the 
discre pancy with our value of the energy gap in 


GaSb. 
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Abstract—The elements mercury, cadmium, and tellurium have been purified, and crystals of the 
compounds CdTe and HgTe, and of the mixed compounds CdTe—HgTe have been prepared. 
X-ray and cooling-curve data have established that CdTe and HgTe mix in all proportions to give 
single-phase crystals. Hall-coefficient and conductivity measurements show that HgTe is a semi- 
conductor with a very low activation energy (~ 0°01 eV) and a high mobility ratio (~ 100). HgTe is 
opaque to infrared radiation out to a wavelength of 38 yu, but the mixed crystals show absorption 
edges which vary in position with composition from 0-8 » in pure CdTe to 13 yw in crystals contain- 
ing 90 per cent HgTe. Photoconductivity has been observed in filamentary detectors made from the 


mixed crystals. 


1, PREPARATION 

THE compounds HgTe and Cd'Te were prepared 
by direct synthesis from the elements 7m vacuo, 
in sealed silica crucibles. CdTe presented no 
problem, but the formation, subsequent zone 
melting, and crystal growth of HgTe had to be 
carried out in specially prepared thick-walled 
silica crucibles because of the high vapour pressure 
of free mercury (22 atm. at 600°C). We used 
crucibles with an internal diameter of 10 mm and a 
wall thickness of 3mm; these were capable of 
withstanding an internal pressure of about 150 
atm. 

Preparation involved the following stages: (a) 
purification of the elements, (5) synthesis of the 
compounds HgTe and CdTe, (c) zone purification 
and crystal growth of these two compounds, and 
(a) preparation of mixed crystals from the two 
compounds. 

Mercury was purified by shaking to an emulsion 
for several minutes with dilute nitric acid (this 
removes base-metal impurities), filtering and 
distilling slowly in a quartz apparatus im vacuo. 
It is essential to avoid breaking the surface of the 
mercury during distillation, by boiling or ““bump- 
ing”, as this causes droplets of the undistilled 
mercury to be thrown over. It was found, using 
radiotracers, that most impurities were reduced 


in concentration to well below 0-1 p.p.m. by this 
process.* It is worth mentioning in this connection 
that as little as 0-1 p.p.m. of metals such as sodium 
lithium, lead, tin, indium and zinc in mercury 
produce a visible surface scum. 

Cadmium was purified by repeated distillation 
in vacuo or in a low-pressure stream of hydrogen 
(from a palladium leak) as indicated in Fig. 1a. 
Hydrogen is especially advantageous, as it reduces 


Fic. 1. (a) Apparatus for distilling cadmium and tellur- 
ium. (6) Apparatus for zone melting and growing crystals 
of the compounds. 





* We are indebted to Dr. F. M. ReyNnotps of the 
National Chemical Laboratory for suggesting this pro- 
cess and for checking its efficiency with radiotracers. 
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any oxides present and thus prevents the ingots 
from sticking to the silica crucibles. Tellurium 
was also processed in this way and was in addition 
zone-refined im vacuo in sealed silica crucibles. 
he efficiency of the distillation and zone-melting 
processes was checked by spectrographic methods, 
using doped specimens to bring the initial impurity 


‘ 
L 
concentrations well within the limits of detection 


of the spectrograph. The purity of our tellurium 
checked Hall-coefficient 
ments, and we obtained material with an extrinsic 
Hall coefficient of +40,000 cm?/C, 


sponds to a carrier concentration of 2x 10!4 


was also by measure- 


which corre- 


positive holes per cm®. It was discovered during 
this investigation that the Hall coefficient of a 
specimen of tellurium is influenced very markedly 
by the physical nature of its surface, and we found 
it essential to etch the specimens very carefully 
in order to achieve consistent results. ‘The Hall 
coefficient can be reduced by a factor of Over a 
hundred by abrasion or roughening of the surface; 
even polishing produces a marked reduction. 

The compounds CdTe and HgTe were prepared 
by introducing weighed amounts of the elements 
into the appropriate silica crucible, which was 
subsequently pumped to a residual air pressure 
of 10-6 mmHg and sealed off. The crucible was 
then heated slowly to a temperature just above the 
melting point of the compound in a furnace which 
was rocked gently to and fro. 

Both compounds an 
apparatus of the type shown in Fig. 1b, in which 


were zone-refined in 
the solid parts of the ingot could be maintained 
at a uniformly high temperature to prevent undue 
transfer of material from the molten zone by 
evaporation. Because of the high vapour pressure 
of molten HgTe, an ambient temperature within 
50°C of the melting point was necessary. A zone 
rate of 5cm/hr was used. Single crystals were 
grown in the same apparatus using a crucible 
with a tapered end and a zone rate of 1 cm/hr. 

The mixed crystals of HgTe-CdTe were 
prepared by melting together the appropriate 
weights of the purified compounds im vacuo, in 
sealed, thick-walled, silica crucibles. Preparation 
directly from the elements usually resulted in 
explosions, which were probably caused by very 
high pressures from local pockets of uncombined 
mercury. Single crystals of the mixtures were 
grown in the same way as the compounds. 


E. 
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HgTe and CdTe both have the zinc-blende 
structure with lattice parameters,* i.e. the edge 
dimension of the unit cube, 6-460 and 6-480A, 
respectively, a difference of 0-31 per cent. X-ray 
examination of the mixed crystals indicated that 
they were single phase over the whole range from 
pure Cd'Te to pure HgTe, and this was confirmed 
by classical cooling-curve methods. The melting 
point of CdTe was found to be 1106° C and that 
Hg'Te 600°C. The variation of melting point with 
respect to composition of the mixed compounds 
was almost linear between these two values. 


Fic. 2. Variation with temperature of Hall coefficient 
R and resistivity p of one n-type and one p-type crystal of 


HgTe (R in cm?/C. p in Q-cm). 


2. RESULTS OF ELECTRICAL MEASUREMENTS 

Fig. 2 shows Hall-coefficient and resistivity 
values between 14 and 290°K for two specimens 
HgTe, one n-type, the other p-type. From the 
Hall curve for the p-type crystal, the mobility 
ratio c can be calculated, using the relation 


Rext 
Rmax 


4c 
(c—1)? 


This gives He Lh -c=70. Also Rmax/Rt = 
(1+c)/4c at the temperature of Rmax, 174°K. 'This 
gives R;, and hence the intrinsic carrier con- 
centration N; = 64x10!" per cm® at 174°K. 
By assuming that c does not vary with temperature, 
values of Nj at other temperatures, e.g. at 44-5°K 
where R is zero, can be obtained. The values at 
284 and at 116°K were obtained by solving the 
general expression for R, again using the same 

* We are indebted to Miss A. E. RENNIE for the X-ray 
measurements. 
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value of c. The values of N; are given in Table 1. 
The activation energy can now be deduced and a 
value of ~ 0-01 eV is obtained. 


Table 1. Intrinsic carrier concentration in HgTe 


T(°K) 174 116 44:5 


N,(~ 1017) G4 |. 93 0-46 


100 1000 
8, gauss 

HgTe. 

magnetic field at 


Variation of Hall 
14, 20, and 77°K. 


Fic. 3. P-type crystal of 


coefficient with 


Fig. 3 shows the variation of Hall coefficient 
with magnetic field in the n-type crystal of HgTe. 
An analysis of this,* following the method used 


* Carried out by Dr. D. J. Howartu. 
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for InSb,“ yields the following results at 77°K: 


c= 120; Nj = 0-612 10!" per cm?; pe = 6120; 


py = Si. 
It will be seen that the value of N; obtained by 
this analysis agrees with the values given in Table 1. 
The results of Hall-coefficient and conductivity 
mixed crystals, an 
n-type specimen containing 90 mol. 
mercury, are given in Fig. 4. Similar results were 


measurements on one of the 


per cent 


anc ict ivit 
nauctivit 


cent R and 


coeff 


10 20 30 
1000 
is 
Fic. 4. Variation with temperature of Hall coefficient R, 
conductivity o, and Hall mobility Rxo, of a mixed 
crystal of composition Hgo.9Cdo.1Te. 


obtained from other crystals containing a high 
percentage of mercury. The results have not been 
analysed in detail, but mobility appears to follow 
a T~? law approximately (values from 1-7 to 2-2 
were obtained). 

Table 2 gives spot measurements at 77 and at 


300°K of R, o and RxXo for some of the mixed 


Table 2. Hall coefficient, conductivity, and Hall mobility of mixed crystals of 
CdTe-HgTe at 300 and 77°K 


Conductivity 
o(Q-! cm-?) 


Composition 
(mol.—% Hg) 


300°K 





Hall coeff. 
R(cm?/C) 


(cm?/V-sec) 


300°K 


77°K 





23,400 
269,000 
149,000 

26,400 

3,140 
180 
209 


19,000 
22,600 
22,800 
14,560 
3,250 
870 

78 


1000 
869 
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crystals, all n-type specimens. The main feature 1s 
that some very high values of Hall mobility were 
ybtained in some of the specimens. These are not 
maximum values obtainable; 


necessarily the 


further work on the preparation of more perfect 


crystals may vield even higher electron mobilities. 


3. OPTICAL RESULTS 

Crystals of pure HgTe were opaque to infrared 
radiation out to a wavelength of 38y, the limit of 
yur apparatus, and at temperatures down to 4°K. 
Chis indicates that the activation energy is lower 
than 0-03 eV, in line with the electrical results. 
Crystals of the mixed compounds were, however, 
found to be transparent at lower wavelengths, 
and the results of measurements taken at room 


temperature are given in Fig. 5. The results are 


U 
» absorption curves of mixed 
(Io energy; J 


itted energy) 


incident 


presented as curves of logio Jo/J against wave- 
length in microns, where Jp is the incident and J 
the transmitted energy; no attempt has been made 
to calculate absorption coefficients as the refractive 
index, and hence the reflection loss, is not known 
It will be seen that the absorption edge moves 
from 0-8u in pure CdTe to 13y in the mixed 
rystals as the ratio of mercury increases to about 
IU per cent 

The free-carrier absorption beyond the edge 
tends to increase, and the absorption edges them- 
selves become less steep, as the position of the 
edge moves to longer wavelengths, thus making 
the estimation of the exact position of the edge 
by inspection of the curves progressively more 


NIELSEN, E. 


H. PUTLEY and A. S. YOUNG 

difficult. However, estimates were made by extra- 
polating those regions of the curves where free- 
carrier backwards 
through the absorption edges and subtracting this 
component, which also includes reflection loss, 
from the observed total values. The remainder is 
proportional to the absorption coefficient for 


absorption predominates 


electronic transitions across the forbidden gap, 
and plots of the square root of this quantity against 
energy EeV, where E = 1-24/A, give approxi- 
mately straight lines. The intersects of these on 
the E axis were taken as the activation energies 
for the particular crystals, and the corresponding 
values of ) as their absorption edges. 

Fig. 6 shows how the absorption edge calculated 
in this way varies with composition. The curve 
cannot be drawn with sufficient certainty at the 
mercury-rich end to enable an accurate value of 


¢ / Rm) OO IX 


ry be Ha 


Fic. 6. Mixed crystals HyTe—-CdTe. Variation of esti- 
mated position of absorption edge with composition. 


the activation energy of pure HgTe to be obtained 
by extrapolation. However, it is evident from Fig. 
6 that this series of compounds can provide, by 
suitable choice of composition, a range of infrared 
filters and detectors to operate anywhere in the 
region from 0-8, to at least 15. and, probably to 
much longer wavelengths. 


4. PHOTOCONDUCTIVITY 
Photoconductivity has been observed in thin 
filamentary detectors made from these crystals. 
The filaments were made by polishing and etching 
thin slices of the crystals, and some of the results 
are shown in Figs. 7 and 8. Fig. 7 shows the 
response curve of a crystal containing 86 per 





PROPERTIES OF HgTe AND MIXED CRYSTALS OF 


cent HgTe, and also shows that the limit of 
response moves to longer wavelengths on cooling. 
At the peak of the response the minimum detect- 
able energy is about 2x 10-8 W/cycle normalized 
to 10 mm? area. Fig. 8 gives some results for a 
crystal containing about 90 per cent HgTe. A 
measurable photoconductive signal was observed 
out to 13 with the detector at room temperature ; 


100 


se 


> 


Relative respon 


4 5 6 
Wavelength, js 


7. Photoconductive response of a mixed crystal 
Hgo-seCdo-14Te, at 290 and 373°K. 


at longer wavelengths the signal was lost in noise. 
A P.E.M. signal was also observed, again with 
the detector at room temperature, as well as a 
photovoltaic signal which probably originated 
from a p-n junction in the crystal, near an electrode. 

The sensitivity at longer wavelengths of these 
detectors, when fully developed, may well be 
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higher than that of impurity-doped silicon and 
germanium detectors; the sensitivity of a CdTe— 
HgTe detector depends on an intrinsic activation 
energy, so that its absorption efficiency should be 
much higher than that of a germanium or silicon 
impurity detector where the density of absorbing 
centres (impurities) may be limited. 


_+—> = — 
Photo-voltaic 


Relative response 


a & & 7 8-3 CT 
Wavelength, pe 
Fic. 8. Photoconductive response at 90, 195 and 290°K 
of a mixed crystal Hgo.9Cdo.1Te. Photovoltaic and 
P.E.M. signals measured at 290°K. 
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Abstract—The effect of pressure has been studied on the near-ultraviolet and visible absorption 
peaks of anthracene, phenanthrene, (a, h) dibenzanthracene, and («) benzanthracene. In general, 
the effect of pressure is to shift the peaks to the red (lower energy) and to broaden them. The 
greater shift and broadening were found, in general, for the peaks with the larger transition mo- 
ments. The total shift cannot be accounted for by the increase in density if only dipole-dipole inter- 
actions are considered. There seems to be no measurable increase in integrated intensity, and 


therefore no increase in transition moment. The most likely cause of the shift (in addition to the 


dipole-dipole interaction) is increased importance of quadrupole and higher interactions at high 


pressures. 


THE effect of pressure on the visible and near- 


ultraviolet absorption spectra of anthracene, 


phenanthrene, (a, h) dibenzanthracene, and («) 
benzanthracene, has been studied, The chemicals 
were Eastman Kodak white label recrystallized 
from absolute alcohol. The high-pressure bomb 
and optical equipment have been previously 
described.“-2) The organic crystals were diluted 
by mixing with NaCl so that the crystal orien- 
tation was random. It was not possible to study 
polarization effects because of the depolarizing 
action of the highly strained salt windows. In all 
cases, an increase of pressure resulted in a red 
shift of the peak, accompanied by more or less 
broadening. The individual compounds are dis- 
cussed below, with emphasis on anthracene since 
there is most theoretical and experimental infor- 


mation on this compound. 


Anthracene 
The band system studied was the weak absorp- 


tion in the region 360-395 my. The transition is 





*This work was supported in part by U.S. Atomic 


Energy Commission Contract AT(11-1)-67, Chemical 


Engineering Project 5 


denoted as 1Lq@ by PLatr and KLeEvens®) and is 
assigned as Ag->Boy by Craic and Hossins.() 
The shift is shown as a function of pressure to 
100,000 atm in Fig. 1. At 1 atm it was possible to 
obtain four peaks caused by vibrational splitting. 
At the higher pressures, only two peaks were 
identifiable due to broadening. The term splitting 
did not increase significantly with pressure. Fig. 
2 shows the shifts plotted against density, using 
BRIDGMAN’s") data. The shift cannot be fitted by 
a single one-term power function of density. If 
one considers Av ~ p”, n varies from 1-8 below 
10,000 atm to 4-0 near 50,000 atm. Fig. 3 illustrates 
the change in band shape, and Fig. 4 the change 
in half-width to 50,000 atm. At higher pressures 
it was possible to identify the maxima, but not 
to measure half-widths. 

A number of authors!) have discussed the 
excited states of aromatic crystals as exciton levels 
in the solid state. The calculations of Crarc®) and 
of Craic and Hossins:8) predict an energy 
decrease (red shift) for the Ag >Boy transition due 
to excitation exchange between molecules of the 
crystal. In the dipole approximation the shift is 
proportional to the inverse cube of the inter- 
atomic distance (i.e. ~ p) and to the square of 
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band Jo/J versus wavelength. Jo/J 1 
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when A 
the transition moment. The vapor-solid shift is 
approximately 2130 cm~!. The density increase is 
24 per cent in 50,000 atm, accounting for about 
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20-25 per cent of the shift in the dipole approxi- 
mation. An increase in transition moment of 
25-30 per cent in 50,000 atm could account for 
the rest of the shift. The measured areas under 
the curve show no increase (conceivably a small 
decrease) with pressure, but the broadening and 
flattening make it impossible to eliminate a 20 
per cent increase. Another possible cause of the 
increase in shift at higher densities is an increase 
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Fic. 5. Frequency shift versus pressure—phenanthrene 


17.) band. 


in the relative importance of quadrupole—quad- 
rupole and higher terms. The data for phen- 
anthrene discussed below indicate that, in that 
case at least, the latter cause is more likely. 


Phenanthrene 

The phenanthrene transition studied occurred 
with 0-0 transition at 28,500 cm-!. It is the 1Lp 
transition discussed by PLATT and KLEvENs.®) 
The shift with pressure is shown in Fig. 5. The 
broadening can be seen in Fig. 6. Both the shift 
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and broadening are considerably less than for 
anthracene. These results are qualitatively con- 
sistent with the smaller transition moment for 
the 'Z» transition and with the results of ROBERT- 
son et al.(2) for anthracene and phenanthrene 
dissolved in n-pentane. The vapor to solid shift 
is about 680 cm~!. With an estimated 24 per cent 
density increase in 50,000 atm, the 1/r? term would 
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Fic. 6. Shape of absorption band at various pressures— 
phenanthrene !Zy band. Jo/J versus wavelength. Jo/I 
1 when A 450 mu. 


account for less than one-fourth of the total 
shift. A 30 per cent increase in transition moment 
would be needed to account for the rest of the 
increase through the |M|? term. This seems 
clearly inconsistent with the data, as, in fact, a 
small but consistent decrease in integrated 
intensity is estimated. Apparently the shift must 
be accounted for in terms of the increased impor- 
tance of quadrupole and higher interactions. 


In these highly anisotropic crystals, it is also 
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possible that the density change cannot be simply 
interpreted in terms of a change of r*, but this 
effect should not vary with pressure. 


(a, h) Dibenzanthracene 

Four peaks were observed in this compound 
at 24,930, 26,380, 27,620 and 29,000 cm-!, at 1 
atm. These are identified as the 0-0 and 0-1 peaks 
of the 1Z» transition and the 0-0 and 0-1 peaks of 
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Fic. 7. Frequency shift versus pressure—(a, h) dibenzy- 
anthracene !Zq and !L» band. 


the 1Zq transition. The shifts with pressure are 
shown in Fig. 7. The shift is nearly the same for 
the two transitions and is intermediate between 
that of the !Zq transition in anthracene and the 
1[y transition in phenanthrene. It should be 
noted that the apparent intensity of the 11q band 
is only two to three times that of the !Z» band in 
the crystal. There appeared to be some broadening 
(less than anthracene but more than phenanthrene) 
but no significant increase in intensity. 
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8. Frequency shift versus pressure 
(«)-benzanthracene. 


a-Benzanthracene 

A few runs were made on «-benzanthracene 
(Fig. 8). Two peaks were found at 26,540 and 
25,240 cm7!. These are apparently the 0-0 
transitions of the 11q and 11, bands. The shift 


with pressure was the same for the two bands 
(about two-thirds of the shift for anthracene in 


the same pressure range). The peaks were com- 


parable in intensity. There was considerable 


broadening, but apparently no great change in 
intensity in either band. 

It should be pointed out that the large red shift 
accompanied by considerable broadening will 
result in ultimate overlap with the conduction 
band, and some of these fused-ring aromatics 
hundred 


would become conductors at a few 


thousand atmospheres. 
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LETTERS TO THE EDITORS 


One-dimensional configurational co-ordinate 
curves for luminescence centers 


(Received 5 October 1958) 


One-dimensional configurational co-ordinate curves 
have been used by many workers to represent the 
quantitative characteristics of luminescence cen- 
ters.") For instance, WILLIAMS calculated the 
eonfigurational co-ordinate curves for KC1 : T1, 
and Kiick and other workers derived those for 
F-centers in alkali halides and for several lumin- 
escence centers in phosphors. However, the 
configurational space describing the center should 
in principle be many-dimensional. In this note 
the relations between one- and many-dimensional 
models are discussed. 

To represent the shape of the normalized 
spectrum, f(£), the semi-invariants will be used. 
These are defined as the coefficients, A;, in the 
expansion 


where 


In the many-dimensional model, we assume 
that the energies of the ground and excited state 
are described by quadratic forms in the con- 
figurational co-ordinates, with different minimum 
positions, principal-axis directions, and curvatures 
for the two states. The semi-invariants of the 
absorption band due to optical transition between 
these two states are given by Kuso and Toyo- 
ZAWA) as a first approximation 


Ata = €0+$A0'2A, 


h 
Ava AQ’’?2Q'-1 coth| 
2 2k 


In a similar way, the semi-invariants of the 
luminescence spectrum are calculated: 


eo— $A0’2A, 
AQ” 


2kT 


h 
Nog = ~AQ'20’1 coth| 


Jor, 
Here, «9 is the energy separation between the 
minimum positions of the two electronic states, 
A is the N-dimensional vector denoting the 
distance between the two minimum positions, 
and Q’2 and Q’2 are the N-dimensional tensors 
denoting the potentials of the ground and excited 
states respectively. Since units are chosen here 
so that the mass of the oscillators is unity, each 
element in 2’ and Q” is the vibrational frequency 
when these tensors are transformed into diagonal 
form. 

If all the vibrational frequencies in the ground 
state and all those in the excited state are the 
same, while the former and the latter are not 
necessarily equal, i.e. Q’ = w’I and Q” = wT, 
equations (2) and (3) may be simplified to coincide 
with the corresponding equations for the one- 
dimensional model. The same activation energy 
for the non-radiative transition competing with 
radiative transition is also obtained in both one- 
and many-dimensional models. Consequently, in 
this special case, the one-dimensional model 
represents the nature of the luminescence center 
correctly. 

Although various vibrational frequencies would 
actually be involved, the experimental results on 
the temperature-dependence of spectral width 
can usually be represented by assuming a single 
frequency. This is one of the reasons why the 
one-dimensional treatment used by 
many workers. However, the temperature-depend- 
ence of the squared spectral width in the many- 
dimensional model as a sum of several hyperbolic 
cotangent terms of different vibrational frequencies 
can be approximately represented by a single 
hyperbolic cotangent term of suitably chosen 
frequency. We would not be able to discern 
experimentally the vibrational frequency spread 
within a range of magnitude of several times by 
measurements of spectral width over the usual 
range of temperature. Consequently, the experi- 
mental results themselves cannot be adduced in 
support of the one-dimensional treatment. 


has been 
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In the one-dimensional analysis of experimental 
data, the vibrational frequency is determined by 
the ratio of squared spectral width at 0°K to the 
rate of broadening at high temperatures. Thus 
in the ground state 


the vibrational frequency in 


obtained from the absorption band width is 


approximately equal to the following average of 
actual frequencies; we have from equation (2): 


AQ 
AQ 


2k '2Q)’ 


h /dAon 
dT 


\og(O°K) 
(4) 


1Q”’2A 
202A 


20) 


In the same way, the vibrational frequency in the 


excited state obtained from the luminescence 


band width is, from equation (3), 


2k Ao(0°K) AQ?2Q” 


h dAoy 
aT ! pox 


Equating the expressions of the spectral width at 
0°K in the two models to each other, the relations 
between the various quantities are obtained We 


have for the absorption band 


(7) 


Here, x is the distance between the two minimum 
positions in the one-dimensional configurational 
co-ordinate. 

It is clear from these considerations that the 
value of each quantity in the one-dimensional 
model does not generally have any direct sig- 
nificance for the actual situation of the lumin- 
escence center. Therefore, it depends on a par- 
ticular center whether or not a one-dimensional 
model explains various characteristics consistently. 
In particular, the activation energy of the non- 
radiative transition can hardly be predicted, since it 
is the height of lowest intersection point of many- 
dimensional paraboloidal surfaces with different 
origins, principal-axis directions, and curvatures. 
Moreover, the actual situation is more complex, 
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when non-harmonicity of potential and resonance 
between two states in the vicinity of the inter- 
section point are important. 

As an example, one-dimensional configurational 
co-ordinate curves are determined by an analysis 
of some spectral characteristics for the lumin- 
escence center in Cag(PO4)2 : Cu phosphor, which 
has been extensively studied by Urnara.®) The 
other observed characteristics are compared with 
the values expected from the determined curves. 
The absorption band width is calculated giving 
reasonable agreement with the observed value 
but the expected value of activation energy of 
non-radiative much larger than 
observed. The details of this work will be pub- 


lished later in J. Phys. Soc. Japan. 


transition is 
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Hall coefficient of molybdenum disilicide* 
(Received 10 July 1958; in revised form 3 November 1958) 


THE Hall coefficient of polycrystalline molyb- 
denum disilicide has been measured from room 
temperature to 445°C. The thermoelectric power 
versus temperature relationship for this material 
has previously been reported.“) The alloy was 
prepared) by direct synthesis of molybdenum 
silicon powders of high purity mixed in the 
stoichiometric ratio of MoSi, compressed, and 
sintered. Three samples were used in these experi- 
ments. ‘wo were about 0:1x0-5x2cm with 
densities of 85-3 and 82-8 per cent of the X-ray 
value (6-222 g/cm*) for an ideal crystal.t The 

*This project was assisted by the Research Corporation. 


+Obtained from Fansteel Metallurgical Corporation, 
North Chicago, II]. 
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third sample was 0-2x1x4cm, with 72:8 per 
cent density.* 

Hall emf’s, va, were measured by conventional 
d.c. methods. The usual precautions were taken 
to avoid spurious emf’s. Thermal emf’s were not 
troublesome. For a sample 1mm thick in a 
magnetic field of 10,000 G with a current of 2A 
through the sample, vp, is about 3 »V. Potentio- 
meter readings were reproducible for increasing 
and decreasing temperature and for repeated 
trials on the same sample. 

Hall leads were attached by silver soldering. 
The current leads were silver soldered to platinum 
strips which were clamped to the ends of the 
sample. Heat was supplied by a U-shaped ribbon 
heater controlled by a Variac. Sample holder 
and heater were mounted on a Mycalex base and 
the whole assembly placed in a Vycor tube which 
was evacuated by a fore-pump while measure- 
ments were being taken. Temperature measure- 
ments were made with a platinum/platinum—10 
per cent rhodium thermocouple and a Rubicon 
precision portable potentiometer. The Vycor tube 
was supported between the poles of a Guoy-type 
electromagnet. Magnetic field intensity, H, was 
measured with a fluxmeter having a sensitivity of 
125 G/division, using a 10-turn search coil. For 
values of H up to 13,500 G, the Hall constant was 
independent of field intensity. 

No change in Hall constant with temperature 
was detected between 25 and 445°C. A coefficient 
of 10-4+0:2x 10-12 V-cm/AG was obtained for 
the Fansteel specimens. Correction has been made 
for porosity, assuming spherical cavities, according 


*Obtained from American Electro Metal Division of 


Firth Sterling Inc., Yorkers, N.Y. 
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to the equation deduced by JURETSCHKE et al.(®) 
This value is lower than the 13-4+0-2x 10-12 
V-cm/AG found for.the American Electro Metal 
sample. The latter figure is near that of 13-7x 
10-12 measured in their laboratory.) The Hall 
constant was positive for all samples. The smaller, 
more dense samples were more metallic in appear- 
ance, which might explain their lower Hall 
constant. The presence of a small amount of 
uncombined silicon, or a silicon compound such 
as the oxide, might account for the higher Hall 
constant of the Electro Metal sample. However, 
no free silicon or molybdenum was detected by 
X-ray analysis. 

The resistivity, po, for samples from the two 
sources was nearly the same: 26-8 x 10-6 Q-cm 
(Fansteel) and 26-0 x 10-6 Q-cm (Electro Metal) 
corrected for porosity. But the temperature 
coefficients of resistivity were quite different: 
4-3x10-8°C and 7-1x10-8°C, respectively, for 
the temperature range 25-160°C. A temperature 
coefficient of 6-4 10-8°C for molybdenum disili- 
cide has been reported by Robins, who observed 
no marked variation of the coefficient with density. 


MarTIN J. ARVIN 
Ray F. Trpsorp* 


Southern Illinois University 
Carbondale, Ill. 
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BOOK REVIEW 


L. R. G. Tre_oar: The Physics of Rubber Elasticity. 
Second Edition ( Oxford, 1958 


2pp., 40s 


larendon Press, 


ALTHOUGH at first glance one gets the impression 
that this TTRELOAR’s book is 


rather similar to the first, closer examination soon 


second edition of 
reveals that much of the material has been re- 
written and several new topics have been covered. 
Readers of the 
clarity and conciseness of the book, and happily 


first edition will remember the 
the second edition retains these admirable features. 
Admittedly some of the conciseness arises from 
the lack of complete derivation of the more com- 
plex theories relating to rubber elasticity, but the 
author is usually careful to point out the location 
of the original papers. 

In the first two chapters, the gross thermo- 
dynamic features of rubber elasticity are presented, 
as well as a short history on the studies of rubber. 


In the two following chapters the various theories 


of elasticity of long-chain molecules and molecular 
networks are reviewed. These two chapters are 
the heart of the subject, and the author gives a 
clear presentation of the theories of 
FLory, JAMES and GUTH, &c. In 
particular, we were interested in the discussion 
of the work of James and GUTH, since their papers 


various 
'TRELOAR, 


are a bit difficult 

In Chapter V the theories are confronted with 
experimental evidence. Reasonable agreement is 
shown. To explain some of the deviations, the 
reader is led into a thorough study of non- 


Gaussian chain statistics and network theory in 
the following chapter. 

An interesting new feature is a chapter on 
swelling phenomena. A longer review is given of 
the phenomenological theory of large deform- 
ations, with special emphasis on the recent work 
of RIVLIN and SaunpeRs. One also finds a short 
new chapter on the determination of cross-linking. 
The photo-elastic properties of rubber are dis- 
cussed in great detail, and much new material is 
included here. Crystallization effects in rubbers 
are covered in two quite long chapters, but these 
are rather similar to the first edition. There is 
also only a slight revision of the material on 
tensile strength, stress relaxation, and flow. 

The last chapter deals with the dynamic proper- 
ties of rubbers. Here the reviewers feel that the 
archaic model of springs and dash-pots could 
have been de-emphasized in favor of inclusion of 
the more recent molecular theories of such workers 
as FERRY, BuECHE, Rouse, &c. One is also dis- 
appointed by the lack of discussion of the effect 
of fillers on rubber properties. Admittedly this 
field is not well-understood, but in view of its 
technical importance it can hardly be completely 
ignored. 

The book is printed in easily read type, and 
appears to have been thoroughly proof-read. 

TRELOAR’s book provides an excellent intro- 
duction to rubber elasticity for the new student 
and will provide new insights for the advanced 
worker. 

B. H. ZIMM 
R. W. Kits 
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Joun B, Goopenoucn, J. Phys. Chem. Solids 6, 287 (1958). 


The figures over the figure captions Fig. 4 and Fig. 5 are reversed. 
The minor omissions in these figures which were not corrected in proof 
can be readily detected by the reader. 


H. Y. Fan and P. Fisuer, J. Phys. Chem. Solids 8, 270 (1959). 
The following captions were missing from this paper. 

Fic. 1. The absorption spectrum of arsenic-doped germanium at 
~ 4-2°K. Room temperature resistivity = 2-0 Q-cm. 
Fic. 2. The effect of a magnetic field on the transmission spectrum of 
arsenic-doped germanium at ~ 4-2°K, with H//[100]. The ratio of 
transmitted intensity with and without field is plotted against energy. 
Room temperature resistivity ~ 1-7 Q-cm; sample thickness 
1-25 mm. 


M. J. STEPHEN and A. B. Lipiarp, J. Phys. Chem. Solids 9, 43 (1959). 


The name of the second author was spelt Liparp throughout the 
paper and in the Contents List; the correct spelling is as above. 





